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\_ MATRICES AND DETERMINANTS eee 
ee ae 


\ & Introduction to Matrices 
* Types of Matrives 
* Addition and Subtraction of Matrices 

| * Multiplication of Matrices 

| * Multiplicative Inverse of a Matrix 

3 ~ Solution of Simultaneous Linear Equations | 


@ STUDENTS LEARNING OUTCOMES 


<P £3 ______—_,, 
After studying this unit the students will be able to; 


| * Define | 

® a matrix with real entries and relate ats rectangular beyond 4 wit 
with real life 

* rows and columns of a matrix 
® the order of a matrix * equality of iwe ne 

= Define and identify row matrix. columea matrix, roeiwieny bony Ti 
matrix, zero/null matrix, identity matrix, scaicr omits. 
transpose of a matrix. symmetric and skew-sytaneirc suiriee 

\% = §=Know whether the given matrices are suitable for addsiva’subuacti 

$= Add and subtract matrices 

% Multiply a matrix by a real number 

%  Veri fy commutative and associative laws under addon 

# == Define additive identity of a matrix 

% ~~ Find additive inverse of a matrix 

# Know whether the given matrices are suitable for multiplies i 

% Multiply two (or three) matrices 

% Verify associative law under multiplication 

i Verify distributive laws 

% ~~ Show with the help of an example that oorundale ! 
does not hold in general (i.e., AB # BA) 

% §—Detine multiplicative identity of i matrix. 

# Verify the result (AB)' = B' A' 

# = Define the determinant of a square matrix 

% = Evaluate determinant of a matrix 

@ Define singular and non-singular matrices 

# = §=Define adjoint of a matrix 

% = §=Pind multiplicative inverse of a non-singular natris A and vert y jas 
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AA! =1=A7'A where 1 is the identity matrix 
| 4 = Use adjoint method to calculate inverse of d non-singular matrix 
(4 = Verify the result (AB)! = B™! A*! 
% Solve a system of two linear equations and related real life problems in two 
unknowns using 
L Matrix inversion method 


Cramer's rule 


a... 


A rectangular array or a formation of a collection of real numbers, say 0, 1.2. 3, 4 


1 3 4 
and7,suchas 7 2 ( and then enclosed by brackets [_ |. 


1 3 41fo 1] 
For example, | . ete. 
7 2 OF713 4} 
Remember: 
The matrices are denoted conventionally by the capital letters A. B.C. .... M,N, 
etc. of the English alphabets. 
Rows and Columns of a Matrix: 
In matrix, the entries presented in horizontal way are called “rows”. 
In matrix, the entries presented in vertical way are called “columns”. 
| | 
ia Rows 
3. 4) 
Forexample, 1 J 
— 


Columns 
Order of a Matrix: 
The number of rows and columns in a matrix specifies its order. If a matrix M has 
m rows and n columns then M is said to be of order, m — by — n, 


For example, M= i 


= 


3}. 
is of order 2 - by - 3. 
0 2 


1 2 3] 
N=]-1 1 Oj; is of order3 —by —3. 
23 7; 


P= [3 2 5) isoforder | —by—-3. 
Equal Matrices: 
Let A and B be two matrices, then A is said to be equal to B, and denoted by A = 
B, if and only if 
(1) the order of A = the order of B. (ii) their corresponding elements are equal, 


1 3] 1 241) [1 3] 
jand B= |=| are equal matrices. 
4 2 -4 4-2! |-4 2 
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+ 2% f § | f § } > } + | | § } | Ff } | | } | } fF } | F fF fF § F Ff § F | | Ff fF fF } } | fF fF Ff Ff | Ff Ff Ff fF F § fF Ff fF fj; 
We see thal: 


(i) the order of matrix A = the order of matrix B. 
(ii) their corresponding elements are equal. 
Hence, A= B. 


2 3] 
(2) =| J 3 


We see that order of matrix L = the order of matrix M but entries in the second 
row and second column are not equal. 


Hence, L# M. 


i; 2 3 
and M=, 1 9 are not equal aries . 


2 3] 23 4] . 
(3) P= » and Q= , 4 gio equal matrices. 
4) “— 2 4M] 
We see that order of P #the order of Q. 
Hence, P#Q. 


1. . 
2 20 ‘ = 
a=| J 3 B| }e-P2 4], D=|0|,E=|6 ¢ |, F=(2], 
-5 6 > § 
6 e ff 
230 
23 4 
G=|1 2 3\), a -| 
245 1 0 6 
Solution: 


P 
au| 2X3 
Js 


In this matrix 

Number of rows = 2 

Number of columns = 2 
Therefore order of matrix A is 2—by—2 


In this matrix 
Number of rows = 2 
Number of columns = 2 
Theretore order of matrix B is 2—by-2 
C=(2 4] : 
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D=!0 
6 
fa dl 
E=/b e 
c f | 
F' = [21 
% 
wd 
[2 3 a 
Ge=|! 2 3 
[2 ‘ws| 
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2. Which of the following matrices are equal? 


A=([3], B=[3 5], C=[5-2], D=[s 3,£=(§ 2 -¥-|¢) 


6 2 6 
g=|>"} H=i4 0 f=[3 3+2]J= eee ore 
343 (6 2]” = 2+4 2+0 
Solution: 
: 40 [2 
A={3],,, .B=[3 $],,,,-C=[5-2]= Shise b=[5 hav E=| te Fle. 
Fa-47 [2] r4 0] 
Gai, .i=|,| -Hal, | t=[3 3+2]=[3 s). 
[34+3; [6)., 6 2),, 
_f2+2 2-2) [4 0] 
“!244 240) .6 2] 
For Equal Matrices: 


Two matrices are satd to be equal if and only if their orders and corresponding 
entrics are equal. Soa 

A=C.B=LE=H=J,F=G 
3. Find the values of a, b, c and d which satisfy the matrix equation. 


a+c a+2b| |0 -7 
c-l 44-6) |3 2 


Solution: 
=> atc = 8 - (1) 
at2h =-7 » Mae 
€ -- = 3 (3) 
44-6 =24 —-— (4) 
From cy. (3), we have 
c-1 =3 
c = st | 
c =4 
From eq. (4). we have 
4d-6 =2d 
4d-2d =6 
2d = 
do =3 
Pulte = ==4ineg. (1), we have 
at+ =0 
a =-4 
Putas =—4 in cq. (2), we have 
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-442hb <=-7 
2b =—-7+4 
2 42-3 
b =-—1.5 


So.a=-4.b=-1.5,¢ =4.d=3. 


Types of Matrices 
(i) Row Matrix: 


A matrix is called a row matrix if it has only one row. 
For example, M=[2 -7].N=[1! —1], etc. 
(ii) Column Matrix: 


A matrix is called a column matrix if it has only on column. 


, 1 
For example, Vi = 6 N= 0}, 


(iii) Rectangular Matrix: 
A matrix M is called rectangular, if the number of rows of M is not equal to the 
number of columns of M. | 
| 
| 


For example. 


(iv) Square Matrix: 


A matrix is called a Square matrix, if its number of rows is equal to its number of 


columns. r 12 3] 
2 1] 
A=! LB=|-!l 0 -2 =[3].ete. 
For example, a3} e 4 " 


(v) Null or Zero Matrix: 


A matrix is called a null or zero matrix. if each of its entries is 0. 


; ,{0 O| 0 0 0} 
0 0 oo 0 
For example, 40 O], JO 0 0D), ete, 
0 0 0 0 0 
= 0 0 0 0) 


(vi) Transpose of a Matrix: 

A matrix obtained by changing the rows into columns or columns into rows of a 
matrix is called transpose of that matrix, If A is a matrix, then its transpose is denoted by 
A‘ 

For example: 
; 2 = 
@  Az=| 2 
—| 


—- — w 
L , 
— 
= 

L 
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1 2] 
1 a 2] | 
(ii) If. B= (then B=!0 -1 
2 -! 3} f | 
z 3 
0) 
(ii) If C=|O 1) then aT 
(vil) Negative of a Matrix: 
Let A be a matrix, Then its negative, -A is obtained by changing the signs of all 
the entries of A. 
7 
3 i 
(vill) Symmetric Matrix: 


A square matrix is symmetric. if it is equal to its transpose. i.e.. matrix A is 
symmetric if A'= A, 


iS =f! 


| - 


‘| -2 
For example, If A= ‘ than -A = 


fr) 2 3] “) Ca 
For example, lf M= 2 -} 4 |.then M'=/2™-1 4 
3 4 0) i 40 


As M' = M. So M is a symmetric matrix. 
(ix) Skew- Symmetric Matrix: 


A square matrix A is said to be skew — symmetric, if A'=— A. 


i 2 3) OG = =i 0 23 
For example, A=|-2. 6 tp then A'=|2 0 -lj=-}-2 0 I]=-A 
3-4 0; 3 1 0 aE nf B 


Since, A'=— A. So A is a skew- symmetric Matrix. 
(x) Diagonal Matrix: 

A square matrix A jy called a diagonal matrix, if at least any one of the entries of 
its diagonal is not zero and non-diagonal entries are zero. 


1 0 0] 10 0} 
For example,A= 0 2 0 .B=|0 2 0)}.cte 
io Oa, foo 2} 


(xl) Scalar Matrix: 


A diagonal matrix is called a scalar matrix, if all the diagonal entries are same and 


non-Zero. 
(2 0 0! 
m | 2 0 
For example, A= 0 2 0), B= g apt 
jf Oo 2! " 


(xii) Identity Matrix: 
A diagonal matrix is called identity (unit) matrix, if all diagonal entries are ‘1’ and 
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it is denoted by f. 


ea ‘1 0 0] 
, 1 0 
Ror engi |, =} J;2/0 1 Oe. 
TT) 
Remember: 
(i) The scalar matrix and identity matrix are diagenal matrices. 


(ii) Every diagonal matrix is not a scalar or identity mutrix. 


Solved Exercise 1.2 | 
——— 


1. From the following matrices, identify unit matrices, row matrices, column 
matrices and null matrices. 


4] 
=|2 3 4|,C='0|,p- 
6 J 


A-lp 0-8 


Solution: 
Matrix A is a null matrix because each of its entries is 0), 
Matrix B is a row matrix because it has only one row. 
Matrix C isa column matix because it has only one column. 
Matrix D is « unit matnx because all diagonal entries of the matrix D are 1. 
Matrix E is a null matrix becatise each of its entries js 0. 
Matrix F is a column matrix because it has only one column. 


2. Fromthe following matrices, identify 
(a) Square matrices (b) Rectangular matrices 
(c) Row matrices (d) Column matrices 
(e) Identity matrices (f) Null matrices 
r- Pas 6-4}! @. [roi ais a 
(i) 2 2 4. (ii) 0| (iii) F -2| | (iv) 01 (v) ke ri 
| be ‘ 
; seam (el wan le ee 0 0 
(vi) [3 10 -1) (vii) (0) (viii) |-1 2 0) fx) (0 0 
0 (0071 0 0, 
Solution: 
(a) Square matrices (iii). Civ), Ovilid 
(b) Rectangular matrices (i), Gi). (V), OVD. (vd. (x) 
(c) Row matrices (v1) 
(d) Column matrices (ii), (vin) 
(e) Identity matrices liv) 
(f) Null matrices (ix) 
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3. From the following matrices, identify diagonal, scalar and unit (identity) matrices. 

Aelody Bele a}6=[o 40-0 olfe['o: sa 

04° ~}0 -1"")0 TF “| 0 141 

Solution: Matrix A is a scalar matrix because all the diagonal entrics of the matrix A 
ure same and non-zero. 

Matrix B is a diagonal matrix because atleast any one of the entries of its diagonal 
is not zero and non-diagonal entries are zero. 

Matrix C is a unit matrix because all diagonal entries are I. 

Matrix D is a diagonal matrix because utleast any one of the entries of its diagonal 
is not zero and non-diagonal entries are Zero. 

Matrix E is a scalar matrix because all the diagonal entries are Same and non-zero. 
4. — Find negative of matrices A, B, C, D and E when: 


14 
45) 5 oak, 2 3 
Solution: Negative of matrices A, B, C, D and E when: 


7 
<3 1 p=) 3 -2 -1 5] 

ae 0|,-B= Cs -D= -E= 
ae a Ls ~2] 4-5 8 2 


5. Find the transpose of each of the following matrices: 


tT 
if. 4 2 6 
an! Ohel2 “altel 2) 


0 ; 1 2| 
A=) 1|, B='5 1-6], C=|2 -1),D= E 5 E=| “4 5) _ 3 | 
| -2 , 3 0 | 
0} 5 
Solution: A= 1||+A'=[0 1 -2], B=[5 1 -6]>B'=| | 
hee o 
‘4 2] : 
, 1 23 x 3 2 0 
€=2 -1/=C -| 2 p=| >D'=| 
3 Ol > =i © 0 5 3 5 
| 2 Siw 2 =A _fi 2 sit 3 
mg 5|28 =13 4 F=| i}2F =l9 ;| 
1 
6. Verify thatifA= © +8 E Q | then 


(i) (AY =A (ii) (BY =B 
Solution: (i) ali | >a'=[) 1a’) ={ |-A 
_ tems (a‘) =A : 


(ii) B= “15 ¢ 0| >B' = “| 9/2) =[3 0B 
Hence (B) =B 
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Addition of Matrices: 


Let A and B be any twe matrices with rea! number enicies. The matrices A and B 


are conformable for addition, if they have same over. 


23 0 2 


For example, if \ a and B=} are corlormable tor addition, 


1 O G 1 2 33 


Addition of A and B, written as A | B, is obtained bv addins the entries of the 
matrix A to the corresponding entries of the matris B. 
13 4a 2 bt t~{-2) s Meat TO 6 4 


pty 4) 2.aee (202 94 


i € 6; | 1 


Subtraction of Matrices: 


If A and B are two metrices of same order. thes subtracgon of matrx B trom 


C2 we 


e.g, A-B= 


matrix A is obtained by subtracting the enizies of metrix B from the cerresponding 
entnes of the matria A and it is denoted by A 


3 4] 6 / Rt: 
For example, if A = YY : > and Be 7 , 4 fare confermable for subtraction. 
L . 4 ree oS 
F2. $4 OAM 2-0 3.2 4-221 2) 
Then A sai | 5 “lt as! i pH(ofe S24 3 a ee: j 3 
Some solved examples regarding addition and subtraction are given below. 
[1 27] 0 34 
(a) IfA=!0 -1 3 andB=!1 -1 2 
|2 51 5-27 | 
i fa aif 3 4 eal 2h ee eee 
ThenA+B=|AVog F411 -1 2% G47 -3- 4-1) ¥-2 ya!) : 
mae ty fs 9-5 geq-2y te?) 17 a! 
1 ? ‘l ; + ‘j= th | } 3 
and A +(-B)=!/0 -1 3/+--1 1 2] ‘if 1 tH a tings RO 
12 S$ tj] ~$ 2 -?] 12=$ § $2) P-7] j-23 6 
ae as 
(b) If A=|-1 3 andB=|1 -2 
0 2 3°64 
1 2) fe st f tee 328 6 it 
Then A+B=]-1 3/451 Bla] 4st S#(- 2) 16 
Q) 2} 3 a| i 3 74 4 3 fy 
(35th Bi i-2 3-3 | 
ThenA-B= -) 3)-11 a ied at it~ > 
i) 2 | 1. 1 | j O-3 ’ a “J 
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Multiplication of a Matrix by a Real Numb 
Let A be any matrix and the real number K be a scalar. Then the scalar 
multiplication of matrix A with K is obtained by multiplying each entry of matrix A with 
K. It is denoted by KA, 


1 -l 4 
For example,/{ A=) 2 -! 0] be a matrix of order 3-by-3 and k=-2 be a real number. 
=| 3 2) 
1 =1 4] [(-2)0) (-2)(-1) (-2)(4)| [-2" 2-8) 
Then kA=(—2)A =(-2)| 2 -1 Of]=[(-2)(2) (-2)(-1) (2)(0)l-]}4 2. 0 
6 +4 


“1 3 2) |(-2)(-1) (-2)3) ey(2)} L 
Commutative and Associative jaws of Addition of Matrices: 


Commutative law under Addition: 
If A and B are two matrices of same ordér. then A + B = B + A is called 
commutative law under addition. 


a 0] [3 “as 
For example,If A=|5 6 1 landB =| -1 4 1 
2 1 3| 4.82 4. 

f2 3 9 Ls +2 5] 2+3 3-2 0+5] 

ThenA+B=/5S 6 L|j+/-1 4 Lj=|5-1 6+4 I+1 

’ [2 74 2 4| 2+4 1+2 3-4) 


| 
5 2 5 
=|4°10\ 2 
6,3 -! 


3 -2 S| [2 3 oO] [ 3+2 -2+3 $+0) 
AndB+A=]-1 4 L{+!5 6 LTj=|-l+5 4+6 141 
4 2-4] [21 3| 


From (1) and (2), we have 
A+B=B+A 
Hence proved. 


jative law under addition: 
If A. B and C are three matrices of same order, such that 
(A+B) +C=A+(B+C) is called associative law under addition. 


z 3 0 3 —2 5 i 2 3 
For example,]fA=|5 6 1).B=|-l 4 TtlandC=|-2 0 4 
zis 4 2-4 120 
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123 OF 73 2 S)7 1243 


Then (A + B)+C iS 6 1; | -t 4 We 2 4: 
(24 3, 4 2 70 
[2+3 3-2 o+5] 1 & 2 3) FS sik 2 3] 
| 5-1 6+4 151 }+) 2 0 sissd 10 Be? oO 4 
1244 I+2 3-4] t 2 ]-s@ 3 ay ft 2 Ur 
[Sei 142 me | 6 3° R 
=4-2 140 2-4 |-,2 10 6, (1) 
lo+1 3+2 -160) 175 = 
[23 oO] (fa 2 5 f 122 
A+(B+C) =45 6 Jieiol 4 1a 2.8 4 
21 U4 2 +4 Lb? oy 
es 9 | 341-242 SoS] PAVol C4 o 8 
x | eT | 
=5 6 Ll}ti-l-2 440 144548;)N6 lel 4 5) 
{> | 3] baa 342 4+0) a | + +h © #l 
[2+4 340 O+8) 6 3. wei 
5-3 644 145 |-, AX MALS! (2) 
2+5S J4+4 3-4! |A Sw -1! 
From (1) and (2), we have 
(A> B)*+C—-AttIBEC: 
Hence proved. 
Additive Identity of a Matrix: 
if A and B are two matrices of Sanie ordev and AW Be Ae BY A ry 
Then matrix B is called additive identity of matrix A, = 
For any matri® A and zero matrix ©) of same ordor. O ts culled additive identity of 
A as: At+tO-A-O+A 
1 2 G0 
For example, If A = _ andQ =! “ 
ay fl 21,[0 OF} flO 2+0)_11 2] _ 
Then A~O>}, 25/5 a/“lsan sa0l7ia 3174 
@ OF fF 2] 704) He2] 11 2 
+ = - = z | sey 
aac laine a () | [3 5 |O+3 045) |3 a i 
Additive inve Matrix: 
If A and B are two matrces of same order. Such that.) B-O=BraA 


Then A and B are called additive inverse of euch ether. 
Additive inverse of any matrix A is obtained by clhungine to negative of the 
symbols (entries) of cach non-zero entry of A, 


+282 3 
For example, |! A - OG .} <2 
a 


My ; 
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t 2 1] fv 2 4-1 oS 
Then B=(-A)=-|0 -1 -2|=| 0 1  2)isthe additive inverse of A. 
3 1 O| |3 -1 0 
It can be verified as: 
1 2 2) f=) 2 -1) [14+(-1) 24+(-2) 1+(-1) F 0 j 
A+B=|0 -} -2]4] 0 1 2/=|04+0 -l+1 -24+2 | =/0 0 O|=0 
: 1 Oli] 3 1 3+(-3) 1+(-1) 0+0 
-) 2 -1] fi 2 0) [-141 -2+2  -141 000 
B+A=| 0 1 2|+/0 -1 -2/=| 0+0 1+(-1) 2+(-2)} =|0 0 @/=0 
3 -) O 3 1+ OA -3+3 -l+1 0+0 000 


Since A+B=O=BtA 
Therefore, A and B is additive inverse of each other, 


Solved Exercise 1.3 


1. Which of the following matrices are conformable for addition? 


1 90 3 2 
21 3 2+1 -1 0 
A= = =|2 -1/,D= ae F=|14+1 -4 
E 3] i if E i | ; E Hl a aA 

Solution: 

Matrices A and E are conformable for addition because they have same order. 
Matrices B and D are conformable for addition because they have same order. 
Matrices C and F are conformable for addition because they have same order. 

2. Find the additive inverse of following matrices. 


dep Sele ek dels al 


Solution 
A | 3 HI then —A -| e 4] the additive inverse of A. 
1,0™) -1 0 1] 
B=|2 —] 3|,then—B=|-2 1 -3/is the additive inverse of B. 
3 2 1 32 -l 
[4] aA ba 
Cc =| 4] , then—C -| zis the additive inverse of C. 
1 0 -1 0 
D=|-3 -2],then—D=| 3 2/{isthe additive inverse of D. 
Z 1 —2 -l 


E= R ‘] , then — “Wie Sj is the additive inverse of E. 


] 
_ 0 
P| A then —F = its +i the additive inverse of F. 
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wal plot +e # som 
JEM Hs 
OCHS 


3 
1 3)=[1 -1 2}+{-2 1 ale [l+(-2) -14+1 2+3]=[-1 0 5] 
Solution: o 


1 
me ola tLs a alert Live aco aco a 
Solution: 2A = al a5 tl es cele ir ‘ 
{vi) (-—1)B 


Solution: (-1)B=(-)[!]- Chea [ 


(vil) (-2)¢ 


— ()c=(-ayl! -1 2}=[(-2)(1) \(-2)(-1) (-2)(2)J=[2 2 +] 


= 34 2 [Bey Bo BaAlLs ¢ 
Sohetion Sa mt allele {(3)(1) 3(1) GM} BO 3 3 6} 
O (Babe opt a 


soar HLS alll al"less ral » i it 
» BG aR 
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sie (HL DG HE] 
oe [a tele ol-[oce scol-[2 1] 
wy [23 i}+({1 0 2}-[2 2 2) 


Solution: [2 3 i]+({1 0 2]-[2 2 2])=[2 3 1]+[I-2 0-2 2-2] 
=(2 3 1)+[-! -2 0] 


i a eh =(2+(-1) 3+(-2) 1+0}=[{1 1 1) 
(iv) -1 -1 -1/4/2 2 2 
0 12/1333 


1 2 3 a a 1+] «241 341 a 2 SF 
Solution: (-1 -1 -I/+|2 2 2|/=|-142 -1+2 -1+2]=|1 1 1 
0 2} 13 3 3 0+3 43 2+3] |3 4 5 


i o-2 1+ 2+0 3+(-2)! f2 21 
}+/3 -] Jest 3+(-1) 140 i 2 ] 
09 2 -I 3+0 1+2 2+(-1)} (3 3 1 
ww (lo aft of}[t a 
(HH RH eae ANS Sad 
“Her ialle 2 
. 228 2: BA 100 
5. Forthe matrices af 3 ie -2 isc 2 et 
Te 1-10 Ls 1 3 7’ {2 


() A+C=C+A 
Solution: L.H.S.=A+C 


1 2 3) f-1 © oF J1+(-l) 240 3+0] [fo 2 3 
=|2 3 1|+] 0 -2 3|=| 240 3+(-2) 143 +); 1 ‘|_0 
1 -1 0 ] 1 2 1+] -l+1] 042 202 
-| 0 DD] |/1 2 3] |-14+l 042 043) [0 2 3 
R.H.S.=C+A | 0 -2 sh 3 1 0+2 243 3+l1/=)/2 1 4 ___{3) 
1 4 2) [1 -1 O} | 1+1 1+(-1) 240) [2 0 2 
From (1) and (2), we have A+C=C+A 
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Hence proved. 
(ii) A+B= OTA 
Solution: L.H.S.=A+B 
* 2 a) TE -4@ 3 1+] 2+(-1) 3+1 214 
=|2 3 1}+{2 -2 2]=|2+2 3+(-2) 1+2|=|4 1 3]__(1) 
1 -1 0 3 13 143 -l+l 0+3 40 3 


R.H.S.=B+A 


ed | a? 1+) -1+2 143] [2 1 4 
=|2 -2 2/+/2 3 IJ=|2+2 -24+3 24+1/=|4 1 3 (2) 
3 1 3) {1 -1 Of} [3+L I+(-1) 340] [4 0 3 
From (1) and (2) we have: A+B=B+A 
Hence proved. 
(iii) B+C=C+B8 
Solution: L.H.S.=~B+C 
1 -1 1] f-1 0 oF (1+) +0 G0! fo -1 1 
=|2 -2 2|+| 0 -2 3/=| 240 -2+(-2)-243|=|2 -4 5 (1) 
3 1 3 i 2 3+] 1+] 342} |4 2 5 
R.H.S,=C +B 
-1 0 0] fi -1 1) [-lHt 0+(-1) 0+1) fo -1 1 
=| 0 -2 3|+/2 -2 2]=| 042. -24(-2) 3+2|=|2 -4 5 (2) 
L Ea} is 83 143 +l 243) [4 2 5 
From (1) and (2), we haves =B+C=C+B 
Hence proved. 
(iv) A+(B+A)=2A+B 
Solution: L. H. S. = x 
im => | z 3 1+] -1+2 143 
“2 3p 3 a) 2 7 We & ilulec —2+3 2+1 
ia i 1 -1 0 1 -! 0} | 341 1+(-1) 3+0 
. @ le 1+#2 2+1 3+4 3 3 7 
=|2 3 24+4 34+1' 143)=|6 4 4 (1) 
1 -l ol” , 0 ; 1+4 -1+0 043] |5 -1 3 


R.H.S. = ee 
—| 
3 2 -2 


i 3 


2 

1 

2+1 4+(-1) 641 

=|4+2 6+(-2) 242 

2+3 -2+1 0+3 
From (1) and (2) we have: 


4 6 
6 2|+ 
2 0 

,°3 

6 4 ‘ (2) 

§ =] 


A+(B+A)=2A+B 


1-1 1 
2-2 2 
x - @ 


i 
Jae | 
| 
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Hence proved. 
(V) (C-B)+A=C+(A-B) 
Solution: L.H.S.=(C-B)+A 


Leain tae of 


2 1 =f] fi 3 | 2+) 142 <143 
=|—2 0 I]+1/2 3 1 =!-2+2 0+3 1+] 
0 _-2+1 0+(-I) -1+0 


4 o¢ F 2-(-1) 3 
| 0 -2 i 2-2 3=(-2) 1-2 
i iz I-3 -1-1 0-3 
-l 0 0 Js 2 -1+0 043 0+2 
{° -2 3/3 5 4). 0+0 -2+5 3+(-1) 
| -2 -2 -3) |1+(-2) 1+(-2) 2+(-3) 
—1l_ oa 2 
{° a|_ 
—+ “=I —-I 
From (1) and (2) we have; (C-—B)+A=C+(A-B) 
Hence proved. 
{vi) 2A+B=A+(A+8) 
Solution: L.H.S.=2A+B 


! 2 3; |! -t 1 2 4 6] |I -1t 1 
=2}2 3 I]+|2 —-2 2]=|4 6 2/412 -2 2 
Ll 0s tyiza wiz 138 


24+1 4+(-1) 6+1] [3 3 7 

=|44+2 6+(-2) 2+2/=|6 4 4]_ (1) 
24+3 -2+1 043 5 -1 3 

R.H.S, =A + (A+B) 

2 1 
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E 2 j [ 2 1 : = | || 
=12 3 Il+i]/2 3 Ii/+)2 —2 2 
1 -1 0 1 -l 0 y iz 
123 141 2+(-1) 3+1 
+); 3 ithe 3+(-2) 3 


1 -1 O} |143  -I+1 0+3 


i 2&3 214 1+2 241 344 3 3 7 
=|2 3 1/414 1 3l=|24+4 341 143/=|6 4 4 _i(2) 
1 -1 0} [4 0 3 144 -1+0 043 § -] 3 


From (1) and (2) we have) 2A+B-A+A+B 


Hence proved. 
(vii) (C-B)-A=(C-A)-B 
-1 0 0 or 1 2 3) [-1-1 O-G@1) 0-1] |/1 2 3 
=|; 0 * ig 2 2]|-|2 3 1 0-2 -2-(-2) 3-2 |; 3 1 
l 1 3 1 -1 0 1-1 2-3| {1 -1 0 
2 
3 


Solution: L. H. S. =(C-B)-A 
1-3 
2 3) [-2-1 1-2 -1+3] [-3 -1 +4 
ke iL 3 ae 0-3 I- “i. E -3 | 
a $e -1 0] |-2-1 o-(-) -1-0} |-3 1 +1 


R.H.S. = — is 


-1 1 as 1 -) 1 -Il-1 0-2 0-3 1 -l 1 
0-2 3}, 2 3 14l-|2 -2 2]=| 0-2 -2-3 3-1|-/2 -2 2 
I 1 -1 Oj) [3 1 3] | 1-1 1-(-1) 2-0} [3 1 3 

—2 -2 -3] fi -1 1) [52-1 -2-(-1) -3-1] [-3 -1 ~ 

=|-2 -5 2]/-|2 -2 2|=|-2-2 -5-(-2) 2-2|=|-4 3 0|_ (2) 
0 22:13 & 0-3 2-1 2-3/ [73 1 -l 
From (1) and (2) we have: (C-—B)-A= (c- A)-B 
Hence proved, 

(viii) (A+B) +C=A+(B+Q 

Solution: L.H.S.=(A+B)+C 


ates Mea 


1+} 2+(-1) 3+1/ [-1 © 0] [2 1 4] f-1 0 0 
=|2+2 3+(-2) 1422/4] 0 -2 3)=/4 1 3/4) 0 -2 3 
143 -1+1 0+3 1 t 2 
2+(-1) 140 4+0 
4+0 1+(-2) 343|= 
4+1 O+) 342 
R. H. S.=A+(B+C) 


114 
4-1 ‘|_0 
5 15 
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|: 2 i [ -} | E 0 | 
=|2 3 Ij4i}2 —2 2/4] 0 2 3 
1 -1 0 ae a ; itz 
E > i Bo (-1)+0 3 E 2 i : I i 
=|2 3 I/+) 2+0 (-2)+(-2) 24+3/=|/2 3 I]+/2 +4 5 
1 -1 0 3+1 1+1 342] |1 -t Of] |4 2 5 
Be 2+(-1) 3 114 
=|2+2 3+(-4) 1+5 ! -] s|_) 
144 -1+2 04+5/ [5 1 5 


From (1) and (2) we have: (A+B)+C=A+(B+C) 
Hence proved. 

(ix) A+(B-C)=(A-C)+B 

Solution: L.H.S.=A+(B-—C) 


: 23 1 -1 1 -!| 0 90 

=|2 3 Ifi+i}/2 —2 2\|-| 0 —2 3 

f -] lE I 2 ; 1 i) 

1 23] /[!-C) -1-¢ AUD 23] f2-1 1 

=|2 3 1/+| 2-0 -2-(-2) 2-3/=|2 3 1/+/2 0 -1 
1 -1 0 3-1 1-1 3-2 1 =a His @ 3 
1+2 2+(-1) 3+1 o™1 4 

=|2+2 340 1+¢1) +) 3 o|_t 

142 -1+0 O+1 3 -1 1 

R.H.S.=(A-—C)+B 


[i 33H 4 he 3 3 


ie 2-0 fe] 1-11] f2 2 3) ft -11 
2-0 3-(-2) 1-3 +; -2 a|-2 5 RE -2 j 
0-2 


ii 


i 3 13110 2 -2/ |3 1 3 
[241 24+(-1) 341] [3 1 4 
=|2+2 5$+(-2) -2+2]/=/4 3 0} (2) 
0+3 -2+1 -24+3| [3 -1 1 
From (1) and (2) we have: A+(B- C)=(A-C)+B 
Hence proved. 


(x) 2A+2B=2(A+B) 
Solution: L. H. S. = 2A + 2B 


1 2 3] fi -1 1) f2 4 6] [2 -2 2 
=2}2 3 1|+2/2 2 2l=|4 6 2[+|4 «a a4l os . 
1-1 o} [3 1t 3} [2 2 of l6 26) | .. 3 
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2+2 4+(-2) 6+2] [4 2 8 
=|44+4 6+(-4) 24+4/=/8 2 6} (I) 
2+6 -2+2 0+6] [8 0 6 


ee 


1+1 2+(-1) 3+! 24% 4228 
spe 3+(-2) af I j +: . s|_a 


143 -1+1 043 403 
Neti doe i ian 2A + 2B = 2(A + B) 
Hence proved. 


6. KA=(3 jana B=| ¢ 3 oF find (i) 3A-2B _— (li): 2At- 3B", 


Solution: (i) §3A-2B | 
<) 3 8 AHP oR 


(ii) 2A‘-38' 
_|l 2 tte 
Now a-[5 4 then -|4 | 
B-[_ Zhinenb'=[9 


so, weno] 2 Ae alla ata 3a 
ARS, O13. 


nS [i Seemann 


wate 3 Jol le 
fh She 

es Sele 4 
oH 


7 8+3b 7 10 
18 2a-12} {18 1 
= 8+ 3b= 2a -12=1 
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3b=10-8 2a=1+ 12 
3b=2 2a= 13 
2 13 


b= —_ a> = 


01 20 
(i) (A+B)=A'+B 
Solution: L.11.S =(A + By 


— aroe[' AUP Los: veel L2 “ 
0 1] |2 O| |0+2 140] |2 1 
Zz 2 

So, arpy=[% = 

R.H.S.=A'+B' 


now vf! sal] ant oof! towel! 2 


cet fl O1.f1 2) [ist ova, ep 2 

ms aee=| tuk alloc nah |e) 
From (1) and (2), we have: (A +B)! = A'+ B' 
Hence proved. 

(i) (A-B)'=A'-B 

Solution: L. H. S. = (A - B)' 


Now A-B “|; ‘Ita allen ola i 
So, (apy =|" yo 
R. H. S.= A'=Bi 


Now a-| ‘]=4'-[ and B-|: =e [ 
0) 2) 2 0 1 0 
«_gta{! 0) ft 2]_[i-1 0-2] fo -2 
— 1, 1 : olla ell | 
From (1) and (2), we have : (A — B)'= A'-B' 
Hence proved. 


(ili) A+ A‘is symmetric 
Solution: We have to prove that 
(A+ A''=A+A' 


2 
Now A= ' =A‘ = : a 
0 | 2 1 
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owls TM fete SIE 


a2 
+A) = 
Now, (A+A‘ ' ° 


(A+ AY=A+A' 
Hence proved, 
(iv) A-Atis skew symmetric 
Solution: We have to prove that 
(A-A')=-(A-A' 


et | 
| 


saad) EL He HLS 3] 
(A-A'y -|; ; 


2] [o 2 
poe: See “| eee 4 


(A-A')'=~+(A-A') 
Hence proved. 
(v) B+ Btissymmetric 
Solution: We have to prove that 


So, a+e'-|) eft lee el"Ls 4 

2.0; {I O 2+1 0+0; |3 '0 

‘ fs 3S 

Now, (B+ B') “3 
(B+BY=B+B' 

Hence proved. 

(vi) B-B*is skew symmetric 

Solution: We have to prove that 

(B - B')'=- (B-B') 


nem tell dem 
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= eo all SER all aE a 
aint ain K ol |? ri 


(B-B' =-(B-B) 
Hence proved. 


| MULTIPLICATION OF MATRICES 


Two matrices A and B are conformable for multiplication, giving product AB if 
the number of columns of A is equal to the number of rows of B. 


For Example, let A = 3 | - BT 


Here the number of columns of A is equa) to the number of rows of B. So A and B 
matrices are conformable for multiplication. 
Multiplication of two matrices is explained by following examples. 


Example: (i) If A=[1 2]and B=|5 | 


Then AB=[I 2/3 1 |=[x2+2%3 1x0+2x1]=[2+6 0+2]=[8 2] 


Example: (ii) tax) 3)nd B= 2| 


Then AB=|) ey | 
ol NI yea snort aiea "Lace ocala 3] 


Associative law under Multiplication: 
If A, B and C are three matrices conformable for multiplication then associative 
law under multiplication is given as. 


(AB)C=A(BC 
For example, a-[? a h-[5 ene oul § 5 then 
L.H.S = (AB)C 


“(4 ols wL4 ol-[2aotes Zien 3] 
[oro Ao 4 alo 13 3] 


5 Reprints rt peol” bs -5 vel ii — (1) 


Ox2+(-1)x(-l) O0x2+(-I)x0/ "| 0+1 0-0 
R.H.S. = A (BC) 
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LB ase ey 
2 ae Sas 


ol el eae, Meteies Laem seals a 


From (1) and (2), we have: (AB)C=A(BC) 


Hence proved. 

Distri Multiplication over Addition an : 

(a) Let A, B and C be three matrices then distributive law of méltiplication over 
addition are given below. 
(i) A(B+C)=AB+AC (Left Distributive Law) 
(ii) (A+B)C=AC+BC (Right Distributive Law) 

For example, let A -| ; ob-|3 ne C= | : i} then prove distributive law. 
A(B +C)=AB+AC. 

L.H.S.= A (B + C) 


La all Ls Ov 
assy oll of 1 


i 2x24+3x2  2x34+3xI |- ie es 10 jlo 


(-1)x2+0x2 (-1)x340x1] |-2+0 440] .-2 


a a 


2x0+3x3 9 2x1+3x] 2x2+3x(-1)  2x2+3x0 
ie (-1)x0+0x3 (- Panes Rese +0x(-1) Reiner 
04+9 2+3 4-3 4+0 

she lt het earl 


fo abla stots eal[2 ao 


From (1) and (2), we have A(B +C)=AB+AC 


Hence proved, 
{b) Similarly the distributive [aw of multiplication over subti action are as follow. 
(i) A(B-—C)=AB-AC (ii) (A—B)C=AC+ BC 
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01 1 0 
A(B-C)=AB-AC. 
L.H.S, = A (B-C) 


at dt sd it He Te al 
o[axcaieone mone ca 0- 4) i 


1 
Ox(-3)+1x0 Ox0+1x(-2)} | 0+0 0-2 0 $|0 
R.H.S. = AB — ~ 


Loft obs af a 


[et 1)+3x1 comet bane + opens 


For example, let A -|j i} = t |i C= k |: then prove distributive law. 


Ox(-1)+1x1 Oxl+1xO} | Ox2+1e1 Oxl+ix2 


-243 24+0] |443 24+6 
0+1 0+0|— O+t O+2 


7 8| [1-7 2-8) [-6 -6 
i =i I } ae ch r |e 
From (1) ad (2), we have: A(B-C)=AB-AC 
Hence proved. 


Commutative law of Multiplication of Matrices. 


Consider the matrices 
0 0 
vB eek he 


AB= [i _|O0x1+1x0 0x0+1x(-2) 
2 5 E S| |2x14+3x0 2x0+3x(-2) 


_[0+0 0-2] _[0 -2 (i) 
“1240 $4) 14 4 
_{t O]/0 1]_| 1x0+0x2 Lx1+0x3 
ay BA=| 4 if slinget-apes ela 


[074 ot6|"[4 +|—@) 


From (1) ad (2), we have: AB#BA 

Hence proved. 

Commutative law under multiplication in matrices does not hold in general. 
i.e., if A and B are two matrices then AB # BA. 
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Commutative law under multiplication holds in particular case. 


For example, [f A =| | Jona B -|% | then 


“v ‘le sy [etahe site 


O01; 0 4 Ox(-3)+1x0 OxO0+1x4 
0+0 0+4/> > ‘ro 


BA = -3 0 —3x24+0x0 -3x0+0xl 
0 4\0 ' Ox24+4x0 Ox0+4x! 


6+0 0+0) [-6 0 
-| 0+0 t ¥ = 
From (1) ad (2), we have: AB=BA 


Hence proved. 


Let A be a matrix. Another raatrie B is po the identity matrix of A under 
multiplication, if 
AB=A=BA 


For example, A= “| B= i ten 


j 


0 -3 01 | 
spelt 2]! O]_f Ixt+2x0  1x0+2x1 
“(0 -3 10 1} |Ox1+(-3)x0 0x0+(-3)x1 
1+0 0+2 Kh 72 
“lore art 3a 
1 o) fi 2 
malo itl 


ene womee A Bele ob 3|-4—@ | 


Oxl+1x0 0Ox2+1x(-3)| [0+0) 0~3 
ee ek ann AB=A=BA 


Hence pro 
Verification oft Ase = Bi At 
If A, B are two matrices and A‘, B' are their respective transpose, then 


(AB)' =B' A‘ 
2 f{ 1, 
For example, if A= k bee B-| | | 
L.H.S.= (AB) 


Now aa -[) UL. |-| 2x 1+1x(-2) eared 


O -I}|-2 0} |0x1+(-1)x(-2) 0x3+(-1)xo 
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2-2 6+0] [0 6 
0+2 0+0/] |2 0 


(aa) =[§ 3] 
R.H.S, = BIA' 


ow aa[? Jooa'el? 2] and oe] Joel! 2] 


Bia’ =[ i ey poly 


3 O}l -l 3x2+0x! 3x0+0x(-1) 
2-2 042 0 2 
“loco Salle |} 
From (1) and (2), we have (AB) =B' A‘ 


Solved Exercise 1.4 


1. Which of the following product of matrices is conformable for multiplication? 


© Bis ofa) ols y 


Solution: 
1 -1 -2 
© [3 [3 
Conformable for multiplication because the number of columns of first matrix is 
equal to the number of rows of second matrix. 


m fa) fs 


Conformable for multiplication because the number of columns of first matrix is 
equal to the number of rows of second matrix. 


m [al] [a 


Not - Conformable for multiplication because the number of columns of first 
matrix is not equal to the number of rows of second matrix. 


m [ea Bra 


Conformable for multiplication because the number of columns of first matrix is 
equal to the number of rows of second matrix. 
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Conformable for multiplication because the number of columns of first matrix is 
equal to the number of rows of second matrix, 


a &§ a-| 5 oh B= §). find (i) AB (ii) BA (if possible) 


tae [3 0] [6] _[ 3x6+0x5]_[18+0 ]_[18] 
Solution: (i) aB-| 3 oh He | enema | =| eto} -| 4) 


xs 6 = @ 
BA= 
o Shot oh 


Not - Conformable for multiplication because the number of columns of first 
matrix is not equal to the number of rows of second matrix. 
3. Find the following products. 


© ( 2] [9] 
Solution: [1 a |=[ix4+2<0) [5-0] [4] | 
a) [1 24] 
Solution: fi 2) |=[ixs+ax(-4)]=[5~a]+| 
aii) [-3 of9| 
Solution: [-3 af § J-[-a<4+ 000] =[-12+0)-[-19] 
vy [6 -o] 9] 


Solution: [6 -0 5 | =[5x4+ 00] =[240]=[24) 


3 


0 
obi 
1 2 "bed +2x0 — 1x542x(-4) 
Solution: 3 4 (-3)x4+0x0 (-3)x5+0x(-4) 
6 - | 6x4+4(-1)x0 6x54(-1)x(-4) 
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SSSSSSSSSSSSSS SSS SSSSSSSSSSSSSSSSSESSSSSSSHSSSSSesseseeeeseoccc©c= 
4+0 5-8] [ 4 37 
=|-124+0 -15+0|=|-12 -15 
24+0 30+4| | 24 34 


4. Multiply the following matrices. 
i 
(a) Fi - “1 


samtn! Ix2+1x3—Ix(-1) +1«0 


0x2+(-2)x3 Ox(-1)+(-2)x0 
4+9 Bre) 13 -2 
“ees -1+0/=| 5 -1 

0+0 -6 0 


_| lxl+2x343x(-1) 1x2+2x4+4+3x1 
~|4x145x346x(-1) 4x245x446x1 


146-3 24843 4 33 
~| 4415- 6 84+204+6| “113 4 


0 -2 


me 2x24+3x3  - 2x(-1)+3x0 | 


= 
a 
ge Pree 
— bn Mlesetin.octsie: | 


1 2 1 23 lxl1+2x4 1x2+2x5 Ix3+2x6 

Solution: 3 4 5 - 3x14+4x4 3x2+4x§ 3x344x6 
1 (-I)xIl+1x4 (-1)x2+1x5 (-1)x3+1x6 

1+8 2+10 3+12 9 t 31 

=| 3416 6420 9+24/=|19 26 33 

-1+4 -24+5 -346 : 2 3 


P i]: 4} 8x2+5x(-4) 8x] - 


2 
4 4 6x2+4x(-4) 6x| - 


a 


_[16-20 -20+20] [-4 0 
“[12-16 -15+16]"|-4 1 


s 
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@® ff ; : 


Solution: r ai-( 1)x0+2x0 ()e0s220), for orell0 ‘| 


1x0+3x0 1x0+3x0 0+0 0+0!} |0 0 
5, ai th $ jana c=[4 3} Verify whether 
(i) AB=BA 
Solution: L. H. S.=AB 
le te SM snare cee 
[ae Ho }-[? VO 
R.H.S. = BA 
fs ST? Hetil 
‘0 Suo-[5 30 
From (1) and (2), we have: AB # BA 


(li) A(BC)=(AB)C 
Solution: L.H.S.= A (BC) 


“fe ols SPNNR La eltspactayet Caprice 

|} 3)/2+2. 146 3 “| a 

Chapels) ere99(-18], ts -7-54 [-37 -61 

2x4+0x(-11) 2x7+0x(-18) 8+0 14+0 8 2 0) 
R.H.S. = (AB) C 


Mid Sid “lit sil ccreentay’ ‘anaceaear lit §| 
‘ae eoiiate shew 


[emai Copetecons) Farm es 37 


From (1) and (2), we have: A (BC) =(AB)C 
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(iii) A(B+C)=AB+AC 
Solution: L.H.S. = A (B + C) 


-[z oll Sh{t a-[a of 3] 
-[? al-(2 eh acer ‘nn 


-2 -2}°| 2x3+0x(-2)  2x3+0x(-2) 
1 cole e. 
R.H.S. = AB + AC 
[2 os Sie aft 3] 
ores aoe |? er: ae | 
2x1+0x(-3)  2x2+0x(-5) 2x24+0x1 2x1+0x3 


_[-1-9 -2-15],[-2+3 -1+9 
“| 240 4+0 4+0 2+0 


[? ViG eats 23}[2 0 
() AB-O=M-K 
"TE Hie iy il}-[3 4 1-2 rt 
2 O|-3 ~S} [1 3]) |2 O}/-3-1 -5-3 
ft TAN See oseeta poe 2-24 


=|} Fo 
OB Ha 
a) ee ed ce 
ay (paen) ee Pepe 
2x1+0x(-3)  2x2+0x(-5) 2x240xl = 2x1+0x3 


+ 
‘on safiog amris abled 
eo | x a + =e 
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From (1) and (2), we have : A (B—C)= AB— AC. 
_[-1 3]p-[1 21ce[2 6 
6. For the matrices A=| > 0/8=(5 5} E & | Verity that 
(i) {AB)'=B' At 
Solution; L.H.S. = (AB)' 


‘nie |; a. aH eset (-1)x2+3(-5) 


~{2 Of[-3 -S}] | 2%1+0x(-3)) 2x2+0x(-5) 


_f-1-9 -2-15] [-10 -17 
“1240 4-0] [2 4 


-10 2 
So, (AB)' ae ‘0 
R.HLS. = B'A' 

-1 3 ,_f-l 2 
Now A= , 3) ar | 


somes [2 SLs al Laccyetsyes zn2x¢3-a 


-1-9 2+0] [-10 2 
(os alte ‘Le 
From (1) and(2), we have (AB)'=B' A' 
(i) (BCY=C'BE 


Solution: L.H.S. = (BC) 


Now BC = 5 a3 p! " \ is Gata x3 paeust de Ll 


_[-2+6 6-18] [4 -12 
“16-15 -18+45| |-9 27 


; 4 -9 
So, (BC) “|, 0) 
R.H.S.= C'B' 
—2 6 : -2 3 
we oft Sac? 3 


nm 
’ 
3.19 
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mls Shh 


(-2)x1+3x2 (-2)x(-3)+3x(-5) 


So,C' B'-|¢ yd at leetawa re ie 


ares 


From (1) and (2), we have: (BC)'=C'B' 


Determinant of a 2 - by — 2 Matrix: 
Let A -|' be a 2 — by — 2 square matrix, the determinant of A, denoted by 


det. A or | Ajis defined as: 


[A] =det. A 
= det. b ‘| =k t)=axd—bxe=ad—be 
For example, (i) Let B= 3 5| 
Then |BI-| ; 


=(1)(3)-¢2)01) = 3 +2=5 
= ie « a 
(ii 1 M =| 5 | Then) Mi-f ; 


=(2)(3)-(1) ©) =6-6=0 
lar - t Matrix: 


Singular Matrix: A square mairix A is called singular if the determinant of A is equal to zero. 
ie., |A|=0 
1 2 
For example, A -| | |Al=(1)(0)-(2)(0)= 0- 0=0 
Hence A is singular matrix. 


Non- Singular Matrix; A square matrix A is called non- singular if the determinant of A is not 
equal to zero, Le., | A|#0 


For example, A lj 4 |Al=(1)(2)-(0)(1)=2-0=2 


Hence A is non- singular matrix. + 
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Adjoint of a Matrix: 
Adjoint of a square matrix A = E ‘| is obtained by interchanging the diagonal 
entries and changing the sign of other entries. It is denoted by Adj A. 
i. ¢., Adj a-|‘ a 
-~c a 
2 


1 2) : 0 - 
For example, (i) If a-|} —— Adj a-|2 ; | 


3 2 

Multiplicative inverse of a Non- Singular Matrix: 

Let A and B are two non- singular matrices of same order, Then A and B are said 
to be multiplicative inverse of each other, if AB = BA =] 

The inverse of A is denoted by A“, thus 

AA'=A™A=I 
Remember: Inverse of a matrix is possible only if matrix is non- Singular. 
Inverse of a Matrix using Adjoint: 


Let M= : a| be a square matrix. To find the inverse of M, i.e., M”, first we find 


(ii) rB-|; “ten a a-| | 


the determinant as inverse is possible only of a non- singular matrix. 
|M|= i =ad—be #0 


a 
cd fa -b 
Then M-' = AGM J [-e a 


d -b 
and Adj m-| 
-¢ 


a 1M| ad —be 
2 3 2 | 
For example, ct a=|? - Then| AF |” {{-@)-OC) 
=-6+1=-5#0 
‘ 3 -l 1 : 
Adi A= ot — 
i A is 3 |The aaa 
3 I 
-Jj-3 -I/_|5 § 
Ot it os 
| "3 
Verification of (AB)" = B" A" 
3 1 0 -l a | 0 -l 
Let a=| > je B-|) 2 aH yak ~ 


4 = OO-CDM = (0) (2)-(-1) (3) 
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=0+1 =0+3 

=140 =3#0 
Therefore, A and B are invertible. i.c., their inverses exists. 
Then, to verify the law of inverse of the product, take. 


wie shes ee 


—1 O}]3 2 |) (-1)x0+0x3 (-1)x(-1)+0x2 
lice ia 1 
\AB +f 7 [=O -(-100)=3+0-30 


0 3 


= Re ‘ _!|! ] 
nha! | AB} i(AB) “0 4a 


Adj caB)=| i 


new aa alili a 
“Ha AAS alespoent (ec dooes 
aed 30730 3} —2 


From (1) and (2), we have: (AB) =B"A™ 


1. Find the determinant of t mat 

(i) a=[3 a| 

Solution: lar; = 1 @)-()@)=0-2=-2 
a B=|) 3] 


Solution: |B +; . =(1)(-2)--(3)(2)=-2-6=-8 
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3 2 
(i) c=]3 3 


Solution: -p -€)2)-()@)=6-6-0 


(Ww) o-{j ‘| 


Solution: | DE; i =(3)(4)-(2)(1)=12-2=10 
2. Find which of the following matrices are singular or non- singular? 


m asl 4) 


Solution: [A tb ‘- (3)(4)-(2)(6)=12-12=0 
Hence matrix A is singular. 

(ii) B=|3 2| 

Solution: |BI=|} }]=(4)(2)—(1)(3)=8-3=5 20 
Hence matrix B is non-singular. 


ay ¢=[3 3| 


Solution: |C|- =(7)(5) —(3)(-9) =35+ 27 =62 40 


Hence matrix C is non- singular. 
(iv) o=(5 | 


E33 ~9 


Solution: |D|= 4 Sy =($)(4)-(-10)(-2) =20-20=0 


Hence matrix D is singular. 
3. Find the multiplicative inverse (if it exists) of each. 


(i) a-|3 | : 


Solution: a-|3 9/VAF | leusieenen 
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m ofS 3] 


Solution: B-| |, 7] |! 2] =()(-3)-(2)(-3)=-5+6=1 


nB-[F 7) ee paei|s TL? 7] 


m cf? § 


Solution: c-|F $]=1ce 2 $)=(2)(-9)-(9)(3)=18-18=0 


Hence C"'does not exist. 


1 
(iv) o-|3 | 
12 
1 3 
Solution: o-[3 4 “o- 4 (5)(2)- -()(3}-1-3-4 
2 ae 1 2 -2 2 a ss 
mood forwards TL TPL 2 
2 2 2 


4 I A=|j ¢ ands =| 3 |-then 
(i) A (Adj A) = (Adj A) A= (det A) 1 
Solution: A=|! |r|, ¢]=((6)-(2)(4)=6-8--2 


27a = 
Adj A=) 4 4 


Tt 26 -2]_[tx6+2x(-4) 1x(-2)+2x1 
Now A(AGA)=[4 64 ‘l+[execent a ew 


[tom aselLo 2} 
af 2. | 6x1+(-2)x4 6x2+(-2)x6 
iF | (-2) (-2) 


en 
(Adj A) A=| § 1 4 6 | (-4)xd+ix4 (-4)x241%6 
6-8 12-122 0 
a ere th {| 


(det A) 1=-2 lo ‘| Bb We 
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From (1), (2) and (3), we have 
A (Adj A) = (Adj A) A = (det A) I 
(li) BB'=1=B'B 


Solution: B-|) = }=18+b =I=@)-2)-[-)(2)=-6+2--4 
adja =|7> 4 

B'=pboad B= 1/73 | 

Now B B" 


G SHAS se ai eee aes 
4 \0 
4d eae 9 GB 


7 p'B=-1) ip a palie Saree 


4|-2 3)12 -2] 4\(-2)x3+3x2 (-2)x(-1)+3x(-2) 


+ 0 
_ Be 2- 4/- ah AC fi 3 i t= 
-6+6 2-6 0 Oo -+4 . 2" 
G4 
Hence B B' = B' B=I 
5. Determine whether the given matrices are — Inverse of each other. 


0 [2 Sod 3 


samtons (52 FE Leer) atsene| 


{21-20 -15+15|_|1 0 
28-28 -20+21| [0 1 
Yes, the given matrices are multiplicative inverse of each other. 


at mi ‘ 


Pile eae Seles Hb 


Yes, the given matrices are multiplicative inverse of each other. 
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thal Salt ]o-[3 Ttnenvetyent 


(i)  (AB)’=B7 A” 
Solution: L.H.S.=(AB)" 
J ows -2 4x(-4)+0x(+1) — 4x(-2)+0x(-1) 
as) =[4 ot a) cos x(A)+2x(+1) (-1)x(-2)+2x(- , 


_[-16+0 -8+0]_[-16 -8 
+4+2 2-2]7°| 6 0 


i AG 16)(0)—(-8)(6)=0+48=48 


Adj wab-(4 > i 7 
(aay" = aa (AB) “aa ss sh 
RHS.= B7 A" 


p-|* aiae ft “f= -0)(2)-4+2-6 


Adj B= - ‘= B= Adj B= ie | 
a=[4, S]aiarl{, $=()@)-C-y-8-0-8 
Adj A=[1 A AY =r adj A=q) | 
eed ANE halt Bg 

cdl yeacajei (ortajyal" Lara oct] 


-24+2 0+8 0 ¢ 
" ee 4 0- isl" {i a 4! 1 ‘jo 
48 48 8 63 
From (1) and (2), we have: (AB) =B" A” 
(ii) (DA)"=A" D" 
Solution: L.H.S.=(DA)' 


womens ETS Serres veces 


L» 


! 
oi—- > 
| Loni 
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ee peal a “|mae |) 5 NCA) ~(2)(-10) = 444 20-64 


4 -2 ~-¢ 
Adj DA = SA)" = — 
; io nl ) =a 
Si yd. fd 
- 4 -2] |6a 64] |16 32 
Ayt=— Z , 
aa blo a wo ul} |s a ell 
64 64 32 64 
R.H.S.= A" D" 
[4 0 
a=’ l S| =(4)(2)-(-1)(0)-8+0-8 
[2 0 
Adj A it . 
i A -|' =* a Adi A= il : 


laa 


iD -€)@)-(0(-2)=642=4 


[2 =i if2 -1 
Adj D = Dt =— 
: ? Ac ipl 4? k | 
‘ie apt atf? “tL i} Siena se Se 


R11 4|8|2 3] 64) Ix24+4x2 1x(-1)+4x3 
4 -2] |1 1 
: “4 alo 4 al 64 64|_| 16 32 (2) 
2+8 ~-1+12| 64/10 11] | 10 11 , Hr 
64 64) [32 64 


From (1) and (2), we have: (DA) =A" D"! 


| SOLUTION OF SIMULTANEOUS LINEAR EQUATIONS | 


System of two linear equations in two variables in general form is given as: 


ax + by =m cx+dy=n 

Where a, b, c, d, m and n are real numbers. 

This system is also called simultaneous linear equations. We discuss here the 
following methods of solution. 

(i) Matrix inversion method. (ii) Cramer's rule. 
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(i) Matrix i thod 
Consider the system of linear equations. 
ax + by =m cx+dy =n 


then or 


OrAX=B=>X=A"B 


wee nels LE 


Now A7= oil A 


|A| 
d -b 
And | A|=ad — be, Adj a-| 
-c a “= 
- x } d -biim; 1 dm-bn | | ad—be 
y| ad—be'-c a jin ~ ad—be|—cm +an an —cm 
—be 


a te” amie 
ii) C r’s rule. 
Consider the following system of linear equations. 
ax + by =m cx +dy=n 
We know that, a-|" abx-[*]e-[") 
ec d y n 
So, AX=B 


X=A"B, ini AxB 


-b __1|dm—bn ] | _dm—bn | _an-cm _ |A,|_lA,| 
2 -1¢ ‘ TAll-om+on [Al Al JAI IAI 


“At eset " 
n d con 
Example -1: Solve the following system by using matrices inversion method. 


4x — 2y = 8, 3x+y =-4 
Solution: 4x —2y=8, 3x+y =-4 


| In matrix form 5 Fz-[¢, 
Hee ls Thee Es] 


So, AX=B X=A'B 
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And A =i A 
Now irs 7 [= -(-2)0)=4+6=1040 
na nel earn’ 
so [Nels T]) al Sease( | tol ate 


0 
lst bal adit lack ™ diet 
rate) tox 
10 


Example 2: Solve the following system of linear equations by using cramer’s rule. 
3x —2y=1 - 2x +3y=2 
Solution: 3x-2y=! -2x+3y=2 


3-2 l =2 304 
We ha 7 “ . 
vtew alah ofh Lal 


She SHS 


| A l= (3)(3) ~(-2)(-2),, A, = (1)(3)—(2)(-2), A, F (3)(2)-(1)(-2) 


=9-4=5 2344=7 =642=8 
Now xalAsl (And y=!Ar! 

Al (Al 

1 : 


Example- 3: If length of a rectangle is 6cm less than three times its width. The perimeter 
of the rectangle is 140 feet. Find the dimensions of the rectangle. (by using 


matrix inversion method). 
Solution: 1f width of the rectangle is x cm, then length of the rectangle is: 
y =3x-6 
Or 3x-y=6 (1) 
Now Perimeter =2x+ 2y 
140 =2(x+y) => xty=70_ (2) 


In matrix form, we have 

3 --l x 6 
Sty ate) 
So, AX=B X=A" B 


And = A*=— Adj A 
|A| 
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[Ab | |=G)Q)-(=3+1=4 


x]_if1 1]f6 ]_if6+70 )_1[76 
oe Kee 31 $0]4| e210) +{ 304] 
rae 
wf heals 19 y= 
304 -[s1|>% 19,y=51. 
4 
Width of rectangle =x=19¢cm 


Length of rectangle = y = 3x -—6 
=3(19)-6 =57-6 =S5lem 
Verification: 
Perimeter = 2x + 2y = (19) + 2 (SL) = 38 + 102 =140 cm 
y =3x-6=3(19)-6=57~-6=51 cm 


Solved Exercise 1.6 


1. Use matrices, if possible, to solve the following systems of linear equations by: 
(i) the matrix inversion method. (ii) the Cramer's rule. 


(i) 2x-2y=4 3x + 2y=6 
Solution: (i) The matrix inversion method: 
2x—-2y=4 3x + 2y =6 


namo: | le) tom a-[s a) =[}o-[e 


So, AX=B => X=A"B 


\Arh 3[-@1@)-0M-2)=4+6=10 
Adia| 3 => wads | 


= (deals Sd-alesicts. rata aie] (Pg 


=> x=2,y=0 10 
(ii) The Cramer's rule: 
2x-2y=4 3x + 2y =6 


LK LL 
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wet oF 2) aia Ae canansece 
a.-|§ . =I, 3)-(2)-(-2)(6)-8+12=20 
[3 =14,tf o{=(2)(6)-()(4)=12-12=0 


Now x — LAs! _ 20 
|A| 10 
|A| 10 
(ii) 2x+y=3 6x + 5y=1 
Solution; (i) The matrix inversion method: 
2x+y=3 6x +5y=1 © 


lamar orm: (2 2]]=[3 ” es}>-(j}e-[i] 


=2 


So, AX=B => X=A"B 


Now, A =—AdjA 
|A| 


Arg eit Sd 

wea) Owls a ’ 
BL RSet seas d+ 

=> x=25y=+4 


(ii) The Cramer’s rule: 
2x+y=3 6x + 5y= 1 


21, (80, [23 | 
- a-[§ shel ble fl! 
21 3 1) 
fe fh dE 


|A}=(2)(5)—(1)(6).1A, = (3)(5) (CIA, = (2)(0)-(6)(3) 


=10-6=4 =15-l=14 = 2-18=-16 
A. | |A, | 

Now x = Ask rap ase 
[A] Y= TAI 


* 
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14_7 —16 


"a" — 
(ili) 4x+2y=8 

3x-y=-1 
Solution: (i) The matrix inversion method: 

4x+2y=8 3x-y=-l 

In matrix form: . a = : Here, A= "3 X= . ,B= y 

3 -I}ly} [-1 3-1 y -i 

So, AX=B 


And Aw =O Adj 
IAFL *--0-@)@)--4-6-—10 
stil ele 


* Bhsas TEs | 


Fax. 3 
1 |e 4 =| -10]_| 5 
sof pea) aol oa * -28] | 14 
~10 5 
=>x=-, yale 
5 
(ii) The Cramer’s rule: 
4x +2y =8 
3x-—y =-1] 


we aes 2) nel 2faelt fy 


4 2 3 Zz 4 8 
il-[ *ha.l-(! “HAE i 
| Al=(4)(-1)-(2)(3).1A, = (8)(-1) -(2)(-1).1 A, |= (4)(-1) - (8) (3) 
=-4-6 =-8+2 =-4—24 
=-10 =-6 =-28 
Now nwlAn! wala) 
|A| |Al 
aie _~28 
-10 -10 
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3 M4 ? 
5 5 
(iv) 3x-2y=-6 5x—2y=- 10 
Solution: (i) The matrix inversion method: 
3x -2y=-6 §x — 2y =-10 


3 -2//x] [-6 3 +2 x 6 
i : = A= Pe = 
In matrix form 3 al, x Here, A 5 : | - 


AX =B 

So, X=A"B 

And A?=—Ladga 
|A| 


|A|= ; ; =(3)(-2)-(5)(-2)--6+10=4 


Adj A = ie el 
-§ + 


© Gh SH 


y -§ +3}/-10 (-5)x(-6) + 3x(-10) 
. =) 
_1f12-20 |_1f-8]_| 4 | 2/-2 
~ 4[+30-30]" 4[0 0 0 
4 
=> x=-2,y=0 
(ii) The cramer’s rule: 
x-2y=- 
5x-—2y=—10 


Here a-|; i= arf I-02) Ce2)=-6 10-4 


-6 -2 
A.= > |A,b 
-10 -2 


i: 2 ]-(-00(-2)-(-10)(-2)= 12-20--8 


a,-[3 il IA, Fs “4 ON-10)-((-6)=-30+30-0 


5 -10 
Solution: 
ioe eel tal, Se cee ple B ay 
JA] 4 |A| 4 
(v) 3x-2y=4 
~ 6X + dy =7 


Solution: (i) The matrix inversion method: 
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3x-—2y=4 
-—6x +4y=7 
3 = 4 “ 
mows 2G] mms dheftle 
So, AX=B =SX=A 'B 
And Ata Agi A 
|A| 


Now |A[= 


46 a]-CM4)-(2)(-6)=12-12=0 


Hence Solution is not possible. 


(vi) 4x+y=9 
-3x-y=-5 
Solution: (i) The matrix inversion method: 
4x+y=9 
—3x-—y=-5 
In matrix form: 3 AR -(2s] Here, A=| * 1 px-[%].B-[25) 
So, AX=B 
Si=aA” B 
] 
And A” =—— AdjA 
‘ ral 
ae] 1-OC0-Cayy=-443=-1 
el) A 
adja =| 3 + 


eats abs afl 4 
we adral" cayeael-tpapagl"L areal 


= x=4,y=-7 
(ii) The cramer’s rule: 
4x+y=9 
—3x-—y=-5 
Solution: 


Here a-|4 1] Ale !|-€)-()) 443-1 


al ae |l-er-0-C390=-9+5-4 
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4: | Ae ‘|. (4)(-5)-(9)(-3) =-20+27=7 
Now vail Leen 
{A} -1 
a 
y AL =e 
(vii) 2x-2y=4 
-5x-2y=-10 
Solution: (i) The matrix inversion method: 
2x —2y=4 
~§x—-2y=-10 
, _| 2 -2]]x]_]4 ‘oe | 2 el. _1*1._|4 
In matrix form: u alt [*t6] Here, a-|%, 3}x-[*}e-[*,0] 
So, AX=B—>X=A™" B 
And A” =e A 
|A| , 
lar a (2)(-2) -(-2)(-S) = ~4-10=-14 


Adj a-|? | = a Pt 3 
~2)x4+2x(-10) | 
” Sl-aals abel alse) | 
Sel is #1 


=> x=2,y=0 
(ii) The cramer’s rule: 


2x -2y~=4 
~ Sx-2y=-10 

Solution: 

Here a-|* ° IA = (0)(-2)-(-5)(-2)= 4-10-14 
A-| to 2" IALFI 49 “= (4(-2)-(-2)(-10)=-8-20 =-28 
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=| fol lA, | Sof 2-10) (+4)(-8)=-20420=0 


Mont: atte as ii 
JA} -14 |Aj —I4 
(viii) 3x-4y=4 
x+2y=8 
Solution: (i) The matrix inversion method: 
3x—4y=4 
x+2y=8 


wnwston ST) ml pele 


So, AX=B=>X=A" B 


At 0lC AMS A A 
[A] 


|Arp 3]-02)-(4)-844=10 
mens toil 
so. [)-ii2: slelstolt-psesaa! 
40 
“tS Bs -=-0 


(ii) The cramer’s rule: 
3x—4y=4 
x+2y=8 

Here A=| =| 
1 2 
3 +4 
=h aI 
= (2)(3)-(1)(4) =6+4 =10 
=>|A|=10 
Now we find A, and A,. 
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4-4 4 3 
acta zh Mele i 
4 4 
IAl=|g i 
= (2)(4) —(-4)(8) =8+32 =40 


eft a 


= (38) —(1)(4) =24-4 =20 
=A, | =20 


Now we find the value of « and y. 


x=4,y=2 
Solve the following word problems by using 

()} Matrix inversion method (ii) Cramer’s rule. 
2. Thelength of arectangleis 4 times its width, 

The perimeter of the rectangle is 150 cm. Find the dimensions of the rectangle. 
Solution: If the width of the rectangle is x cm, then length of rectangle is: 

= 4x 
Or hi -y=0 (1) 

Now Perimeter= 150 

2 (x + y)= 150 

x+y=75.__ (2) 


0 cement TE 


hina 4 -1 X- x ‘Bel? 
1 J y 75 
AX=B=>X=A"B 
And A*=—UAg A 
|A| 


inet) -(0-OCN=4+1-5 
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awl! Mow t I 
aga |?" “Hf | 
TR |S ae 1) 1x0+1x75 
So + =_— sd 
y} Si-l 4], 75} 5) (-1)x0+4x75 
0+75 75 B 15 
10 300 |= 300] 300 =(¥] to | 
5 
Hence, length of rectangle = x = 15 cm 
Width of rectangle = y= 4 x = 4(15)=60cm 
(ii) Cramer’s Rule: 


4x—y=0 
x+y=75 
Here =A Sti 712 arf T-@-(-yay-4st-s 


a.=[45 i? lA {|=@)0)-(-Y035)=04 75 =75 


4 0 4 0 
[i 13) IAs ef 75|~ (4)(75)—(0)(1)=300 -0= 300 
Now alleys ( galBsl 200. og 


Length of rectangle = 15 cm 
Width of rectangle = 60 cm 
3. Two sides of a rectangle differ by 3.5 cm. 
Find the dimensions of the rectangle if its perimeter is 67 cm. 
Solution: Let the length of rectangle = x cm. 
Let the width of rectangle = y cm. 
According to the given condition 


x-y=35 = ()) 
Now Perimeter = 67 2(x + y) = 67 
= x+y=33,5 (2) 


@) In matrix form, we have || W-[2 


1D El ge [Sl we te 
ait a px-[5}8-[335| 
So, AX=-B=>X=A"'B 
And A*=—Lagja 
|A| 
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|A[= =(1)(1)-(-1)Q)=1+1=2 


eee adjA-| | jeat=4[ ; 


2 
so, [S| iais|djeassnass| 


37 
_1{3.5+33.5 )_137]_|> |_[iss 
~ 2[-3.5+33.5|~ 2| 30} | 30] [15 
2 
=> Length of rectangle = x = 18.5 cm 


Width of rectangle = y = 15 cm 
(ii) Cramer’s rule: 


x-y=3.5 
x+y=33.5 
1-1 fj 
Here A at > iar 1|-@()-Cyay=t+t=2 
35-1 aw <j 
A, [3 | lA, HL25, ||-@:5)0)-(-1)(035)=35+33.5=37 
A, at al" IA, 33.9 7(1)(335)-(+1)(3.5) =33.5-35-30 
Now x= 32 18.5em 
|A,|_ 30 


4. The third angle of an isosceles triangle is 16° less than the sum of the two equal 
angles. Find three angles of the triangle. 
Solution: Let first and second angles of isosceles triangles are x = y = x and third angle 
is z. 
According to the given condition, we have 
z= (x +x) - 16° 
z=2x-—16° 
Or 2x —z= 16° (1) 
We know that 
Sum of angles of isosceles triangle = | 80° 
x+y+z=180° 
X+x+z=18)° 


2x +z=180° (2) 


of 
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, 1 crix fi wake 2 -l x|_ | 16° 
(i) n matrix form, we have > ile "| ‘aoe 


a-[3 7 }-(Ehel 
2 | z 180° 
So, AX=B->X=A"™B 


And A“=— ag A 
|A| 


\Arf 7|-@)0)-@)-1)=2+2-4 
Adj ax | 3|>« =i" | 
™ Ae alte ll eaesncin 
_ 1/16" +180" } ee 
4) 32° +360" | 4| 328° 
196° 


ae 


=>x=49" y=49° z=82° 
(ii) The cramer’s rule: 


2x—z>= 16° 
2x + z= 180° 
2-1 2 -I 
Here A -|; F \Arf || -@)0)-(2)(-1)=242=4 
16-1] , acticin 
A, - | |A, | iF (16° }(1) -(-1)(180°) = 16° + 180° =196 
2 16° 0} 0°) — 360° _ 39° = 398° 
A, |; ae a ae = = (2)(180°) —(2)(16°) = 360° - 32° =328 
Now pe a ee Ct 
|A| 4 JA; 4 
> x=ds, y=49°, z=82° 


5. One acute angle of a right triangle is 12° more than twice the other acute 
angle, Find the acute angles of the right triangle. 
Solution: Let x and y be the two acute angles of a right triangle. 
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SSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSESSSSSSSHSSSSSesseeeeseqesooecccc 
According to the given condition, we have 
x-12° =2y 
x -2y=+12" (1) 
We know that 
Sum of angles of right triangle = 180° 
x+y+z=180° 
x+y¥+90° =180° 
x+y=180°-90°=90" (2) 


(i) In matrix form, we have Tee | 
1 1 ily) [90° 


A-| 7] x-[*}2- +12 
- I y 90° 
So, AX=B—X=A"B 


And A‘! =—eAdjA 
|A| 


! Tee-0a) +2=3 
rane] Temas AI 


So, [)-4{1 iso" |-4 (1)%(12°) + (2)x(90") | 


y| 3[-1 1 }}90° (—1)x(+12°)+(1) (90°) 


192° 
_ J +12° +180 |_a {192° ]_| “37 
3| -12°+ 90°] 31,78" | | 78° 
3 J 
+ x=64", y =26° 
(ii) The cramer’s rule: 


|Al= 


Here A= ric \arf -OW-O)=1+2=3 


key ahs 1A. FHCo12 10-2) 07) 12" +180" 192 


1 
o A 
Now xg tad 1928 — ae Pam 26° 
|A| 3 |Aj 3 
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6. 


Two cars that are 600 km apart are moving towards each other. Their speeds 
differs by 6km per hour and the cars are 123 km apart after 45 hours. Find the 
speed of each car. 


6OOkm 
Solution: Let speed of first car = xkm/hr Se 


(i) 


Speed of second car = ykm/hr 


Difference between speed = x — y = 6 ------ (i) nish ‘he ahi 


Time = 43 hours = hours 


Distance = Speed * Time 
0(3}+ 123+ (2) = 600 


9x , 9¥ _ 600- 
K+ F = 600—123 


Ox , 9 _ 

> + 3 =477 

On multiplying both sides by 2. 
9x , 9y)_ 

2x( 5 + 5 Jrarrx2 


9x 2.5% = 
2x 5 +2x 5 =954 
9x + Dy = 954 
On dividing both sides by 9. 


Sn +9y 24 
9 9 


23 ~106 
x+ty=106 ~ ------ --- (ii) 
The matrix inverse method 
x-y=6 
x+y=106 
In the matrix form 


Lh Ly ILios) Hee =[1 ']e=[5}9-[106] 
Det of [ TF he (1) * (1)-() C1) = 141 = 2 
We know that 


-_— [J | 
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X =A"B and A*t = AGA 


" 1]| 6 |_ 1] tx6+1x106 
Hence >| 3\-1 shige "al ines totes: 


(112 
—~ _If 64106 |_if112 || [se 
~ 2[-6 +106 |~ 2) 100) | 100} | 50 

2 


It 
——— 


Thus by the equality of a matrices, speed of first car x ~Sé€km/h and the speed of 
second car y = 50 km/h. 
(ii) by using Cramer’s rule. 


=> X—¥6 — nnennmee- (i) 
x + y= 106 ------- ~~ (ii) 
Tr sl tin 
1 1 iy! (106 . 
Or AX = B, where 


In matrix notation the system can be written in the form 
so EC at Le 

ial q =K1)-(1—)) = I+1 =2 ¥ 0 (non-singular) 
Now we find A, and A, 


A.=[ 106 tl A, 4 
-| 6 | 
1061 
= (16) — (—1)(106) = 6 + 106 =112 
= |A.|=112 


iA,tf ae 


= (1)( 106) — (1)(6) = 106-6 = 100 
|A,|=100 
Now we find the value of x and y. 


lA, 
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BSBVStSS2SSS2SS22S2SS2 SSS SSS SE2SESSESSEESEESSESSIESSSSEISISSESSSSS2S S2S22222222 
|A.| _so_ 100 
— 3 =—-—— = §9 
re ss 
y = 50kmv/h | 
Hence the speed of each car is 56km/h and 50km/h. 


Solved Review Exercise 1 


1. Select the correct answer in each of the following. 
(i)  Theorderofmatrix|2 ljis_ 
(a) 2-by-] (b) I—by-2 (c) I—by-1 (d) 2—by-2 
~— lat @l 
(ii) 0 2 is called matrix. 
(a) zero (b) unit (c) scalar (d) singular 
(iii) Which is order of a square matrix 
(a) 2-by—2 (b) 1—by-2 (c) 2-by-] (d) 3-by-2 


2 2 
(iv) Order of transpose of : is _ 
3 2 
(a) 3-—by-2 (b) 2—by-3 = (c) 1-by-3 (d) 3- by-1 


(v) Adjoint of E | is 


®[>7] bal eff 4] eff 


(vi) Product of [x vil? |is 


(a) [2x+y] (b) [x—2y] (c) [2x-y] (d) [x+2y] 
(vii) Ir 3 «|= o,then x is equal to 
(a) 9 (b) -6 {c) 6 {d) -9 
(viii) x+| 9 Hob 1 |, then X is equal to 
Zz 2 0 2] 2 0 2 2 
(@) E | (b) E 2 te) E | (d) E | 
Answers: (i) .b (ii) (iii) a (iv) b 
(v) a (vi) c (vii) a (viii) d 
2. Complete the following: 
) lo o|is called matrix. 
(ii) E || is alled matrix, 
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SSSSSSsSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSeSaSeSeeessessrsseeessqeeceececece= 
] 


(iv) In matrix multiplication, in general, AB _ BA. 
(v) Matrix A + B can be found, if order of A and B is 


(iii) Additive inverse of b 4) is 


(vi) A matrix is called matrix, if number of rows and columns are equal. 
Answers: (i) null (ii) unit (iil) s ‘lon # (v) same (vi) Square 


3, «/*33 bil-le $ | then find‘a’ and’. 


r ‘ 

maces (7 © tat * 
6 bal Le 2 

— a+3=-3 And b-1=2 | 


a=-3-3 b=2+41 
a=-6 ‘ b=3 
4. ta=|7 3|8=5 ~{]; then find the following. 
(i) 2A+3B 
2 3). 5 41. f4°6)Jus -12 
Solution: 2A +3B= 2 alr 3 {]515 pl 2 ry 


“| Seoero rl Sl 
(ii) -3A+2B 


Solution: —3A + 2B =- 37 a2 i 4 Ee 3h 8 ri 


4 
(5 HT 
(ii) -—3(A+ 2B) 


ace ome HLS lh a I 
(iy) $(2A-38) li? oa)}[5 a]L 4) 
a Pt 0 


_2ff 4-15 6-(- le ul . xd 1x4 - 12 
lls ~(-6) 0- ¥ {| ue ad 16 2 
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2 isl 4 2 
5. Find the value of f| 3 3l+X=| 4 3 


sais [} S}ex-[ JJox{4 SHE 3) 
“5 all 1] 
6. tal) 3 }e=! 2 | then prove that AB + BA 


2 -3 5 -2 
Solution: L.H.S. = AB 


fe Ls poten: Aenea 
a eae el B- ay 


[eae ol 
sea wr] fae “Th 


5x0+(-2)x2 5x1+(-2)x(-3)| [0-4 5+6 


-| § FiO. (2) 
pee ti) and (2), we have 
AB#B 
= 2 


2 aa? Sa 


1) (AB)'=Br At 
lution: L.H.S. = (AB)! 


[3 22 4 
dl -{; 414 4 


| ei, Ste eS EL fl 


So, (AB)' -[5 3|—00 
R.H.S. = Bt AY 


won a= [} Aoeelt 4] 


o-[3 SJ-e-[i 3] 
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Now B' A! -(j /- \ rete 2x1+(~3)x(-1) 


-5j[2 -1|" | 4x3+(-5)x2 4x1+(- -5)x(- 1) 


+(e: i0 rele i: ej) 


From (1) and (2), we have 

(AB) =B'A' 
(ii) (ABy)'=B"A" | 
Solution: L.H.S. = (ABy' 


nin oT Da silane) merenc 


jeg male g 
\ap-[ {| -(01)-(2y(s)=0-10 10 
Adj (AB) = ¥ =] 


(any! = Ean] Fl a 


| AB! 5 0 
a=) “| Plaep ‘ (3)(-1) -(2)()) =-3-2=-S 
L 


ii] 


ft <7 
Adj A= [> At=Loadi a= = ‘ 


-1eg [Al 5 


B| 9 S{>1e+(7 4- (2)(-5)-(4)(-3)=-10+12=2 


-$ -4 
R- 
Ag 
1 1-5 -4 
f= Ag Ba 
[Bi ir Mi 


mat oil? ahaa alms ala | 


- ee (—1)+(-4)x(-1) ee ae ae 
“TO 


7 3x(-1)+2x(-1) 3x(-2)42x3 
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_i[ 5+4 Mere |" 9 -2 (2) 
10|-3-2 -6+6 ni. {4 
From (1) and (2), we have 

(AB)' = B" A"! 


| SUMMARY | 


A rectangular array of real numbers enclosed within brackets is said to form a 
matrix. 

A matrix A is called rectangular, if the number of rows and number of columns of 
A are not equal. 

A matrix A is called a square matrix, if the number of rows of A is equal to the 
number of columns. 

A matrix A is called a row matrix, if A has only one row. 

A matrix A is called a column matrix, if A has only one column. 

A matrix A is called a null or zero matrix, if each of its entry is 0. 

Let A be a matrix. The matrix A‘ is a new matrix which is called transpose of 
matrix A and is obtained by interchanging rows of A into its respective columns 
(or columns into respective rows). 

A square matrix A is called symmetric if, A‘ = A. ' 

Let A be a matrix. Then its negative, —A is obtained by changing the signs of all 
the entries of A, 

A square matrix M is said to be skew symmetric, if M' =-M. 

A square matrix M js called a diagonal, matrix if atleast any one of entries of its 
diagonal is not zero and remaining entries should be zero. 

A diagonal matrix is called identity matrix, if all diagonal entries are 1. 


eee + + + 


ta 


1 00 

A= f | | is called a 3-by-3 identity matrix. 
0 0 1 

Any two matrices A and B are called equal if, 

(i) | order of A = order of B (ii) corresponding entries are same 

Any two matrices M and N are said to be conformable for addition if 

order of M = order of N. 

Let A be a matrix of order 2-by-3. Then a matrix B of same order is said to be an 

additive identity of matrix A,if B+A=A=A+B 

Let A be a matrix. A matrix B is defined as an additive inverse of A if 

B+A=O=A+tB 

Let A be a matrix. Another matrix B is called the identity matrix of A under 

multiplication, if Bx A~A=A*«B 


+ + ¢ & & + 


Let M = be | be a 2-by-2 matrix. A real number A is called determinant of M, 
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Sd 
4 


i 


denoted by det M such that 
a 
dt M =|) =ad + be = 2 
A square matrix M is called singular if the apron of M is equal to zero, 


A square matrix M is called non-singular ifthe determinant of M is not equal to 
zero. 


For a matrix M = F il. adjoint of M is defined by 


inl a Hl 
Adj M w ‘| 


Let M be a square matrix [2 if then 


= 4 


mt=—1 | ¢ P |-where det M = ad be » 0 


The following laws of addition hold as, 
M+N=N+4M (Commutative) 
(M+t*N)+T=M+(N+#T) (Associative) 
The matrices M and N are conformable for multiplication to obtain MN if the 
number of columns of M = number of rows af N, where 
(i) (MN) 4 NM, in general 
(ii) (MN)T = MNT) (Associative law) 
iii) M(N+T) = MN + MP — 
‘ny om +T)M=NM+TM (Distributive laws) 
Law of transpose of product (AB)' = B‘A' 
(ABy' =B" A* 
AA'=1=A'A 
The solution of a linear system of equations, 
ax + by =m 
ex+dy=n 


by expressing in the matrix form | : 4H +( 
L 4 


emo) 


if the coefficient matrix is non-singular. 
By using the Cramer’s rule the determinental form of the solution of equations 


m am 
= and y= Ml where F O20 ee eae 
4 c ; 


ic d 
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\ REAL AND COMPLEX NUMBERS 4 


Unit Outlines 


Real Numbers 

Properties of Real Numbers 

Radicals and Radicands 

Laws of Exponents/Indices 

Complex Numbers 

Basic Operations on Complex Numbers 


@-. STUDENTS LEARNING OUTCOMES 


After studying this unit the students will be able to: 
recall the set of real numbers as a union of sets of rational and irrational numbers 
depict real numbers on the number line 

demonstrate a number with terminating and non-terminating recurring decimals 
on the number line 

give decimal representation of rational and irrational numbers 

know the properties of real numbers 

explain the concept of radicals and radicands 

differentiate between radical form and exponential form of an expression 
transform an expression given in radical form to an exponential form and vice versa. 
recall base, exponent and value 

apply the laws of exponents to simplify expressions with real exponents 

define complex number z represented by an expression of the form 

z=a + ib, where a and b are real numbers and i = J—-1 

recognize a as real part and 5 as imaginary part of z= a + ib 

define conjugate of a complex number 

know the condition for equality of complex numbers 

carryout basic operations (i.e., addition, subtraction, multiplication and division) 
on complex numbers 


Natural numbers: 

The numbers |, 2, 3,... which we use for counting certain objects are called 
natural numbers or positive integers. The set of natural numbers is denoted by ‘N’. i.e.. 
ae fp ae Sree } 


Whole numbers: 


If we include “0” in the set of natural numbers, the resulting set is the set of whole 
numbers. It is denoted by "W’. i.e., W = {0, 1, 2. 3,...... } 


vA eB wh — 


2. 
2. 
2. 
2 

2. 
2. 


=.) 


SOGe FEHEnGEe He 
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Integers: 
The set of integers consist of positive integers, 0 and negative integers. It is 
denoted by *Z’, i.e., Z = {....... _-3, -2,-1, 0, 1, 2, 3,...... } 
Rational Numbers: 


All the numbers of the form © where Pp, q are integers and q # 0 are called rational 
q 


numbers. It is denoted by *Q’. i.e., Q {2 Pqezaqg4 | ; 


Irrational Numbers: 
The numbers which cannot be expressed as quotient of integers are called 


f 
irrational numbers. It is denoted by Q’, i.c., Q’ “yn x <P. EzAQG¥ of ° 


| 
For example, the numbers ¥2,¥3,/5,n and ¢ are all irrational numbers. 
Set of real Numbers: 
The union of the set of rational numbers and irrational numbers is known as the 
set of real numbers. It is denoted by “R’.i.c., R= QU Q’. 
Note: Here Q and Q’ are both subset of R and QM Q' = 6 


h on- terminatin 


ation of a numbe prminating and 
(a) Rational Numbers: 
The decimal representations Of rational numbers are of two types. 

(i) Terminating decimal fractions. 

(ii) | Recurring and non- terminating decimal fractions. 
(i) Terminating Decimal Fractions: 

The decimal fraction in which there are finite numbers of digits in its decimal 

part is called a terminating decimal fraction. 


For example, : =0.4 2 = 0,375, etc. 


(ii) Recurring and Non- Terminating Decimal Fractions: 
The decimal fraction (non- terminating) in which some digits are repeated again 
and again in the same order in its decimal part is called a recurring decimal fraction. 


(b) Irrational Numbers: 

It may be noted that the decimal representations for irrational numbers are neither 
terminating nor repeating in blocks. The decimal form of an irrational number would 
continue forever and never begin to repeat the same block of digits. 

For example, V2 =1,414213562......, m =3.141592654,e =2.718281829...,.., etc. 


Example-1: Present the following numbers on the number line. 


Visit www.downloadclassnotes.com for Notes, Old Papers, Home Tutors, Jobs, IT Courses & more. 
(Page 64 of 419) 


For more notes & academic material visit our Website or nstall our Mobile App 
Website: www.downloadclassnotes.com Mobile App: bit.ly/DCNApp 


MATHEMATICS (EM) NOTES FOR 9" CLASS (PUNJAB) 


2 15 7 
4 4M +> (i) -15 
Solution:(i) For representing the rational number 2 on the number line /, divide the 


unit length between o and —I into five equal parts and take the end of the 
second part from o to its left side. The point in the following figure 


represents the rational number'— = : 


2 
; 
te 
a2 tie t 

(ii) Sa242, It lies between 2 and 3. 
Divide the distance between 2 and 3 into seven equal parts. Te point P represents 
the point 13 =2 »t 
ae 


(iii) For representing the rational number -12, divide the unit length between —1 and — 
2 into nine equal parts. Take the end of the 7" part from —1. The point M in the 


following figure represents the rational number 12 R 
7 
=f 


9 


a a 
0 1 3 


“2M, 71 
Example-2: Express the following decimals in the form P where p, qe Zand q<0. 
fa) 0.3=0.333-- — (b) 0.23 = 0.232323--- 7 
Solution: (a) Let x=03 
Which can be written as 
x = 0.3333... _ (i) 
Note that we have only one digit ‘3° repeating indefinitely. 
So, we multiply both sides of eq. (i) by 10, and obtain 
10 x = (0.3333...) 10 
10 x = 3.333... (ii) 
Subtracting (i) from (ii), we have 
VOX —X = (3.3333 ...ce.) (0.3333 ....s000e-) 
9x =3,0000 


x=2 rl 


SS t 
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x= 


Hence, 03 -4 


(b) Let x= 0.23 

Which can be written as 

x = 0.23232323 ...... Wi 
Note that we have only two digits block *23° repeating indefinitely. 

So, we multiply both sides of (i) by 100, and obtain 
100 x = (0.23232323 ...... )* 100 
100x = 23.23232323 (ii) 
Subtracting (i) from (ii), we have 
100 x — x = (23.23232323......) — (0.23232323 ...... ] 
99x = 23 


lon of Rational and! nal Numbers: 
Irrational numbers such as V¥2,/3 . etc. canbe located on the line ‘f’ by geometric 
construction. For example, the point corresponding to v2 may be constructed by 
forming a right AOAB with sides (containing the right angle) cach of length ‘I’ as 
shown in the figure. By Pythagoras Theorem, we have 


=i)" +() = 
By drawing an are with centre at O and radius OB = 2, we get the point P 
representing V2 on the number line. 
»,H 
aN 
5 2 = OCARZ 5 
—_f-s 


solved Exercise 2.1 | 
1. Identify which of the following are rational and irrational numbers. 


i) V3 Wi Z ai) x vy Bw 7.25 (vi) V29 
dlution: 


é 


Rational Number Irrational Number 


(i) V3 


(iii) 7 


(vi) 29 
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2. Convert the following fractions into decimal fractions. 


o ¥ 
17 
Solution: Let x= 35 

Multiply and divide by ‘4’ to make the denominator | 00, we get 
17,4 _ 68 
“3. "4" 100° °° 

19 

ii) = 
. 19 


Solution: Let x= 7 
Multiply and divided by ‘25° to make the denominator 100, we get 


oe Bw SE aes 
4 25 100 
am 57 
. 57 
Solution: Let =— 
Multiply and divided by ‘125° to make the denominator 1000, we get 
= 57,125 _ 125 _ 5 195 
- 8 125 1000 — 
(Ww) oe 
" 205 


Multiply and divided by "55.65° to make the denominator 1000, we get 
_ 205 , 55.56 _ 11389.8 
18 $5.56 1000 
= 11.3898 
mM 2 
Solution: Let x =3 
Multiply and divided by °|25° to make the denominator 1000, we get 
S$ 125 625 


=—x— =—— = 0.625 
8 125 1000 
(vi) 3 
Solution: Let a 
38 


Multiply and divided by '263.1579° to make the denominator 10,000, we get 


.— nel jaeumaeepenadiens SP 


38 263.1579 =10, 000 
= 0.65789 
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3. Which of the following statements are true and which are false? 

(i) 3 is an irrational number. (li) ais anirrational number, 

(iil) ; is aterminating fraction. (iv) i is a terminating fraction. 

(v) : is a recurring fraction. 
Solution: (i) False (ii) True (iii) False (iv) True (v) False 
4, 


(i) 


‘__ the following numbers on the number line. 


Solution: For representing the rational number 3 on the number line £ divide the unit 


(ii) 


length between 0 and +! into three equal parts and take the end of the second part 
from 0 to its right side. The point M in the following figure represents the rational 
= 

gevhuiintin dda tates * 


3 2 «i 0 M 1 2 3 4 


number 


Solution: For representing the rational number -4 on the number line ¢ divide the 


(iii) 


5 
unit length between 0 and —! into five equal parts and take the end of the fourth 
part from 0 to its left side. The point P in following figure represents the rational 


number 3 ‘ 
“ f 
3 2 4 0 1 2 3 4 
3 
4 


Solution: For representing the rational number 3 on the number line ¢ divide the unit 


(iv) 


length between | and 2 into four equal parts and take the end of the third part from 
| to its right side. The point Q in following figure represents the rational 


number |! ; ; 


25 
23 


Solution: For representing the rational number -25 on the number line £ divide the unit 


8 
length between —2 and —3 into four equal parts and take the end of the fifth part 


from —2 to its left side. The point M in following figure represents the rational 
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number 23. 
24 i 
4 3 2 4 0 1 2 
3 
(v) ry 


Solution: For representing the rational number 23 on the number line £ divide the unit 


length between 2 and 3 into four equal parts and take the end of the third part from 
2 to its right side. The point R in the following figure represents the rational 
number 24 ; 

-2% f 


as 2 ¢ 8 2 iat \e 6s 
(vi) V5 
Solution: The point corresponding to M5 may be constructed by forming a right AOAB 
with sides (containing the right angle) each of length | and 2 as shown in the 
figure. By Pythagoras Theorem, 


OB = a 1) +(2) =Vi+4=¥5 


By drawing an arc with centre at O and radius OB = V5, we get the point P 
representing V5 on the ¢ number line. 


a 3 2 1 0 1 7 3 4 


5. Give a rational number between 3 and 3 ‘. 


Solution: The mean (average) of any two rational numbers will always be rational and 
will be between them, So, 


(i+3) +a) {e9*533) 5x4 (a (7? 
4x9 9x4) _ \36 36) \36 
> @ 

4 


= — = — XK — = 
2 36 2 Va 
6. Express the following recurring decimals as the rational number P where Pp, q are 
integers and q #0. q 
i) O5 


Solution: Let x=05 
Which can be written as 
x = 0.5555 ..... (i) 


Visit www.downloadclassnotes.com for Notes, Old Papers, Home Tutors, Jobs, IT Courses & more. 
(Page 69 of 419) 


For more notes & academic material visit our Website or nstall our Mobile App 
Website: www.downloadclassnotes.com Mobile App: bit.ly/DCNApp 


MATHEMATICS (EM) NOTES FOR 9* CLASS (PUNJAB) 
Note that we have only one digit 5 repeating indefinitely. So, we multiply both 
sides of (i) by 10, and obtain 
10x = (0.5555 .....) x 10 


10x = 5.000 
_3 
9 
= 5 
Hence, 0.5 = 9 


(i) = 0.13 
Solution: Let x= (013) 
Which can be written as 
x=(0.13131313....) (i) 
Since two digits block 13 is repeating itself indefinitely, so we multiply both sides 
of (i) by 100, and obtain 
100x = 0.13131313 .... x100 
100x = 13.1313131313.... (ii) 
Subtracting (i) from (ii), we have 
—— iil ) 
99x =13 


B 
99 


(iii) 0.67 i 
Solution: Letx= 0.67 
Which can be written as | 
x = 0.67676767............. (i) 
Since two digits block 67 is repeating itself indefinitely, so we multiply both sides 
by 100, and obtain 
100x = (0,67676767.......)x100 | 
100x = 67.67676767....... (ii) 
Subtracting (i) from (ii), we have 
100x — x = (67.67676767.......+: )-(0.67676767.......) 


99x = 67 


oooococoocooeo 
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If a, b are real numbers, their sum is written as a + b and their product as ab or axb 
a. b or (a) (b). 
(a) Properties of Real numbers with respect to Addition and Multiplication: 
Properties of real numbers under addition are as follows: 
(i) Colosure Property: 
a+b eR, V a, beR. 
For example, if—3 and SeR then-3 +5=2eER 
(ii) Commutative Property: 
a+b=b-+a, Va, beR., 
For example, if 2, 3ER, then2+3=3+2—5=5 
(iii) Associative Property: 
(a+b)+c=a+(b+c),V a,b, ER. 
For example, if 5, 7, 3 =R, then (5 +7)+3=5+(7+3) 
12+3=5+10 
1S=15 
(iv) Additive Identity: 
There exists a unique real number O called additive identity, such that 
a+OQ=a=O+a ,VaeR. 
(v} Additive Inverse: . 
For every a ER, there exists a unique real number ‘—a’ called the additive inve 
of a, such that 
a+(-a)=0=(-a)+a 
For example, additive inverse of 3 is — 3. 
Since 3+(—3)=0=(-3)+3 


Properti real n r under multiplication are as follows: 
(i) Closure Property: 
abeR , Va, beR. 
For example, if —3, 5 ER, then (—3)(5) R= —15eR 
(li) Commutative Property: 
ab = ba. Va, beR 


For example, if en then (+\(3)-(2\(4)>4-4 
32 3)\2 2)\3 2 2 


(iii) Associative Property: 
(ab) ¢ = a(be), Y a,b, cER 
For example, if 2, 3, 5 €R, then (2x3)x 5 =2x(35) 
=> 6x5=2x15 
30 = 30 


Visit www. .downloadclassnotes.com for Notes, Old Papers, Home Tutors, Jobs, IT Courses & more. 
(Page 71 of 419) 


For more notes & academic material visit our Website or nstall our Mobile App 
Website: www.downloadclassnotes.com Mobile App: bit.ly/DCNApp 


MATHEMATICS (EM) NOTES FOR 9" CLASS (PUNJAB) 


SSSSSSsSsSSSSSSS SSS SSS SSSSSSSSESSSESSSSSSSSSSSSSSsSesseeeesesoeooec0eeo0 
(iv) Multiplicativative Identity: 
There exists a unique real number |, called the multiplicative identity, such that 
a.l =a= 1. a, VaeR 
(v) Multiplicative Inverse; 
For every non-zero real number, there exists a unique real number a” or —is 
called multiplicative inverse of a. , 


For example, if SER, then 5 ER. Such that 
Sx = l= 5x5 


So, 5 and + are multiplicative inverse of each other. 


(vi) Multiplication Is Distributive Over Addition and Subtraction: 
', Foralla, b,c, ER. 
a(b+c)=ab+ac (Left distributive law) 
(a+b)c=ac+be (Right distributive law) 
For example; if 2, 3, 5, ER then 
2(3+5) = 2x3+2x5 > 2x8 =6+ 10=> 16= 16 
And Va,b,c eR 
a(b-c)=ab—ac (Left distributive law) 
(a—b)c=ac—be (Right distributive law) 
For example, if 2, 5, 3€R, then 
2(5-3)=2x5-2x3=9 2x2=10-6>4=4 
Remember: (i) | The symbol ‘Vv’ mean “for all”. 
(ii) ‘a’ is the multiplicative inverse of ‘a’'’, i.e, a=(a')' 
b es al N 
Properties of equality of real number are as a 
(i) Reflexive Property: 
a=a, VaeR. 
(ii) Symmetric Property: 
If a= b, then b= a, Va, beR. 
(ili) Transitive Property: 
Ifa=bandb=c, thena=c, Va, b,c ER. 
{iv) Additive Property: 
Ifa=b, thena+c=b+c, Va, b,c ER. 
(vy) Multiplicative Property: 
Ifa=b,thenac=be, Ya,b,c ER. 
{vi) Cancellation Property for Addition: 
ifa+c=b+c, then a=b, Va, b,c eR. 
(vii) Cancellation Property for multiplication: 
If ac = be, cx O then a= bd, Wa, b,c ER. 
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| Numbers: 
Properties of inequalities of real numbers are as follows: 
(i) —- Trichotomy Property: 
Va, b, ER. 
a<bora=bora>b. 
(li) Transitive Property: 
Va, b,c ER. 
(a) a<bandb<c=>a<c (b) a>bandb>c=—a>c 
(iii) Additive Property: 
Va, b,c ER, 
(a) a<bmatc<bte 
a<b=octa<ctb 
(b) a>b=mat+ec>bt+c 
a>bocta>ct+b 
(iv) Multiplicative Property: 
(a) Wa,b,c €Randc>0O. 
(i) a>b=ac>be 
a>b=ca>cb 
(ii) a<b=ac<be 
a<b=>ca<cb 
(b) Wa,b,c eRandc <0 
(i) a>b=mac>be 
a>b=ca>cb 
(ii) a<b=ac<be 
a<b=>ca<cb 
(v) Multiplicative Inverse: 
Va, beR anda+z0,b+#0 
] 


(i) a<beotot (ii) a>beot<t 


Solved Exercise 2.2 


1. Identify the property used In the following. 

(i) atb=b+a 

Solution: Commutative property w.r.t. addition. 

(ii) {ab)< = a(be) 

Solution: Associative property w.r.t. multiplication. 
(iil) 7Fxl=7 

Solution: Multiplicative Identity 

(iv) x>yorx=yorx<y 

Solution: Trichotomy Property. 
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(v) ab=ba 
Solution: Commutative property w.r.t. multiplication. 
(vi) a+c=b+c>a=b 
Solution: Cancellation property of addition. 
(vii) 5+(-5)=0 
- Solution: Additive inverse. 
1 
(vil) 7x>=1 


Solution: Multiplicative inverse. 

(ix) a>b—=ac>be(c>0) 

Solution: Multiplicative property. 

2. __ Fillin the following blanks by stating the properties of real numbers used. 


3x+3(y-x) 

=3x+3y-3x, 

= 3x - 3x + 3y, 

=0+3y, a 

=3y ee 
Solution: 3x + 3{y—x) ‘ 

= 3x + 3y —3x Distributive property 

=3x—3x+3y Commutative Property 

=0 + 3y Additive inverse 

=3y Additive identity 


Give the name of property used in the following. 


3. 
(i) a[24+0= 24 (iv) npieng ented emer 
Solution: Additive Identity Solution: Closure Property 


om He2)-on(3(3) (9) 
Solution: Distributive Property Solution: Multiplicative Inverse. 


(ili) x+(-n)=0 
Solution: Additive Inverse 


| RADICALS AND RADICANDS 


If ‘n’ is a positive integer greater than ‘I’ and ‘a’ is a real number, then any real 
number x, such that x" = a is called the nth root of a, and in symbols is written as; 


U 
x="fa = x=a" 
In the radical Ja , the symbol Vv is called the “radical sign”, n is called the “index of 
the radical” and the real number ‘a’ under the radical sign is called the “radicand or 
base”. 
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Remember: 
2\Ja is usually written as Ja. 
Difference betwee i ntial 


In radical form, radical sign is used. For example, x = “Ya is a radical form. 
Ux Vx? are examples of radical form. 
In exponential form, exponential is used in place of radicals. For example, 


x= ais exponential form. 
Properties of radicals: 
Let a, b ER and m, n be positive integers, 


Then (i) Wab=Yaw/b (ii) a 38 (ii) Ya =a 


(iv) Ya" =(¥a)” (v) Va" =a 


ransfc EXpe 
vice versa: 
mple-1: Write each radical expres in exponential notation and each 
exponential expression in radical notation. 
Do not simplify. 
v8 i) xe (ii) yp (iv) x? 


Solution: (i) J-8=(-8)° 
Gi) ix =(x°f= x4 
Git) yt=(y ayy 
iv) x?= (x? } =vx> or (vx y" 


Example-2: Simplify 3/16x‘y° 
Solution: {16x'y* = 3/(2)(8)(x)(x’)(y’)(y’ 


= ef2xy? (2) (x) (y)’ 
= ifaxy*el(2y (x) (vy 
= dfaxy? (2’)?(x’P (y’P 
= {f2xy? (2)(x)(y) 

= 2xyf2xy? 
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Solved Exercise 2.3 


1. Write each radical expression in exponential notation and each exponential 
expression in radical notation. Do not simplify. 


(i) 6a Parr \ Ca 
‘ =(—64)3 ! 

wae Te Solution: | -73 = Y—7 
(2 

3 ina ! 
Solution; 2° =(2°)’ = 42’ Solution: y ?=(y*)'={y” 
2. Tell whether the following statements are true or false? 

} 2 

i) ss=J5 (i) 2-74 (i) Ja9-V7 (iw) Yx7 =x 

Solution: (i) False (ii) True (iii) False (iv) False 
3. Simplify the following radical expressions. 
q@ = ¥125 J 
Solution; /-125 =(-125)) =(-s°) =-5 
(ii) 32 


| 
Solution: {32  =(32)* =(2x2x2x2x2)! 


-(2x2")! 24 x(2*)*=29 2 
ii) = 
32 


Solution: 3. 3 fh 8 


8 
(iv) “7 


1 

! 2’); 
. i 4 se 3 a: , ok ae 
Solution: . 4 3 


| LAWS OF EXPONENTS / INDICES 


In the exponential notation a" (read as ‘a’ to the nth power). We call ‘a’ as the 
“base” and ‘n’ as the “exponent” or the power to which the base is raised. 


If a, beR and m, n are positive integers, then 
(i) a™a* =a" (ii) (a” =a™ (iii) ab)’ =a"b" 


(iv) (2) -2 be0 (vy) So 


a ee (vi) a°=1,a40 
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(vii) a“ = t's #0 
a 


Example - 1: Use rules of exponents to simplify each expression and write the answer in 


terms of positive exponents. 
ey’ ( 4a’b® y 
o =F w Ga 
Solution: (i) xoxy’ = ey. = ce = ry = | i os y 
ys <# “¥ x” x! x x? 


= da coo = ge = 
Example-2: Simplify the following by using laws of indices: 


(ey. (9)' a1 au 


Solution: » (sy -(!25}" (128) (8) _ 5! _ sx5x5x5 _ 625 


(8) (2) 2 ~ 2x2x2x2~ 16 


Solved Exercise 2.4 


1, Use laws of exponents to simplify: 


wy 201.40) 


(243)3 (32)? 
(196) 
Solution: (243) 3 (32)3 _ six)? ay? x(2)" 
(196) (2x2x7x7) Bets 


(2? <P) _(2)Fx «(7 
~ (3)? x(2) P3x2 ere x2 “Te 


(i) (2x*y* )(-8x*y?) 
Soltion: (an'y*)(-Bey) = (2)-#)(s°x°)(o"*9*) 
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~2 _ —16x? 
=-16x**y* =~-16x"y 3 = ~ 


Solution: aa) = (xx ay yz 2 y ™ is 2 y 


=(x*y" “y (6°) ery ety 
81)".3? -(3)"" (243 ' 
(iv) aa 
a tt “)" (ay —34""' (3) Anes 1+! 
Solution: [2!)3 = (243) _ (3°) (3) ~ (3) 3 = : 
9°" }(3 (37) (3°) 3 


gtaes —_ 34 i (3° =3*)- e-3 ri ci (3? -3') 


~o np > -F 
=7'-3'=9-3=6 
2 ecmmime() UE) Ue) 
os ETS 
= erarty Gata) x(a a) 
=(x°* r x(x? ea 
altho) bneKite)  e-aQena) alent staat eta 
Pe edie teadieell 
=/=R.HS. 
Hence (35) *{ =) «{2] =] 
3, Simplify 
2 (279 x(60)! 
(180)? x(4)> x(9)4 


! 
Solution: 23 x 27 5 x 60 3 __@px 3 x (2? x35)? 23 x3! x2! x3? x52 
a: a ae i 
(180)2 x (4) 3 x (9) G33) x (27) 3 (3")* 2'x3'x5? x2 3x3? 


=23 med tt ott 2 3¢3°x 5° =2'xIxl=2 
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w (216) x(25) 


i 
(.04)3 
i t 
Solution: (216)> x (25)2 (2? xP) x (5*) 2°) x 3°) x s*)? 
(04) 3 4 ( al 
4 


(i00) 
100 
r 4 1 1 i 
98x zx! (2° )? x(3*)? x(s'? 
[ (25)? (s)?? 
2x3x5? 
= oe _ - 6 
53 
(iit) 5® +(5?)’ 
Solution: 5” +(5*) =5'x5¢ =5"x 5% =5'* =57 =25 
iv) (x*) +x" ,x#0 


2 ‘ 
Solution: (x?) +x” = xf ox? oxo xx? ax? =x? = 
x 


| COMPLEX NUMBERS | 


Complex number z = a + bi is defined by using imaginary unit / = J-1, where a, 
beR and a= Re (z), b = Im (z). 
For example, number like 3 + 2i, 4 + 3V-1 are complex numbers. 
Integral Powers of i: 

By using of i= J-1=>? =-1, wecan easily calculate the integral powers of /. 
Forexample,  #=-1, i =i? xi=(-1)xi=-i,i* =? x? =(-1)x(-l)=1, 

i* =(?) =(-1)' =1,i"° =(7) =(-1)' =—l,etc. 

Note: A pure imaginary number is the square root of a negative real number. 
Set of compiex Numbers: 

The set of all complex numbers is denoted by c, and 

e={z\z = a+ bi, wherea, be Randi = V-1} 

The numbers ‘a’ and ‘b’, called the real and imaginary parts of z, are denoted as 
a= Re (z) and b = Im (z) respectively. 
Conjugate of complex Number: 


If we change i to -/ in z= a + bi, we obtain another complex number a —bi called 
the complex conjugate of z and is denoted by z(read as z bar). 
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The numbers a + bi and a— bi are called conjugates of each other. 

Note that: 

(i) z=z 

(ii) |The conjugate of a real number z = a + 0 coincides with the number itself, since. 
z=a+OQi=a-Oj=a 

(iii) Conjugate of a real number is the same real number. 


Equality of complex Numbers and its Properties: 
For all a, b,c, d eR, 


at+bi=c+di if and only if a=c and b =d. 
Forexample, 2x+y7i=4+9 
if and only if 
2x=4and y’=9 
x=2 y=+3. 
Properties of real numbers R are also valid for the set of complex numbers: 
@) 2 =2, (Reflexive law) 
(ii) If z, =z,, then 2) = 2, (Symmetric law) 


(iii) If z, =z, and z, =z,, then z, =z, 


1. Evaluate 

oe _. | 
Solution: i” =i°.i=(i) i =(=1) i=(-1)i=-i 
ay i” ¥ ‘ 

Solution: /° =(i?) =(-l)° =-1 
(ii) =i” 

Solution: i? = (i?) =(-1)" =1 

(wv) (-i)’ 


Solution: (—i)" =(-1xi)' =(-1)'x(i)' =(1)() =(@)(-1)" =()Q)=! 

vw) (-i° 

Solution: (—i)* =(-1x/)’ =(-1)' x(i)’ =(-1) (ii) =(-1) (PF x() 
=(-1)x(-1) xi =(-1)x(1)xi=- 

(vi) a B 3 

Solution: i” =i*j=(i) f=(-1) i=(-l)i=-i 

2. Write the conjugate of the following numbers. 


(i) 2+3/ = 
Solution: Let z2=2+3i > Z=2+3i=2-3i 
(ii) 3-57 


Solution: Let z=3-5i => 72=3-5i 


345i 


‘ 
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(ili) -i le ta 

Solution: Let z=-i => z=-i=i 

(iv) -3+4i =, 

Solution: z=-3+4i => z=-34+4i--3-4i 
(vy) -4-i i 
Solution: Let z=-4-/ => z=-4-i=—-4+i 
(vi) &-3 os 
Solution: Let z=i-3 —— | z=i-3=-i-3 


3. Write the real and imaginary part of the following numbers. 

() 4 

Solution: Letz=1+i =>Re(z)=1 and Im(z)= 1 
(ii) 1427 

Solution: Let z=-1+2i =Re(z)=-1 and  Im(z)=2 
(ii) -32+2 

Solution: Let z=-3i+2 =Re(z)=2 and  Im(z)=-3 


(iv) -2-2i 
Solution: Letz=-2-2i =Re(z)=-2 and Im(z)=-2 
(v) -3i 


Solution: Let z= 0-3 =Re(z)=0 and Im(z)=-3 
(vi) 2407 
Solution: Let z=2+0i =>Re(z)=2 and im(z)=0 
4, Find the value of x andy ifx+ /y+1=4-3i. 
Solution: x+iy+l=4-3 

x+iy=4-1-4H 

x+iy =3-3i 

=> x=3 and = y=-3 


| BASIC OPERATION ON COMPLEX NUMBERS | 


(il) Addition: 

Let z; = a + ib and z2 = c + id are two complex numbers and a, b, c, d ER, the sum 
of two complex numbers is given by 

Z, +z, =(a+ib)+(ctid)=a+th+ctid=a+c+ib+id 


= is¥e}+ b+d)i 
Therefore, the sum of two complex numbers is the sum of the corresponding real 
and the imaginary parts. For example, 
(3-8i)+(5+2i) =3-8+5+2i 


= 3+5-8i+2i] =8-6i 
(ii) Multiplication: 
Let z,=a+ibandz,=¢+idare two complex numbers and a, b, c, d ER, the 
product of complex number is given by 


(i) If KeR,kz,=k(a+bé) = ka + kbi. 
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(Multiplication of a complex number with a scalar), 
(ii) 2,2, =(a+bi)(c+di) =(ac— bd) +(ad + be)i 
(Multiplication of two complex numbers) 
The multiplication of any two complex numbers (a + b/) and (c + dé) is explained as 
22, =(a+bi)(c+di)=a(c+di)+bi(c+di) 
=ac+adi+ bei + bdi? = ac + ad/+ bei + bd(-1) 
= ac + adi + bei ~ bd = ac — bd + adi + bei 
= (ac —bd) + (ad + be)i 
For example, (2-3i)(4+5i) =8 + 10i-12i-157 
=8-2i-15(-1) | 
=8-2i+15=23-2i 
(ii) ~=Subtraction: , 
Let z, =a+/fbandz, =c+idare two complex numbers and a, b, c, d ER, the 
difference between two complex numbers is given by 
ZZ, =(a+bi)—(c+di)=a+bi-c-—di =(a—c)+(b-d)i 
Forexample,  (-2+3i/)—(2+/)=-2+3i-2-i/=-4+2i 
Therefore, the difference of two complex numbers is the difference of the corresponding 
real and imaginary parts. 
(iv) Division: | 
Let z,=a+ibandz, =c+idare two complex numbers and a, b, c, deR, the 
division of a + bi by c + di is given by 


% = -_,atbi _atbi pedi _ (a+bi)(c~di) 
2, c+di c+di c-di (c+di)(c-d/) 
_ ac~adi+ bei — bdi? _ a¢—adi + bei - bd(-!) 
~ ¢? edi +edi —(diy’ ¢ -d??? 
ac+bd /( bead 
’ aria tera) 


Example - 1: Separate the real and imaginary parts of -1+ V2) . 
Solution: Let z=-1+-2 =-1+iV2 
Then 2? =(~1+iv2) =(-1) +2(-1)(iv2)+ (iv2) | 
=1-2iN2+#(2) =1-2i2 +(-1)(2) =1-2i2 -2 =-1-2V2i 
Hence Re (2) = -1 and Im (z’) = -2\/2 
a oy in the standard form a+ bi. 


1 1 1-3 19% 1-29 
iid me Wie ee een 
wise “1s2 1-2 (Of-ay 1-4 
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1-2) _1-2i 1-2) 1 2 


a ae ee 
a 1-4(-1) _ 144 - 3 
4+5i 
Example - 3: Express ——— 4-51 in the standard form a + bi. 
2 
Shite Oe ett ett _ (4+5i)(4+5i) _ 16 + 20: + 20i + 25i 
a-Si 4-Si_ 445i *(4- 5i)(4 + Si) (4) - (si) 
16+ 401-25 _ 16+40/-25 _-9+40/ _-9+40i_ 9 | 40, 
16-25" 16— a a 76425. 41 41 
Example -4: Solve (3-4/)(x+yi) = 1+0./ for real number x and y, wherei = J-1. 
Solution: 


(3-—4i)(x + yi) =1+0i 
3x + 3yi — 4xi —4yi? = 140i 
3x + 3yi— 4xi-4y(-1) =1+0/ 
3x + 4y —4xi +3yi=1+0i 
(3x +4y)+(3y-4x)i=1+0i 
Equating the real and imaginary parts, we obtain 


3x +4y=1 (1) 
And 3y-4x=0 
Or —4x + 3y=0 (2) 
4(1) + 3 (2), gives 
12x+l6y=4 
—12x+ 9y =0 si _ ie 
y=4 Y= 35 
Put ‘y’ in eq. (1), we get 
ana = 
25 
3x+16- 
25 
3x =1-— 
9 
3x 35 
oe ae 
25 3 25 
0000000000 


Visit vww.downloadclassnotes.com for Notes, Old Papers, Home Tutors, Jobs, IT Courses & more. 
(Page 83 of 419) 


For more notes & academic material visit our Website or nstall our Mobile App 
Website: www.downloadclassnotes.com Mobile App: bit.ly/DCNApp 


MATHEMATICS (EM) NOTES FOR 9" CLASS (PUNJAB) 


Solved Exercise 2.6 


1. Identify the following statements as true or false. 


) V3V3=3 
(ii) i” =-i 
(iif) i? =—] 


(iv) Complex conjugate of (—6i +”) is (-1 + 69). 

(v) Difference of a complex number z = a + bi and its conjugate is a real number. 

(vi) If (a—1)—(b+3)i =5+8i, then a= 6 andb=-I1 

(vii) Product of a complex number and its conjugate is always a non-negative real 


number, 
Solution: (i) False (ii) False (iii) True (iv) True 
(v) False {vi) True (vii) True 
2. Express each complex number in the standard form a + bi, where a and b are real 
numbers. 


(i)  (2+34)+(7-22) 
Solution: (2+ 3i)+(7-2i)=24+3/+7-2i=247431-2i1=9+i 
(ii) 2(5+42)-3(7+4i) . 
Solution: 2(5+4/)—3(7+4/) =10+8i-21-12/ =-11-4/ 
(ili) —(-3+5i)-(4+9%) 
Solution: ~(-3+5i)- (4+ 9i =3-5i-4-9i =-1-14/ 
(iv) 22 +6i° +3" -6i" +4 
Solution: 2/? + 6i° +3/"° -61° +47 =27 +67 4+3(?) -6i"1+47"4 
=2i +6714+3(7) -6(?) i+4(#)" J 
=2(-1)+6(-1)i+3(-1) —6(-1) i+4(-1)"i 
=~2~—6i +3(+1)-6(-l)i+4(1)i 
= -2-61+34 61+ 4i 
=3-2+6i-6j+4i 
=1+4i 
3. Simplify and write your answer in the forma + bi. 
()  (-7+3i)(-3+2%). 
Solution: 
(-7+3i)(-3+2i) | =(-7)(-3)+(-7)(2i) + (3i)(-3) + (34) (22) 
=21-141-91 +67 
= 21-231 +6(-1) 
=21—23'-6 
=15-23i 
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Solution: 
(2-v-4)(3-V-4) =(2-2i)(3-2i) 
= (2)(3)+(2)(—2i) + (-2i)(3)- (-2i)(-2#) 
=6-4i-61+47° 
=6-101+4(-1) 
=6-10i-4 
= 2-10 
(i) (V5~32) 
Solution: 
(v5-3i) = (v5 -31)}( v5 -3,) 
=(v5)(v5) + ( V5) (~3i) + (3) (V5) + (-31)(-3/) 
=5-3V5i -3V5i+ 97 
= 565i +9(-1) 
=5-6/5i-9 
=-4~6,/5i 
(iv) (2-3i)(3-2i) 
Solution: 
(2-3#)(3=2/) = (2-34) (3+2/) 
= (2)(3) + (2)(2#) + (-3é)(3) + (—31) (22) 


=6+4i-9i-67° 
= 6-Si-6(-1) 
=6-5i+6 
=12-Si 

4. Simplify and write your answer in the form a + bi 

2 

i a. 

® 1+i 

Shiela: 2 -2 1-i _ ~-2(l-i) _ -2+2i 


isi Iti 1-1 (1+i)0-) (0) -(@) 


—24+2} -24+2i -242i 


~1-(-1) 141 2 
ns) ee 
2 
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2+3i 
(il) a 
Solution: 
2+3i _ 243i 441 _ (24314 +i 
4-1 4-1 441 (4—-i)(4Fi) 
_ (2)(4)+ (2) ()+ Bi) (4)+ GDM) 
(4) -(/) 
_ 84+2i+12i+37 8+14i+3(-1) 
~ 16-(-1) 16 +1 
_ 8+14i- 3_5+14i_ 5 14, 
17 17 17 17 
9-7i 
(iil) 341 
Solution: 
9-1i _ 9-71 3-i_ (9-71)(3~i) 
34i 344 3-i (3+i)(3-i) 
~ 2)G)+() + E7)G)+ C7) Ci) 
Gy -(i) 
_27-30/-7_ 20-301 _20 30, 
10 10 10 10 
=2-3i 
2-61 4+i 
Solution: 
2-6) (met 
3+i 34+i 


_ (2-6i)-(4+i) _ 2-6i-4-i 
7 34i 3+i 


3+i 3+i C=} 


_(-2-71)(3-1) _ (2) + (2) +(-7 3) + (7) 


(3+i)(3-#) (3)' -(i) 
6-1-7 _ -13-191 _-13_ 19, 
st )6h”~CU 10 10 


— 
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1+i) 

(v) (F) 
2 
Solution: (tt) = _ (iti) _ (1) +20)()+() 1+2i+i 


=i) “(1a (20+ 1-2? 
_1+2i+(- I) _ 14+2i-1 Xe 
~ J=aie(-1) 1-2-1 27 
Alternative Solution: 
i 1+i)(1+i wltitte? 
i-i = 1-i 14% (1-i)(1+4) (1) (Oy -() 
_14+2i+(-1)_142i-1_ 2 _ di 
1-? 1-(-1) 1+1 2 
So, 2) =(iy =/* =—l1=-1+0i 


{v) 


Now 


(2+3%)(1-i) 


an ae 
Hem’ 3 31)(1-1) TPT ERT 


pen? 5-2 Ss! 
"34 5-1 (6) -(@) 25-7 
Ret oe cs 
25-(-1) 25+1 26 26 26 
5. Calculate (a) z (b)z+ z (c)z-, (d)z z for each of the following. 
(i) z=-7 
Solution; (a) z=-i 
Z=-j=] 
(b) z+z=~i+i=0 
() z-z= (i)=-i-i=-2/ 
(d) z z=(-i)(+i)=-7 =+1 
fii) z=2+i 
Solution: z=2+i 
(a) z=2+i=2-i 
(b) z+z=(2+i)+(2-i)=2+i1+2-i=4 
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aa ke(24)-(2-)adeindee 
(d) 22=(2+8)(2-1)=(2) -(i) 24-7 =4-(-I)=4+1=5 


‘iimiaees pot tC) eee et 2. 


(a) = i=-i 

(b) z+z=i+(-i)=i-i= o 
(c) z-z=i-(-i)=i+i=2i 
(d) zz=(i)(-i)=-i =-(-1)=1 


Soetee: go fr fr %, 2-4, (4-30 
: 2+4i 2+4) 2-4) (2+4%)(2-4i) 


8-16i-6i+12i? 8-22i+12(-1)_ 4 2,1 Hu, 
ee a SS ee ee — 


(2) -(4i) 4-167 20 20 5 10 


(b) z+2=(-2-Hile 2H, i\=-3-75i hha i, ee: ee 
“\ § 10 5 10 -— et a ae eS 


ws «-ex( 1. iti) 1s ee? 
5 10) (5 10) 5 10'S 10 
St 1-1-1 _ -22,_-11, 


7 0 #40 0 5. 
- MW 1 1. ra) hh. Bs 
< zee -5— it (-3 tt!) "3530 *50'~ 100" 
_1 11 Bu 121 _ 44121 _125_5 
(- ~25°100 100 100 4 
6. ifZ=2+34 andW=5-4i, Show that 
() “z+w=z2+w 
Solution: L. H. S.= 2+ w 
Now, z + w= (2 + 3i) + (5 — 41) =2 + 314+5-41=7-i 
So, z+w=7-i=2+i (1) 


R.H.S.= 2 + w 
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Nowz=2+3i => z= 2+3/=2-3i 
w=5-45 > w=5-4i =5+4i 
So, z+ w =2-3i+5+4i=7+i (2) 
From (1) and (2), we have 
Z+w=Z2+W 
___ Hence proved 
(ii) z-w=2Z-w 
Solution: L. H.S.=z-—w 


Now, z-w=(2-3i)-($-—4) =2+3i-S+4i=-3+7i 
So, Z—Ww=—-3+7i =-3-Ti (1) 

R.H.S. = z -w _ 
Now, z=2+3i => 2=2+3i=2-3i 

_ _. W=5-F => w=5-4=5+4i 
So, z—w= (2-31) -(5 +4) =2-3i-5-4/=-3-7i (2) 
From (1) and (2), we have 

Z-W=Z-W 
Hence proved 


(iil) zw=z2w 
Solution: L. H. S. = zw 


Now, zw=(2+ 3%) x(5—4i)= 10-81 + 15i- 127 
-_ = 10 + 7i—12 (-1) = 10+ 7i+ 12 =22+7i 
So, zw= 22+7i = 22-7 (1) 
R.H.S,=z Ww 7 
Now, z=2+3) => 2=2+3i=2-3i 
__ w25-4 > w=5-4i=5+4i 
So, 2 w =(2—3i) x (5 +41) = 10 + 81 — 15i— 127 


= 10-—7i-12 (-1) = 10-7 + 12 = 22-7 (2) 
From (1) and (2), we have 
zw=Z WwW 
Hence proved 


(iv) (2)-z. cist # 0. 


Solution: L.HLS. -(2) 


Now 2 = 2+3i 2+31 5+4i (2 + 3é)(5+4i) 


w 5-41 5-4 5441 (5-4)(5+41/) 


_10+8f+15/+12? _10+23/+12(-1) 
ee ee 
(5) -(4i) 25-161 


‘ 
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_ 10+23i- 12. -2+23) -2+23i —2 23, 


=—+ 
~ 25-16(-1) 25+16 41 41 41 


(z\ 2 23 23, 
0 A FO ree Sern 9 (eee 1 
‘80 =) (-2+ =] 41 41. (1) 


Now,z=2+3i => z=2+3/=2-3i 

w=5-45 = w=5-4i=5+4i 
ws Be 2-31 2-31 5-4i _ (2-3i)(S-4i) 
‘WwW 544i S+4i 5-4) (5+4i)(5—4/) 


10—8i —15/+12/* _ 10-231 +12(-1) 

———— 
(5) ~(4iy 25-161" 

_10-23i-12 _ -2-23) _-2-23i 


From (1) and my ce have 
na 
w Ww 
}(z+2)isthe real part of z. 


Solution: £(z42)=4((2+3/)+(2-3))=7(2+3'+2-3i) =5(4) =2=Re(2) 
Hence Proved 
(vi) 5; (2-2) s the imaginary part of 


Solution: ~(z- z)==-((2+3i) )-(2-3/)) =(2+3/-2+3i) =—-(6i)=3=1m(z) 


7. Solve the following equations for real x and y. 
() (2-3é)(x+yi)=4+i 
Solution: (2-3 (xt+y)=4+i 
2x + 2yi—3xi-3y/=4 +i 
2x + 2yi — 3xi —3y (-1l) = 4+! 
2x + 2yi—3xi+3y=4+i 


EE — ————— 
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(2x + 3y) + (-3x + 2yi=4+i 
=> 2x + 3y = 4 (1) 


—3x+2y =] (2) 
By solving eq. (1) and eq. (2), we get 
I3y=l4=> “5 
Put ‘y’ in eq. (1), we get 
2x +3 ()=4 
13 
2x + 42 
13 
2x=4- 2 = = 
ed , ° > a, Nand 
13 13 


(i) (3-2#)(x+yi)=2(x —2yi)+2i-1 
Solution: (3—2/) (x+y) =2 (x-2yi)+2i-1 
3x + 3yi — 2xi - 2y? = 2x — 4yi + 2i-1 
3x + 3yi — 2xi —2y (—1) = (2x —1) + (2 -—4y/) 
(3x + 2y) + (3y — 2x) i= (2x — 1) + (2 - 4y)i 


=> 3x+2y=2x-1 and 3y — 2x = 2-—4y 
3x — 2x + 2y =-1 —2x + 3y+4y=2 
x+2y=-]_ (1) -2x + Ty =2 (2) 
By solving eq. (1) and eq. (2), we get 
lly=0 => y=0 
Put ‘y’ in eq. (1), we get 
x+2(0)=-l 


x=-l,y=0 
(ii) (3+47)' -2(x-yi)=x+yi 
Solution: (3 + 4/)? -2 (x-yi)=x+ yi 
9 + 241 + 167 - 2x + 2yi=x + yi 
9 + 24) - 16-2x +2yi=x+ yi 
—7 -— 2x + 241+ 2yi=x + yi 
(-7 — 2x) + (24 +2y)i=x+t yi 


—7-2x=x and 24+2y=y 
-2x-x=7 2y-y =- 24 
-3x=7 y=-—24 

x=-=—_—> 
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1. | Multiple Choice Questions. Choose the correct answer: 
Cn on | 
Ux? vx? of? Vx? 
(a) “= (b) “—" (c) *— (d) a 
(ii) Write ¥/x in exponential form .......... ' " 4 
(ax , (b) x’ (c) x’ (d) x? 
(iii) Write 4? with radical sign ............ 
(a) Va (b) Va? (c) Va (a) V4° 
(iv) In ¥35 the radicand is............ 
(a) 3 (b) : (c) 35 (d) none of these 
“1 
25\? _ 
(v) 16 oS0scecenece . 
5 4 5 _4 
(a) Z (b) 5 (cy -3 (d) 5 
(vi) The conjugate of $+ 4j/is ............. 
(a) -5+4/ (b) -5-4i (c) 5-47 (d) 5+47 
(vii) The value of 7” is............ 
(a) | (b) -1 {c) i (d) -i 
(viii) Every real number is .............. ; 
(a) a positive integer (b) a rational number 
(c) anegative integer (d) a complex number 
(ix) Real part of 2ab (i+7)is .............. 
(a) 2ab (b) -2ab (c) 2ab/ (d) -2abi 
(x) Imaginary part of —/ (3/ + 2) is .............. 
(a) -2 (b) 2 (c) 3 (d) -3 
(xi) Which of the following sets have the closure property w.r.t. addition ......... 
l 
(xii) Name the property of real numbers used in 3s } 1 =f supavausonst 
(a) additive identity (b) additive inverse 
(c) multiplicative identity (d) multiplicative inverse 
(xiii) If x,y, ze R,z<0 then,x<y =>.......... 
(a) xz<yz (b) xz> yz (c) XZ = yz (d) none of these 
(xiv) If a,b € R, then only one of a= b or a <b or a> b holds is called ........... 
(a) trichotomy property (b) transitive property 


- 
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(c) additive property (d) multiplicative property 
(xv) A non- terminating, non- recurring decimal represents. 

(a) anatural number (b) a rational numbers 

(c) an irrational number (d) a prime number 
Solution: 


(i) a (ii) c (iit) a (iv) c (v) b (vi) c 
(vil) c (vill) dS (ix) bx) 08) (xi) a (xsi) 
(xiii) b (xiv) a (xv) c 

2. ‘True or false? identify. 

(i) Division is not an associative operation. 

(ii) | Every whole number is a natural number. 

(iii) Multiplicative inverse of 0.02 is 50, 

(iv) #is 4 rational number. 

(v) Every integer is a rational number. 

(vi) Subtraction is a commutative operation. 

(vii) Every real number is a rational number. 

(viii) Decimal representation of a rational number is either terminating or recurring. __ 


HTT 


(ix) 1.8=1+8 

9 —— 
Answers: 
(i) True (ii) False (iii) True (iv) False (v) True 
(vi) False (vii) False (viii) True (ix) True 
Simplify the following. 


a) {1y*x* 
Solution: Bly-?x = es ot F =(3*y-*x*) 
=} ofa 3 
qi) = 25x" 
Solution: /25x'y"™ = = (25x' yi) = (Sexy) 
=(s} (xm) ot} ast 


ay (ee, 


Solution: (sez) - =(x?.x?.y*y'z52° ‘y 


a li _ 
=(ezotar) =(ea'a") (er ") 
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m (Bees) 
sown: (220s) -((E)etatyty?az} 
-(Bavyte) -(Zeey) 
ae Hoey! Aer or eye 
a mr Lior |phohas 
cookie. few Faey JeF-eP) 


és 
{axe cca 
(25): (3)? 


_{ 2?x3? x5! . fxs :. x? 4 
$ es a 
L ! 


5. ah (Sy (S) s(rey'a #0 


see (5) fg) ear 


=(a’ a’ yr" (ata) +5(a"" ia =(ar* yr" (ar , +5a"-" 


ee ee en ee o_l - 
sal Sat xga? aoa s(!) ; 
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«snot ( $x) Sn) Sr) 


(= \ 55) (atar*)(atar*)(a* a") 
n(ernyensyon) 
=(a"™)(a"™* (a) 


= ae -nen-f 
=a” =] 
at a” la” 
_ {z ie Ne 
Solution: 


EB} EHG 
head } “i ene “y 


a 
iim ea(m-n)e (n-/) “ph. in 


=a’ =] 


| SUMMARY | 


% — Set of real numbers is expressed as R = QU Q’, where 

aie 

q- {2 

% ~~ Properties of real numbers w.r.t. addition and multiplication are as. 
Closure:a+b eR, abe R, Va,beR 


p.qeZq 0), = {x | x isnot rational} 


Associative: (a+b) +c=a+(b+c), (ab)c = a(bc), V a,b,c ER 
Commutative: a+b=b+a,ab=ba,Vab,ceR 

Additive Identity: a+O0=a=O+a, VaeR, 

Multiplicative Identity; a.]J=a=1.a,VaeR, 

Additive Inverse: a+(-a)=0=(-a)+a,VaeR, 


Multiplicative Inverse: at =j]= ta, a+0 

Multiplication is distributive over addition and subtraction: 
a(b+c)=abt+ac,VabceR 

(b+c)a=batca, Vab,ceR 


Visit www.downloadclassnotes.com for Notes, Old Papers, Home Tutors, Jobs, IT Courses & more. 
(Page 95 of 419) 


For more notes & academic material visit our Website or nstall our Mobile App 
Website: www.downloadclassnotes.com Mobile App: bit.ly/DCNApp 


MATHEMATICS (EM) NOTES FOR 9" CLASS (PUNJAB) 


a(b-—c)=ab-ac,Va,bceR 
(a-— be =ac-—be, Va,b,ceER 
% — Properties of equality in R 
Reflexive:a=a,VaeR 
Symmetric a = b=> b=a,Va,beR 
Transitivea=b,b=cma=cVa,b,ceER , 
Additive property: Ifa=b, thena+c=b+c,Va,b,ceR 
Multiplicative property: If a= b, then ac= be; Va,b,ceR 
Concellation property: If ac =be.c 40,thena=b,Va b,ceR 
#* In the radical Yx,V is radical sign, x is radicand or base and n is index of 
radical. 
4 = Indices and laws of indices: 
VabceRandmneZ 


(a")’ =a",(ab)” =a"b" | 


(2) -= b+0 


Complex number z = a + bi is defined using imaginary unit i= 1, where 
a,b € Randa Re (z), b= Im (z) 
Conjugate of z= a+ bi is defined as Z = a— bi 


ait RE a 
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SSSsSSeseSsSeSsSsSSsSsSSeSSsSSSSSSSesSsSSSsSeSsSeSSsSeesseeeseeseeoocsreeeoeoocococoococz 


PUNIT BBE 
N LOGARITHMS Se 


Unit Outlines 
3.1 Scientific Notation 3.2 Logarithm 
3.3. Common and Naturlal Logarithm 3.4 Laws of Logarithm 
3.5 Application of Logarithm 


@- STUDENTS LEARNING OUTCOMES 


After studying this unit the students will be able to: 
# — express a number in standard form of scientific notation and vice versa. 
% — define logarithm of number “ y “to the base ‘a’ as the power to which a must be 
raised to give the number (i.e.,a°=y <> logy =x,a>0,a#1 andy> 0). 
# — define a common logarithm, characteristic and mantissa of log of a number. 
% — use tables to find the log of a number. 
% — give concept of antilog and usc tables to find the antilog of a number. 
% differentiate between common and natural logarithm. 
# prove the following laws of logarithm. 
* — log,(mn) = log,m + log,n 


* = jog, (2) = logsm —log,n 


* = log,sm" = nloggm 

*  =log,m logan = logan 
we apply laws of logarithm to convert lengthy processes, of multiplication, division 
and exponentiation into easier processes of addition and subtraction etc. 
Introduction: 

The difficult and complicated calculations become easier by using logarithms. 
Abu Muhammad Musa Al Khwarizmi first gave the idea of logarithms. Later on, in the 
seventeenth century John Napier extended his work on logarithms and prepared tables 
for logarithms. He used “e™ as the base for the preparation of logarithm tables. Professor 
Henry Briggs had a special interest in the work of John Napier. He prepared logarithm 
tables with base 10. Antilogarithm table was prepared by Jobst Burgi in 1620 A.D. 
Scientific Notation: 

There are so many numbers that we use in science and technical work that are 
cither very small or very large. For instance, the distance form the Earth to the Sun is 
150,000,000 km approx. and a hydrogen atom weighs 0.000,000,000,000,000.000.000, 
001, 7 gram. While writing these numbers in ordinary notation (standard notation) there 
is always chance of making an error by omitting a zero or writing more than actual 
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number of zeros. To overcome this problem, scientists have developed a concise and 
convenient method to write very small or very large numbers, that is called scientific 
notation of expressing an ordinary number. 

A number written in the form a x 10", where i <a< 10 and ‘n’ is an integer, is 
called the scientific notation. 

The above mentioned number can be conveniently written in scientific notation 
as 1.5 x 10° km and 1.7x 10 gm respectively. 
Example-1: Write each of the following ordinary numbers in scientific notation. 

(i) 30600 (ii) 0.000058, 
Solution: (i) 30600=3.06% 10 — (move detimal point four places to the left) 
(ii) 0.000058 =5.8* 10° (move decimal point five places to the right) 

Observe that for expressing a number In scientific notation: 
(i) Place the decimal point after the first non-zero digit of given number. 
(ii) We multiply the number obtained in step (i), by 10" if we shifted the decimal point 

n places to the left. 
(iii) We multiply the number obtained in step i) by 10° if we shifted the decimal 

point n places to the right. 

On the other hand, if we want to change a number from scientific notation to 
ordinary (standard) notation we simply reverse the process. 
Example-2: Change each of the following numbers from scientific notation to ordinary 

notation. (i) 6.35 « 10° (ii) 7.61 x 10% 
Solution: (i) 6.35 « 10° = 6350000 (move the decimal point six places to the right) 

(ii) 7.61 * 10*= 0.000761 (move the decimal point six places to the left) 


Solved Exercise 3.1 


1. _ Express each of the following numbers in scientific notation. 
() 5700 
Solution: 5700 =57 x 100 =5.7 « 10' x 10° =5.7 « 10"? =5.7 10? 
(ii) 49,800,000 
Solution; 49,800,000 = 498 x 100000 = 4.98 = 10? x 10° = 4.98 « 107° = 4.98 = 10’ 


(iii) 96, 000, 000 
Solution: 96, 000, 000 = 96 x 1000000 = 9.6 x 10'« 10°=9.6 = 10'*© = 9.6x10’ 
(iv) 416.9 
Solution: 416.9= S169 — 4.169% 10" = 4.16910? x10" = 4.16910" = 4.16910? 
(v) 83,000 
Solution: 83,000 = 83 x 1000 = 8.3 = 10' x 10°= 8.3 x10"? =8.3 « 10° 
(vi) 0.00643 
Solution: 0.00643 = a 3 ~ 643x107 —6.43x10? x10 = 6.43% 10" = 6.43x107 


assure eee oe 
/ ; 
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(vii) 0.0074 

Solution: 0.0074 = iawn =74* 104=7.4 « 10'x104 = 7.4 « 10'*= 7.4 10° 
(viii) 60;000,000 

Solution: 60,000,000 = 6 10,000,000 = 6 « 10” 
(ix) 0.00000000395 


Solution: 0.00000000395 = THON NOONG = 395"10" =3.95x10? x 107" 


=3.95x10*" =3.95x10" 


275,000 
(=) “99025 
: 275,000 2751000 _ 2.75x10’x10’ —s«.2.75« 10" 
tion, = ee Sr 
Solution: = 70025 25 25x10" 2.510’ x10~ 


70000 
_ 2.75x10° _ 2.75x10° 
2.5x10'* 25x10” 
2. Express the following numbers in ordinary notation. 
(i) 6x 10% 6 6 
Solution: 6 * 10*= —- =—_—__= 0.0006 
10° 10000 
(ii) 5.06x10" 
Solution: 5.06 x 10" = 208 10000000000 = 506 x 100000000 = $0,600,000,000 
(iii) 9,018 10° 
Solution: 9.018x10° = 


(iv) 7.865 10° 


ae — 7865 ,. 19s _ 7865 i 4 
Solution: 7.865 10° and 10° = 7 «10° =7865x10* x10 


= 7865x 10°" = 7865x10° = 7865x100000 =786,500,000 


LOGARITHM 


Logarithms are useful tools for accurate and rapid computations. Logarithms with 
base 10 are known as common logarithms and those with base e are known as natural 
logarithms. We shall define logarithms with base a > 0 and a # |. 
Logarithm of a Real Number: 


9.018 9018 == 9018 


= = _ = ————- = 0000009018 
10° 1000x 1000000 1000000000 


If a* = y then x is called the logarithm of y to the base ‘a’ and is written as 
logy =x, wherea>O,y>O anda# |}. iec., the logarithm of a number y to the base ‘a’ 
is the index x of the power to which the base must be raised to get that number y. 
: The relation a* = y and log,y = x are equivalent. When one relation is given, it can 
~ be converted into the other. Thus 
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The form a* = y on the left is called the exponential form, whereas the form 
logay = x on the right hand side is called the logarithmic form of the same relation. 
To explain these remarks, we observe that 1. 1 
3? = 9 is equivalent to logs9 = 2 and 2'= =3 is equivalent to log. ¢)- =-1. 
Similarly, we can say that 
Log327 = 3 is equivalent to 27 = 3° 
Remember: Logarithm of a negative number is not defined since the base is always 


taken to be positive. 
Example-3: Find 109,72, i.e., find log of 2 to the base 4. 
Solution: Let 10gs2 =x. => 4%=2 | 

ie, 2*=2' => 2x=I1 

I 1 

or xX=5 => log2= > 

Deductions from Definitions of Logarithm: 
(1) Sincea’=1, log! =0 (2) Since a'=a, logsa = | 


Definitions of Common Logarithms, Characteristic and Mantissa 
(a) Common Logarithms: 

In numerical calculations, the base of logarithm is always taken as 10. These 
logarithms are called common logarithms or Briggesian logarithms in honour of Henry 
Briggs, an English mathematician and astronomer, who developed them. 

{b) Characteristic and Mantissa of Log of a Number: 

Consider the following: 


10°=1000 <> log 1000=3 
10°=100 <> log l00=2 
10'=10  logl0=1 

10° =] = logl=0 

10'°=0.1 < log 0.1=-) 
107=0.01 < log 0.01=-2 


10°=0.001e> log 0.00I=-3 
Remember: By convention, if only the common logarithms are used throughout a 
discussion, the base 10 is not written. 
Also consider the following table. 


For the numbers The logarithm ts 
Between | and 10 a decimal 
Between 10 and 100 1 + a decimal 
Between 100 and 1000 2 + a decimal 


Between 0.1 and 1 -] +a decimal 
Between 0.01 and 0.1 —2 + a decimal 
Between 0.001 and 0.01 —3 + a decimal 
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The logarithm of any number consists of two parts: 

(i) an integral part which is positive for a number greater than | and negative for a 
number less than | is called the characteristics of logarithm of the number. 
(ii) a decimal part which is always positive. 

The integral part is called the characteristic and the decimal part is called the 
mantissa, of the Jogarithm of a number 
(l}) Characteristic of Logarithm of a Number > 1: 

The above table shows that if number has one digit in the integral part, then the 
characteristic is zero; if its integral part has two digits, then the characteristics is one; 
with three digits in the integral part, the characteristic is two, and so on. 

In other words, the characteristic of the logarithm of a number greater than | is 
always one less than the number of digits in the integra! part of the number. 

When a number ‘b’ is written in the scientific notation, i.e., in the form 
b=a* 10" where 1 <a < 10, the power of 10 i.c., » will give the characteristic of log b. 


Number Scientific Notation Characteristic of the Logarithm 


1.02 « 10° 


9.9610! 
1.02«107 
1.6624x 10° 


(i) Characteristic of Logarithm of a Number < 1: 

The second part of the table indicates that, if a number has no zero immediately 
after the decimal point, the characteristic is -1; if has one zero immediately after the 
decimal point, the characteristic is —2; if it has two zeros immediately after the decimal 
point, the characteristics is —3; etc. 

Example: Write the characteristic of the log of following numbers by expressing them in 

scientific notation and noting the power of 10. 

Solution: 


Number Scientific Notation Characteristic of the Logarithm 


When a number is less than 1, the characteristic of its logarithm is written by 
convention, as 3, 2 or | instead of —3, -2 or —! respectively (3 is read as bar 3) to avoid 
the mantissa becoming negative. 5 
Remember: 2.3748 does not mean —2.3748. In 2.3748, 2 is negative but .3748 is 
positive; whereas in —2.3748 both 2 and .3748 are negative. 

(c) Finding the mantissa of the Logarithm of a Number: 
While the characteristic of the logarithm of a number is written merely by 
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inspection, the mantissa is found by making use of logarithmic tables. These tables have 
been constructed to obtain the logarithms up to 7 decimal places, For all practical 
purposes, a four-figure logarithmic table will provide sufficient accuracy. 

A logarithmic table is divided into 3 parts. 

(i) The first part of the table is the extreme left column headed by blank square. This 
column contains numbers from 10 to 99 corresponding to the first two digits of the 
number whose logarithm is required. 

(ii) The second part of the table consist of 10 columns, headed by 0, 1, 2, ...., 9. These 
headings correspond to the third digit from the left of the number. The numbers 
under these columns record mantissa of the logarithms with decimal point omitted 
for simplicity. 

(iii) The third part of the table further consists of a small columns know as mean 
differences columns headed by 1, 2, 3,...., 9. These headings correspond to the 
fourth digit the left of the number. The reading of these columns are added to the 
mantissa recorded in second part (ii) above. 

When the four-figure log table is used to find the mantissa of the logarithm of a 
number, the decimal point is ignored and the number is rounded to four significant 
figures. 

Using Tables to find log of a Number: 

The method to find log of a number is explained in the following examples. 
Example-1: Find the mantissa of the logarithm of 43.254. 

Solution: Rounding off 43.254 we consider only the four significant digits 4325. 

We first locate the row corresponding to 43 in the ldg tables and 
i. Proceed horizontally till we reach the column corresponding to 2. The 

number at the intersection is 6355. 

ii. Again proceeding horizontally till the méan difference column corresponding 

to 5 intersects this row, we get the number 6 at the intersection, 

iii. Adding the two numbers 6355 and 5 we get .6360 as the mantissa of the 

logarithm of 43.25. 

Example-2; Find the mantissa of the logarithm of 0.002347. 

Solution: Here also, we consider only the four significant digits 2347. 

We first locate the row corresponding to 23 in the logarithm tables and proceed as 

before. 

Along the same row to its intersection with the column corresponding to 4 the 

resulting number is 36 92. The number at the intersection of this row and the mean 

difference column corresponding to 7 is 13. Hence the sum of 3692 and 13 gives 

the mantissa of the logarithm of 0.002347 as 0.3705. , 

Remember: The logarithms of numbers having the same sequence of significant digits 

have the same mantissa. e.g., the mantissa of numbers 0.002347 and 0.2347 is 0.3705 

Finding the common logarithm of any given number: 

(i) Round off the number to four significant digits. 
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(if) Find the characteristic of the logarithm of the number by inspection. 
(iii) Find the mantissa of the logarithm of the number from the log tables. 
(iv) Combine the two. 


Example-3:Find (i) log 278.23 (ii) log 0.07058 


Solution: 
(i) 278.23 can be round off as 278.2 
The characteristics is 2 and the mantissa is .4443 
So, log 278.23 = 2.4443. 
(ii) The characteristics of log 0.07058 is —-2 which is written as 2 by convention. The 


mantissa is .8487. 
So, log 0.0708 = 2.8487. 


The Concept of Antilogarithm and Use of Table: 


The number whose logarithm is given is called antilogarithm. 
i.e., if logsy = x, then y is the antilogarithm of x. 


Finding the number whose Logarithm Is known: 


We ignore the characteristic and consider only the mantissa. In the antilogarithm 


page of the log table, we locate the row corresponding to the first two digits of the 
mantissa (taken together with the decimal point). Then we proceed along this row till it 
intersects the column corresponding to the third digit of the mantissa. The number at the 
intersection is added with the number at the intersection of this row and the mean 
difference column corresponding to the fourth digit of the mantissa. 


Thus the significant figure of the required number is obtained. Now only the 


decimal point is to be fixed. 


(i) If the characteristic of the given logarithm is positive, that number 
increased by | gives the number of figures to the left of the decimal point in 
the required number. 

(ii) If the characteristic is negative, its numerical value decreased by | gives the 
number of zeros to the right of the decimal point in the required runner. 


Example: Find the numbers whose logarithms are 


(i) 1.3247 (ii) 2.1324 


Solution: (i) 1.3247 


Reading along the row corresponding to .32, we get 2109 at the intersection of this 


row with the column corresponding to 4. The number at the intersection of this row and 


the 


mean difference column corresponding to 7 is 3. Adding 2109 and 3 we get 2112. 
Since the characteristic is | it is increased by | (because there should be two digits 


in the integral part) and therefore the decimal point is fixed after two digits from left in 
2112. 


(ii) 


Hence antilog of 1.3247 is 21.12. 
2.1324 
Proceeding as in (i) the significant figures corresponding to the mantissa are 1356. 
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Since the characteristics is 2, its numerical value 2 is decreased by 1. Hence there 
will be one zero after the decimal point. 
Hence antilog of 2.1324 is 0.01356. 


Solved Exercise 3.2 


1. Find the common logarithms of the following numbers. 
(i) = =232.92 
Solution: 232.92 can be round off as 232.9, 
The characteristic is 2 and the mantissa is 0.3672 
So, log (232.92) = 2.3672 
(li) 29.326 
Solution: 29.326 can be round off as 29.33. 
The characteristic is | and the mantissa is 0.4673. 
So, log (29.326) = 1.4673 
(ili) 0.00032 
Solution: 0.00032 can be round off as 0.0003. 
The characteristic is 4 and the mantissa is .5051. 
So, log (0.00032) =4 5051. 
(iv) 0.3206 
Solution: 0.3206 
The characteristic is land the mantissa is 0.5059. 
So, log (0.3206) = 1 .5059 
2. If log 31.09 = 1.4926, find values of following: 
() tog 3.109 
Solution: 3.109 
The characteristic is 0 and the mantissa is 0.4926. 
So, log (3.109) = 0.4926 
(i) log 310.9 
Solution: log 310.9 
The characteristic is 2 and the mantissa is 0.4926. 
So, log (310.9) = 2.4926 
(ili) log 0.003109 
Solution: 0.003109 can be round off as 0.0031 
The characteristic is 3 and the mantissa is 0.4926. 
So, log (0.003109) = 1.4926 
(iv) log 0.3109 ‘ 
Solution: 0.3109 
The characteristic is 1 and the mantissa is 0.4926. 
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So, 


log (0.3109) = 1,4926 


3. Find the numbers whose common logarithms are : (i) 3.5621 (li) 1.7427 
(I) Solution: 


Let, logx be the number 

So, logx = 3.5621 

Taking antilog on both sides 

x = Antilog (3.5621) 

Characteristic of logx = 3 

Mantissa of logx = 0.5621 

According to mantissa = 0.5621 (By using the table of antilogarithm) 


= 3648 + ] = 3649 
=> x=Antilog (3.5621) 
x = 3649 
(il) Solution: 
Let x be the number 
logx =1.7427 
Taking antilog on both sides 
X =antilog (1.7427) 
Characteristic of logx = 0.7457 
Mantissa of logx = 0,7427 
According to the mantissa = 0.7427 (By using the table of antilogarithm) 
. = $521+9= 5530 
=> x = Antilog (1.7427) 
X = 0.5530 
a aa rage for the unknown In each of following will make the statement true? 
l= 
Solution: log8l=L => 3'=81 = 3'=34 
Hence, L=4 
(i) log,6=0.5 
Solution: log6=05=> a°=6 = (a%=67 
Hence, a=36 
(I) logsn = 2 
Solution: logn=2 => S’=n => 2S=n 
Hence, n=25 
(lv) 10?=40 
Solution: 10°°=40 => logo40=p => p=1.6021 
5. Evaluate 
lon =35 
Solution: Let logy —- x = tel » wel 2.7 


128 128 a 
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=> x=-7 


(il) log 512 tothe base 2/2. 
log, ; 512=x 


Solution: Let 


Then its exponential form is (2V2)* = 512 


! x 
ie., (2'2%) =2x2*x2x2x2x2x2x2x2 


oi] 


“ 3% 
=?’ >2? =2’ =i=9 


3x=2*9 > 3x=18 = x-= => x=6 
6. _ Find the value of x from the following statements. 
fi) log.x=5 
Solution: logx=5 = 2°=x => x =32 
(li) ~~ log,,9 =x : 
Solution: logy9=x => 81*=9 => (¥)=9 => 9*=9)! 
ax=1 => xd 3 
om oateE | 
Solution: logu8=5 => 647=8 = (8) =8 = 8=8' 
=> ai | 
(iv) log,64=2 | 
Solution: log.64=2 > x’=64 => x=8? => x=8 
(v) log,x=4 
Solution: logx=4 => 34=x = x=81 


| COMMON AND NATURAL LOGARITHM | 


We have introduced common logarithms having base 10. Common logarithms are 
also known as decadic logarithms named after its base 10. We usually take logx to mean 
logiox, and this type of logarithm is more convenient to use in numerical calculations. 
John Napier defined the logarithms tables to the base e. Napier’s logarithms are also 
called Natural Logarithms, He released the first ever log tables in 1614, log,(x) is 


conventionally given the notation In(x). 


In many theoretical investigations in science and engineering, it is often 
convenient to have a base e, an irrational m umber, whose value is 2.7182818..... 


Laws of Logarithm: 


In this section we shall prove the laws of logarithm and then apply them to find 
products, quotients, powers and roots of numbers, 


Visit www.downloadclassnotes.com for Notes, Old Papers, Home Tutors, Jobs, IT Courses & more. 
(Page 106 of 419) 


For more notes & academic material visit our Website or nstall our Mobile App 
Website: www.downloadclassnotes.com Mobile App: bit.ly/DCNApp 


MATHEMATICS (EM) NOTES FOR 9" CLASS (PUNJAB) 


(i) —_ log,(mn) = log,m + log,n (ii) log, (") = logsm —log,n 
(iii) fogs" = n log,m (iv) logan = logan * logab 
Proofs of Laws of Logarithms: 
(i), —log,(mn) = log,m + log,n 
Proof: Let logsm=x and logan = y 
So in exponential form, we can write it as: 
a‘“=m__(i) and a =n (ii) 
Multiply eq. (i) and eq. (1i), we get 
a* x a’ =mn => a“%=mn = log (mn)=x+y 
=> — loga(mn) = logam + logan 
Hence Proved 
(li) log, (2) =log,m - log,n 
Proof: Let log,m = x and logan = y 
So in exponential form, we can write it as: 
a*=m__(i) and a =n (ii) 
Divide eq. (i) by eq. (ii), we get 
a’ _m xy _m ®) . 
* a => a= = loga\ 7) = *-Y 


m 
=> log, (=) logam — logan 


(ili) tog,(m") = n log,m 
Proof: Let logam" = x => a*=m" 
And logm=y => a=m 
Then a* = m"=(a’)" =a” 
= x= ny 
=>  log,m" =n logsm 
Hence Proved 
(iv) Change of Base Formula log, #2 
log,n=log,n x log,b OR log,n= log, @ 
Proof: Let logyn=x => n=b*, 
Taking “log” to the base ‘a’, we have 


logan = log.b* 
=x log,b 
Thus logan = logpn * logab (i) 
Put n=a ineg. (i), we get 
logs a = logpa = logab => |= =Ilogya * logb 
=> logb= logea 


oa 
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So, eq. (i) becomes 


Example-1; Evaluate 291.3 x 42.36 
Solution: Let x = 291.3*42.36 
Then log x = log(291.3 = 42.36) 
= log (9291.3) + log (42.360) 
= 2.4643 + 1.6269 = 4.0912 
x = Antilog (4.0912) =12340 
Example-2: Evaluate 0.2913 x 0.004236, 
Solution: Let y =0.2913*0.004236 
Then logy = log(0.2913* 0.004236) 
= log (0.2913) + log (0.0042360) 
= 1.4543+ 3.6268 
=3.0912 _ —_ (Notethat: 1+ 1+3=1-1-3=3) 
y =Antilog (3.0911) = 0.001234 


Example-3; Evaluate 291.3 


42.36" 
291.3 
Solution: Let x aa 42.36 
Then log x = log oe 


log x = log (291.30) — log (42.36) = 2.4643 -1.6269 = 0.8374 
x = Antilog (0.8374) * 6.877 
Example-4: Evaluate 9.902013 
Solution: Let y = Sead 
Then logy =log(0.0029130 — log (0.04236) w, 
= 3.4643 -2 6269 = 3 + (0.4643 - 0.6269) - 2 
= 3~0.1626 -2 _ 
= 3 +(1-0.1626)-1-2 (adding and subtracting 1) 
= 2.8374 _ (“3 -1-2-=-3-1-(-2)=-2=2] 
y =antilog (2 8374) = 0.06877 
Example-5: Evaluate *,/(0.0163) 
Solution: Let y = (0.0163) = (0.0163) 


- 
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Then logy = 3 (og 0.0163)= 3 3.5 9497 — 6.6366 £5566 Py 2.6366 
=3 +0.6592=2 6592 
y = Antilog (2.6592) = 0.04562 


Example-6: Calculate log,3 X log,8 
Solution: We know that 


logpn 
logan = lope : 
_log3 log8 _ log 2° _3log2 _ 
logdtogss = jbo peg ee seed ee 


Solved Exercise 3.3 i 


1. Write the following into sum or difference. 
(i) —log{AxB) 
Solution: log(A~<B)=log A + log B 


Solution: log “og! = log 15.2 — log 30.5 


(ili) log 2128 


. 21 x5 
Solution: log = log 21 + log 5 —log 8 


(iv) log? de 


Solution: log 3 = log = {log log? - log! 5] 
x og 22) (5 - (5) - (%)- 3 


13 
Solution: log ae = log (22)3 —logs’ = 5 log 22- 3 log 5. 
29 25x47 
Solution: log~>5 = log 25 + log 47 — log 29 
2. ‘Express log x- 210g x +3 log (x + 1)~log Or) as a single logarithm. 
Solution: log x — 2 logx + 3log (x + 1) —log(x* - 1). 


= logx — logx? * log ( ~ log (x? — 1). 
gE oe log (x*-1) 


x(x+1) os x(x +1) zs (x+1/ 
x?(x? -1) x?(x—1)(x +1) x(x —1) 


= log 
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3. Write the following in the form of a single logarithm. 
() og21+log5 

Solution: fog 2] + log 5 = log (21 x 5) 

(i) tog25-2log3 

Solution: log 25 — 2 log 3 = log25- log3* = log 3 


(i) + 2logx-3logy 

Solution: 2 log x — 3 log y = logx’ — ina =e 
(iv) logS+log6-log2 x: 
Solution: log 5 + log 6 — log2 = log 24© 

4, Calculate the following; 


(lt) fog,2 x log,81 . 
; _ log2 logs]. — logn 
Solution: log;2 * log281 a _" log?  logen = 
~ log81 _log3* _ 4log3 _ 
log3 = log3 log3 
(li) log,3 X log, 25 =o ‘ 
—_ ao Se? eS “ = ge 
Solution: logs3 * log;25 bei log3 logan eae 
- 1og25 _ logs" _2logs _ 
logS logS  logS 
5. flog 2=0.3010, log3=0.4771, log 5 = 0.6990, then find the values of the following: 
(I) tog 32 
Solution: log 32 = log 2’ =5log2 = 5(0.3010) = 1.5050 
(i) log 24 


Solution: log 24 = log(2x2x2x3)= log (2° x3)= log 2’ + log3 = 3log2 + log 3 
= 3(0.3010) + 0.4771 = 0. 9030 + 0.4771 = 1.3801 
cu) og 3? 


Solution: log 34 oo(34)'~ = tog 0 = 1 [logio- log3]=4f log (5x2) - log3 | 
= 4 [logs+ log2-log3]=4[0.6990+ 0,3010-0.4771] 
= 4[0.5229]=0.2615 


(wv) tog § 
Solution: log : - log = log2’ —log3 =3log2 —log3 = 3(0.3010)- 0.4771 
= 0.9030 — 0.4771 = 0.4259 
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(v) leg30 
‘Solution: log 30 = log(2x3x5)=1log2+log3+log5 
= 0.3010 +0.4771 + 0.6990 
= 1.4771 
oooooocoocoeooo 


Lav Ogg a} LaiCulations: 

So far we have applied laws of logarithm to simple type of products, quotients, 
powers or roots of numbers. We now extend their application to more difficult examples 
to verify their effectiveness in simplification. 

16 25 81 

Ex : Show 7 log = <= == 

ample-1: Show that: “i eel td ns 
Solution: L.H.S. = 7 log yg + 5 log piss) log 35 
= 7[log 16 — log 15] + 5 [log 25 — log 24] + 3 [log 81 — log 80] 
= 7[log 2*—log (3 x 5)] + S[log 5* — log (2° x 3)] + 3 [log 3*— log(2*x5)] - 
= 7(4 log2—log 3—log 5]+5[2 logS—3log2—log3] +3 [4log3—4log2—logS]} 
= (28-15 — 12) log 2 + (—7 — 5 + 12) log 3 + (-7+10-3) logs 


= log2+0+0 
= log 2=R.H.S. 
Hence Proved 
Example-2: Evaluate: 3, ‘orgie 829y 
Solution: Let "5 
_3,, [0.07921 x (18.99 — x (1 oor 
y (5.79)" « 0.9474 \ (5.79)* x 0.9474 


a a x (18.99 
OB Y* 3 '°B\" (5.79) x 0.9474 


at [log {0.07921 = (18.99)*} — log ((5.79)* « 0.9474}] 
= } [log (0.079210 + 2 log (18.99) — 4 log (5.79) — log (0.9474)] 


: t [2.8988 + 2(1.2786) - 4(0.7627) -1.9765] 
=4 (2.8988 + 2.5572 — 3.0508 — 1.9765] 
= + [1.4560 - 3.0273] =} (2.4287) 


~ t (3+1.4287) = 140.4762 = 1.4762 
y = Antilog (1.47620 * 0.2993 
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Example-3: Given A= A,e™. If k = 2, what should be the value of dto make A = > ? 
Solution: Given that A=A,c“ => Sno 
| 
Substituting k=2, and A=42, we get i=e™ 
Taking common log on both sides, we get 
log}o1 — logyo2 = —2d logige 
0 — 0.3010 = —2d (0.4343) | 


0.3010 | 
4=;0.4343 ~ 03465 


| Solved Exercise 3.4 


1, Use log tables to find the value of 
(i) 0.8176 X 13.64 
Solution: Let y = 0.8176 x 13.64 
log y = log (0.8176 13.64) =log(0.8176)+ log(13.64) 
=-1,912541.1348  =~-0.0875+1.1348 =1.0473 
y = Antilog (1.0473) = 11.15 
(ii) (789.5)" 
Solution; Let y = (789.5)'" 


, | 
log y = log (789.5) = = : log(789.5) = ; x (2.8974) = 0.3622 
y = Antilog(0.3622) y=2.302 


0.0234 
Solution: Let y eee 


log y = log (0.678) + log(9.01)—log (0.0234) 
=—1.8312+0.9542 -2.3692 =(-1+ 0.8312) + 0.9542 - -(-2 + 0.3692) 
=-0.1688 + 0.9542 -(—1.6308) =—0.1688 + 0.9542 +1,6308 = 2.4162 
y = Antilog (2.4162) = 261 


(iv) °V2.709 x 7 /1.239 
Solution: Let y= 32.709 x 1.239 
logy = log( 2.709 = 31.239 } = tog(2. 709) + log(1.239)? 
= $log(2.709) + t1og(1.239) = +(0.4328) +4(0.093 1) 


=0,0866+0.0133 =0.0999 
y = Anti log(0.0999) = 1.258 
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Ww) (20 
“a _ (1.23) (0.6975) 
Solution: Let y ="(9 0075) (1278) 


= tg be23) (0.6975) 
log y= log “(9 0075) (1278) 
= log (1.23) + log (0.6975) — log (0.0075) — log (1278) 
= 0,0899 + 1.8435 -3.8751-3.1065 
= 0.0899 + (-1+.8435)-(-3 + 0.8751) -3.1065 


= 0,0899 ~-0.1565 + 2.1249—3,1065 
= ~1,0482 =(2-1.0482)-2=2.9518 


y = Antilog(2.9518) = 0.08950 


3 (0.7214x2037 
“) YY 68 


Solution: Let y= 5 [ratax837 


i 
_ 4.0 (0.7214%20.37)} 1, (0.7214 20.37 
logy= log 68 | 3 log 60.8 


- $[log(0.7214)+ log (20.37) - log (60.8) | 
= 4[1.8582+1.3090-1.7839] =4[-1+ 0.8582 +1.3090-1.7839] 


= +{-0.1418 +1.3090-1.7839] =-0.2056 = (1-0.2056) ~ | 


= 1.7944 _ 
y = Antilog (1.7944) = 0.6229 


vy See 
127 x 5246 


, 83x?,/92 
Selatan, Lt yn '127 x i 


— 83x 3/92 
127 «4/246 


logy =log(83) + log(92)? —log(127) —log(246)* 
logy = log(83) +4 10g(92) —log(127)~ + log(246) 


1 1 
logy = 1.9191 +5 (1.9638) - 2.1038 -< (2.3909) 
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log y = 1.9191 + 0.6546 — 2.1038 —-0.4782 

log y =-0.0083 | 
log y = (1-0.0083) —1 
log y = 1.9917_ | 

y = Antilog (1.9917) | 

y=0.9811 


(438) [0.056 


(viii) (a8ay* ; 
Solution: Let 2 


(438)°(0.056)? 
(388)* , 


logy = log(438) +4 log(0.086) - log(388)° 
logy = 3log(438) + 4 1og (0.086) - 4log(388) 
logy = 3(2,6415) + 1(2.7482) —4(2.5888) 
logy =7.9245+4(-2+0.7482)~10.3552 


log y = log 


logy = 7.9245 +3 (1,218) - 10.3552 


log y = 7.9245-0,6259 —10.3552 
log y = —3.0566 
log y = (4—3.0566) -4 
logy =4.9434 _ 
y=Antilog (4.9434) y= 0,0008778 : 


2. Agasis expanding according to the law pv’ = C. Find C when p=80, v=3.1 and n=7- 
Solution: py" =C 7 
log(pv") = logC 
logp + logv" =logC 
log p + nlogv=logC 
log (80) + 3 log (3.1) = loge 
1,9030+ 5 log(3.1)=logC 


1.9030 +3 (0.4914) = ogc 
1,9030+ 0.6143 = logC 


f 
i 
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2.5173 = log C 
or C = Antilog (2.5173) 
C= 329.2 
3. The formula p = 90 (5) applies to the demand of a product, where q is the 
number of wuts and p isthe price of one unit. How many units wil be demanded if 
the price is Rs. 18.007 
Solution: p=90(5) 


logp=loe(90(5)* 


logp = log 90+ log(5)™ 

- logp=1og90+{ -)log(s) 
logp=og90-Alogs 
log!8 = log90- 1 logs 


1.2553 = 1.9542 - 7 (0,6990) 
1.2553~1.9542 = ~q(0.6990) 


~0,6989 =—=1-(0.6990) 


_ 0.06989 
9= "9.6990 
q = 10units 
4. IfA=xr7, find A, when x= 22 andr=15, 
Solution: A= 
log A = log( xr”) 
logA =logx + logr” 
log A = logx + 2ogr 


lbgA= log 2?) +2log( s) 


log A = 0.4973 + 2(1.1761) 
log A = 0.4973 + 2.3522 
log A = 2.8495 
A = Antilog(2.8495) 
A=707.1 


5 OMV= } arth, find V, when x= 22 , 12.5 and h= 4.2 


Solution: V =4mr7h 
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1. 


log V = log(4nr*h} 
log V= log(3)+ logn+logr’ +logh 
log V = log(+}+ logn + 2logr+logh 


log V = log(4) + log 2) + 2log(2.5) + log(4.2) 


log V = -0.4771 + 0.4973 + 2(0.3979) + 0.6232 
log V = -0.4771 + 0.4973 + 0.7958 + 0.6232 
log V = 1.4392 
V =Antilog(1.4392) 
V =27.49 


Multiple Choice Questions. Choose the correct answer. 


(i) Ifa‘=n, then | 
(a) a= logyn (b) x=log,a (c) x= log.n 
(ii) The relation y = log,x implies 
(a) x =z (b) 2 =x (c) x"=y 
(iii) The logarithm of unity to any base is 
(a) | (b) 10 (c) ¢ 
(iv) The logarithm of any number to itself as base is 
(a) | (b) 0 (c) ,-1 
(vy) loge= ,»wheree = 2.718 
(a) 0 (b) 0.4343 (c)' «© 
(vi) The value of log @) is 
(a) logp—logq = (b) _ (c) logptlogq 
(vii) log p—logq is same as 
q Jog p 
(a) tox{3) (b)log(p-a) ©) ogg 
(viii) log (m") can be written as 
(a) (log m)" (b) m log n (c) nlogm 
(ix) log,a x log.b can be written as 
(a) logsc (b) logea (c) ‘ logsb 
(x) log, x will be equal to 
log.x log.z log,x 
@) log,z (b) logyz (c) log.y 


' 


(d) a=log,x 
(d) =x 
(d) 0 

(d) 10 


(d) | 


(d) log q- logp 


(d) log ) 


(d) log (mn) 


(d) logye 


logzy 
(d) log,x 
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Answers: (i) c (ii) b (iii) d (iv) a (vy) b 
(vi) a (vii) d (viii)c (ix) b (x) c 
2 Complete the following. 


(i) For common logarithms, the base is «0.0.0.6. sss 

(ii) The integra] part of the common logarithm of a number is called the ............ 

(iii) The decimal part of the common logarithm of a number is called the .......... “ 

(iv) Ifx=log y, then y is called the ... ...,..... of x. os 

(v) If the characteristic of the logarithm of a number is 2, that number will have 
+srveneee ZEPFO(S) Immediately after the decimal point. 

(vi) If the characteristic of the logarithm of a number is |, that number will have 

ssseceees Gigits in its integral part. 


Answers: (i) 10 (ii) characteristic (iii) mantissa 
(iv) anti-logarithm (v) one (vi) 2 
3. Find the value of x in the following. 
(i) — log,x=5 
Solution: logx=5 => x=3° =>  -x=243 
(ii) log,256=x 
Solution: log,256=x=>  4*=256 => F=f = x=4 
(ii) logus5= 2 x , 
Solution: logss 5 = i x => 625 =5 = (5) =5 > 5t=5! 
=~ Xml 
liv) toggx = -2 
"2 4 4) 243 
Solution: log,, x =— => x=64 =>x=4 => x=4 “9 -i6 


4, _ Find the value of x in the following. 
(i)  logx=2.4543 
Solution: logx=2.4543 
x = Antilog(2.4543) = 284.6 
(ii) logx=0,.1821 
Solution: 
logx = 0.1821 
x = Antilog(0.1821) =1.521 
(iii) logx=0.0044 
Solution: 
log x = 0,004 
x = Antilog(0.004)=1.010 
(iv) logx=1.6238 _ 
Solution: logx =1.6238 


Visit www. .downloadclassnotes.com for Notes, Old Papers, Home Tutors, Jobs, IT Courses & more. 
(Page 117 of 419) 


For more notes & academic material visit our Website or nstall our Mobile App 


Website: www.downloadclassnotes.com Mobile App: bit.ly/DCNApp 
MATHEMATICS (EM) NOTES FOR 9" CLASS (PUNJAB) 


Na ey en en ee ee 
x = Antilog( ae) 0.04205 
5. If log 2 = 0.3010, log 3 = 0.4771 and log 5 = 0.6990, then find the values of the 


following. 
() log 45 
Solution: 


log45  =log(3x3x5) 
= log3 + log3 + log 5 


= 0.4771 +0.4771 + 0.6990 
=1.6532 
(i) fog 78 
Solution: 
log if = log16—logl5 
= log 2* —log(35) 
= 4log2—[log3 +log 5] 
= 4log 2 —log3—log5 
= 4(0.3010)-0,.4771—0.6990 
= 1,2040—0.4771-— 0.6990 
= 0.0279 
(ili) log 0,048 
Solution: 
48 
log 0.048 = 8 noo 
= log 48 — log 1000 


= log(2x 2x 2x23) log(2x2x2x5x5x5) 
= log(2* x3)- log (2° x5?) 
=[log 2° + log3 |-[ log 2° + logs” | 


=4 log 2+ log3—3log 2-3 log5 
= 4(0.3010) + 0.4771 -3(0.3010)-3(0.6990) 


= 1.204 +0.4771-0.903— 2.097 


=—1.3189 
=(2-1.3189)-2 
= 2.6811 
6. Simplify the following. 
i)  43¥25.47 


Solution: Let y= °V25.47 e 
logy = log(25.47)} 
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log y =} log (25.47) 


log y =+(1.4060) 


log y = 0.4687 
y = Antilog(0.4687) 
y =2.942 
(i) 9342.2 
Solution: y = °342.2 
! 
log y = log (342.2)s 


log y = = log(342.2) 


log y = = (2.5343) 


log y = 0.5069 
y = Antilog(0.5069) y=3.213 
(8.97)*x(3.95) 
15.37 


8.97) x(3.95) 
Solution: Let Ly 3 15.37 


! 
log y = log(8.97)' + log(3.95)' — log (15.37) 
log y = 3log (8.97) + 2log(3.95) — ; log (15.37) 


log y = 2.8584 +1.1932 — 0.3956 
log y= 3.6560 

y = Anti log (3.6560) 

y = 4528.98 => 4529 


SUMMARY 


If a*= y, then x is called the logarithm of y to the base a and is written as 

x = logsy, where a> 0,a#1 andy >0. 

If x = logay, then a* = y. 
If the base of the logarithm is taken as 10, it is known as common logarithm and if 


+ + 
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SSSSSSSSSSSSSSSSSSSSSSSSSSSESSSSSSSSSSSSSSHS SSS Ssesseseeeseeoeooeocc©cx 
the base is taken as e (~2.718) then it is known as natural or Naperian Jogarithm. 

The integral part of the common logarithm of a number is called the characteristic 

and the decimal part the mantissa. 


+ 
* 


+t¢e + + 


(i) 


(ii) 


For a number greater than 1, the characteristic of its logarithm is equal to 
the number of digits in the integral part of the number minus one. 

For a number less than 1, the characteristic is always negative and is equal 
to the number of zeros immediately -— the decimal point of the number 
plus one, 


When a number is less than 1, the characteristic is always written as 3, 2, 1 
(instead of —3, -2, -1) to avoid the mantissa becoming negative. 

The logarithms of numbers having the same sequence of significant digits have the 
same mantissa. 

The number corresponding to a given logarithm is known as antilogarithm. 

log. 10 = 2.3026 and logic? = 0.4343. 

Laws of logarithms: 


(i) 


log,(mn) = log, m + log, n 
m 
logs (=) = log,m — log,n 


log, (m") = n logsm 
logan = logyn x log,b 


ete 
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SSSsSSseSsSsSeSSseSSsSSsSSSsSSSSSSSeSsSSsSsSeSSeSSsSesseeeseeseeoocseeeococoococoooc 


ALGEBRAIC EXPRESSIONS AND 


4.1 Algebraic Expressions 4.2 Algebraic Formulae 
4.3 Surds and their Application 4.4 Rationalization 


After studying this unit the students will be able to: 
% know that a rational expression behaves like a rational number. 


p(x) 


%% © define a rational expression as the quotient a of two polynomials p(x) and 


q(x) where q(x) is not the zero polynomial. 
examine whether a given algebraic expression is a 
* polynomial or not * rational expression or not 


define ae as a rational expression in its lowest terms if p(x) and g(x) are 
polynomials with integral coefficients and having no common factor. 
examine whether a given rational algebraic expression is in lowest form or not. 
reduce a given rational expression to its lowest terms. 
find the sum, difference and product of rational expressions. 
divide a rational expression with another and express the result in its lowest 
terms. 
find value of algebraic expression at some particular real number. 
know the formulas: 

(a + b)? + (a — b)' = 2(a* + b’) 

(a + b)’—(a—byY =4ab 
find the value of a’ + 6’ and of ab when the values of a + b and a — b are 
known. 
know the formula: 

(a+b +c) =a*+b?+c7+2ab+ 2be + 2ca. 
find the value of a’+b*+c? when the values of atb+c and ab+bc+ca are given. 
* — find the value of a+b+c when the values of a* + 6’ + c? and ab +be+ ca 
2 are given. 
* find the value of ab+be+ca when the values of a’+b*+c* and atb +c are 

iven. 


% 


& 
& 
& 
& 
3 
& 


*& & 
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t = Know the formulas 
(a + by’ =a? + 3ab(a+b) +b 
— by’ =a’ — 3ab(a— b) — 2° 
* Find the value of a’ + b’ when the values of a + 5 and ab are given. 
* Find the value of x’ + 4 when the value of x ++ is given. 
Know the formula 7 
a+ b = (a+b) (a? F ab+b’). 
%* — Find the product of x+ + and x?+ +1. 
x 


* Find the product of x- + and x? + 1+ 1. 
x 


* Find the continued product of 
(x+y) (x-y) (x? 4ayty?) (ayty?). 
Recognize the surds and their application. 
Explain the surds of second order. Use basic operations on intl of second 
order to rationalize the denominators and evaluate it. 
Explain rationalization (with precise meaning) of real numbers of the 


] 1 
types and their combinations where x and y are natural 
a+bvx Vx +Jy , 


numbers and a and 6 integers. 
Algebra is a generalization of arithmetic. Recall that when operations of addition 
and subtraction are applied to algebraic terms we obtain an algebraic expression. For 


instance, 5x* —3x + = and 3xy +2 (x #0) are algebraic expressions. 


A polyno in the variable x is an algebraic expression of the form 

a,x" +a,_x" +a, x"? +...48,X+8,, a, #0, .....-(i) 

Where n, the highest power of x, is a non-negative integer called the degree of the 
polynomial and each coefficient a, is a real number. The coefficient a, of the highest 
power of x is called the leading coefficient of the polynomial. 

From the study of similar properties of integers and polynomials w.r.t. addition 
and en pra we may say that ees behave like integers. 


Let a and 5 be two integers, then > is not —"s an integer. Therefore, 
number system is extended and, is senate as a rational number where a, b€Z and 6 = 0. 


p(x) 


Similarly, if p(x) and g(x) are two polynomials, then a(x) is not necessarily a 
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polynomial, where g(x) + 0. Therefore, similar to the idea of rational numbers, concept 
of rational expressions is developed. 


Rational Expression: 
The quotient cai of two polynomials p(x) and q(x), where q(x) is a non-zero 


polynomial is called a rational expression. For example, Seth 3x +8 # 0 is a rational 


expression. 
In the rational expression") , p(x) is called the numerator and q(x) is known as 
the denominator of the rational expression . The rational expression P(x) need 


q(x) 
not be a polynomial. 
Remember: Every polynomial p(x) can be regarded as a rational expression, since we 


can write p(x) as Pa) Thus, every polynomial is a rational expression, but every 
rational expression need not be a polynomial. 


Properties of Rational Expressions: 

The method for operations with rational expressions is similar to operations with 
rational numbers. 

Let p(x), q(x), r(x), s(x) be any polynomials such that all values of the variable that 
make a rational expression undefined are excluded from the domain. 


Then following properties of rational expressions hold under the supposition that 
they all are defined (i.c., denominator (s) # 0) 


(i) Soar 8 if and only if p(x) s(x) = q(x) r(x). (Equality) 


(ii) ee (Cancellation) 
(iii) P(x), 1)? a(x) +a(x)e(s (Addition) 
q(x)” s(x) q(x)s(x) 
p(x) | r(x) _ p(x)s(x)-q(x)r(x) 7 
ate) 8x)” alx)a(x) — 
p(x) r(x) _ p(x)r(x 


=a pon 
v PAN, 4 TUS = Px)a(x) vision 


for Notes, Old Papers, Home Tutors, Jobs, IT Courses & more. 
(Page 123 of 419) 


(v) (Multiplication) 


~ 


Visit 


For more notes & academic material visit our Website or nstall our Mobile App 


Website: www.downloadclassnotes.com Mobile App: bit.ly/DCNApp 
MATHEMATICS (EM) NOTES FOR 9" CLASS (PUNJAB) 


(vii) Additive inverse of P (x , 5s“ P(x), 


a(x) a(x) | 


(viii) Multiplicative inverse or reciprocal of 


p(x) , a , p(x) #0, a(x) £0. 


) 
a(x) p(x)’ 
Rational Expression in its Lowest form: 

The rational expression —— p(x P(x) ; is said to be in its lowest forms if p(x) and g(x) are 


a(x) 


polynomials — integral coefficients and have no common factor. 


For example, ——— a1 is in its lowest form, 
x? +1 


To examine whether a rational expression \s in lowest forms or not: 
To examine the rational expression a ., find H.C.F. of p(x) and g(x) if H.C.F is 
t— 


| then the rational expression is in lowest form. For example, — 
x’ + 


a is in its lowest 


form as H.C.F of X—1 and x* +1 is 1, | 
Working Rule fo reduce a rational expression to its lowest forms: 


Let the given rational expression be a3 , 
Step:  Factorize each of the two polynomials p(x} and g(x). 
Step II: Find HCF of p(x) and g(x). 
Step IIT: Divide the numerator p/x) and the denominator g(x) by the H.C.F of p(xjand 

q(x). The rational expression so obtained, is in its lowest forms. 

In other, words an algebraic fraction can be reduced to its lowest forms by first 
factorizing both the polynomials in the numerator and the denominator and then 
canceling the common factors between them. 

Example: Reduce the following algebraic fractions to their lowest forms. 

(i) ix+mx-ly-my (il) 3x7 +18x4+27 

3x’ -3y’ 5x7 -45 
Solution: 


ri emmy my _ x(1+m)—y(l+m)_ (1+m)(x-y) _ _l+m_ 


3x? ~3y" Hx-y') —-3(K+y)(x-y) 3(x+y) 
iy 3x 418x427 _3(x° +6x+9)_3(x+3)(x+3)_ 3(x+3) 
5x? ~45 5(x*-9) » §(x+3)(x—3)  5(x-3) 


Sum, Difference and Product of Rational Expressions: 
For finding sum and difference of algebraic expressions containing rational 
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expressions, we take the L.C M. of the denominators and simplify as explained in the 


following examples. 

jd. Se : = © 
Example-1: Simplify (i) xy rg ot © 70 r4' ms 
Solution: 
@ 4, et - x 


= - + 
x-y x+y x'-y’ x-y x+y (x+y)(x-y) 
_xt+y—(x—-y)+2x x+y—-x+y+2x 
(x+y)(x-y) ae 


a 2kt2y (x+y) 2 
(x+y)(x-y) (x+y)(x-y) x-y 
2x? x l 2x? x 1 
ae ee a 
® x-16 «8-4 x+2 (x? +4)(x’-4) x4 x42 
2x? x -% 


2x? ~x(x? +4)+(x?+4 (x-2) 
‘: (x? +4)(x+2)(x-2) 
_ 2x) —x' -4x+x° +4x—2x'-8 
(x? + 4)(x+2)(x-2) 
@ -8 
(x? +4 (x+2)(x-2) 


Example-2: Find the product -* +h Ae ay (in simplified form) 


2 2 
x+2 4x?-9y? _(x+2)[ (2x) -(3y) | 
2x-3y xy+2y (2x -3y)(x+2)y 
x +2)(2x +3y)(2x—3y 2x +3y 
= 
y(x+2)(2x-3y) y 


- Dividing a Rational Expression with another Rational Expression: 
In order to divide one rational expression with another, we first invert for changing 


Solution: 
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SSSSSeSsSSsSSeseSSsSSsSSSSSSSSSSSeSsSSSsSSSSeSSsSesSeeeseseeooeeeoecococooecsceces= 
| . 


division to ag and simplify the resulting product to the lowest terms, 


me 
SCT 458 Ti x-4 
xy, My Tay x? -4 
x’-4x4+4 x?-4 x?-4x4+4 lay 
Txy (x+2)(x- 2) _ x(x+2) 
~ (x= 2)(x- 2)/ l4y ~ 2(x-2) 
Evaluation of Aigebralc Expression at some particular Real Number: 


Definition: If specific numbers are substituted for the variables in an algebraic 
expression, the resulting number is called the va/ue of the expression. 


Example: Evaluate 208 y= 4 and y=. | 


Solution: 


5(x+y) 
Solution: 3x? fy +6 _ _3(-4)' V9 +6 _3 16 3)+6._ 150 _¢ 
S(x+y). 5-449) 5(5) 25 


1. Identify whether the following algebraic| expressions are polynomials (Yes or 
No). 
(i) ax +ts (li) 3x°-42 -xJx +3) (ii) 2-3x+2 (iv) iri? 

Ans: (i) No dit) No (iii) Yes (iv) No 

2. State whether each of the following expression is a rational expression or not. 
(i) _3yx_ (ii) #-2x +3 iii) 2 +Ox+9 (Iv) 2yx+3 


3Vx4+5 2+3x-x x -9 QWr-3 

Ans: (i) No (ii) Yes (iii) Yes (iv) 
3. Reduce the following rational expressions to the lowest form. 
(i) 120x7y' 2 | 

30x yr" | 

3 
Solution: Loven td = 4x*y'z' xx? yz? = 4x} tyotz5? =4x"ly*z? = 4y'z’ 
30x* yz? x 

ay SAx+1) 


8a(x+1) _ _4a(x+l) _ 


2(x?-1) ~ (x+1)(x-1) 


4a | 
1 
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(iit (x+y) ~-4ay 


(x-y) 
wane let? Ko I he i I 
(x-y) x? +? —2xy x? +y* —2xy 


2-P)(2-2ay+/) 
om ery 


(x —y")(x? —2xy +’) x? —y’)(x? -2xy+y’ 


Solution: (e-y(e aay ty’) = (x*-y’ 
ae ee oe = 
na (x+2)(27-1 ox! +y ~ day a(x) 
(x+1){27-4 


_ (6+2)(x?=1) _ (x+2)(x+1)(x-1) _ (x1) 
wages (x+1)(x? -4) ~ (x+1)(x+2)(x-2)  (x-2) 


x -4x+4 
(vi) 8 


So _ x 4x44 . x-2) % (x-2)(x-2) __*72 
am = 2(x*-4)  2(x+2)(x-2) 2(x+2) 
(vii) 64° -64x 


(x +8)(2x+ 2) 


64x° — 64x 64x(x*-1) _ 64x(x’ +1)(x*-1) 


Solution: (8x? +8)(2x+2)  8(x?+1)2(x+1) — 16(x?+1)(x+1) 


_ 4x(x4+1)(x-1 
‘ (x+1) 
(vii aces 
ae 
9x? —(x a. (3x) —(x’ =) _(3x- -—x ?44)(3x+x° 4) 


443x-x? 443x—-x° (3x—x? +4) 
=(x? +3x-4) 
4. (a) Evaluate (a) “2-22 for (i) x=3,y=-1,2=-2 (il) x=-1,y=-9,2=4 


Solution (): x’y -2z _ 3) (-))- 2(-2) _ ENC+4 =. S =35 
xz (3)(-2) 6 


= 4x(x-1) 


Visit www.downloadclassnotes.com for Notes, Old Papers, Home Tutors, Jobs, IT Courses & more. 
(Page 127 of 419) 


For more notes & academic material visit our Website or nstall our Mobile App 
Website: www.downloadclassnotes.com Mobile App: bit.ly/DCNApp 


MATHEMATICS (EM) NOTES FOR 9* CLASS (PUNJAB) 


x*y-2z _(-1 (-9)- 2(4) ,9-8 1 


(4) 4 4 


(b) nye forx = 4, y =-2,z=-1. 
Solution: <2 = 52" _ (4) -2)'-5(-1)' _16(-8)-5(1) 
xyz 8 


Solution (ii): 


(4)(-2)(-1) 
_7128-5_ 133g 5 
. rr: % 
5. Perform the indicated operation and simplify. 
a ~_4.,..1. 
2x-3y 3y-2x 
Solution: a. ee. — ee. |. a 
2x-3y 3y-2x 2x-3y ~(2x- 3y) 2x-3y 2x-3y 
_15+4 19) 
“2x- 2x—3y ~ 2x—3y 
(ii) 142x_ 1-2” 
1-2" 142x 
‘ 1+2x 1-2x (1+2x)' (12x)! 1+4x? +4x —(1+4x? - 4x 
Solution; ——-—— = - ; . 
1-2x 1+2x = (1—2x)(1+2x) (1) -—(2x) 
_ 44x? +4x-1-4x7+4x _ 8x 
hie 1—4x? 1-4x? 
~49 _ X+ 
ci x-36 x+6 
Solution: *1=25_ «+5 _ (x? 25) -(x+5)(x-6) 
= % ~x+6 x’ -36 
(x +5)(x-S)-(x+5)(x-6) _ (x- i -5-x+6) 
x? ~ 36 x? ~36 
= {8+5)()._x+s 
x°-36 x?-36 
x - 
tiv) RY XY ¥-¥ 


Solution: a on 
X-y X+y x?-y? 


* +xy- a Ss AA — 2xy _ x? + ? = 2xy _ x-y)’ 
x? -y? “(x+y)(x-y) x+y)(x-y 


Visit www.downloadclassnotes.com for Notes, Old Papers, Home Tutors, Jobs, IT Courses & more. 
(Page 128 of 419) 


For more notes & academic material visit our Website or nstall our Mobile App 
Website: www.downloadclassnotes.com Mobile App: bit.ly/DCNApp 


MATHEMATICS (EM) NOTES FOR 9* CLASS (PUNJAB) 


a 
Sar CS x+y 

x-2  x+2 = x-2 = x+2 
x7+6x+9 2x*-18 (x) +2(x)(3)+(3)  2(x+3)(x-3) 


x-2 x+2 2(x —3)(x -2)-(x+2)(x+3 


(x43) 2(x+3)(x-3) 2(x-3)(x +3) 


2 x? ~2x-3x+6)-(x? +3x+2x +6) 


2(x-3)(x+3) 
_2(x? -Sx+6)—(x? +5x+6) 
2(x-3)(x+3) 
_ 2x? -10x +12—x’ -5x-6_ x? ~15x +6 
~—-2(x=3)(x +3) 2(x—3)(x+3) 
a on a eo 


ae er 


X71 X41 41 I 


Solution: - e 


1 x+l x74, x‘-1 


_ (xt)? +1)-(x~ I{x" +1)-2(x?-1)-4 
| (x‘-1) 


(x? +x#x*+1)-(x’ +x—-x? -1 ~(2x?-2 -4 
; (1) 
= XtK +x¢lax’ +x’ —x+1-2n' 42-4 _ 0 29 
x*-1 x*—1 
6. rei: : decree. 


(x9) 5832 


Solution: (x? ~ 49), +2 x(x p-1, $523 ofan 
(ii) 4x-12, _18-2x7 | 
“x -9 46x49 
4x-12 _18- 2x’ 
x-9 x +6x+9 


Solution: —_—— 
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mcesyics 3) (xy 20000) 


__4(x-3} (x+3 
(«+3)(x-3) “ToT (3yr-(n) 
4(x-3 x+3)(x+3) 2 


~(x+3)(x-3) - (3+x)(3- x) G-x) 
rn, 


a et pears ny 2 le") 
Solution: Y +(x ty y‘)= (x? =i Tay) 
x-1 x45 


e x?-y *)(x* +x*y'+y‘ ‘ 1 
es xy’) (xt+xty?+y*) | 
(lv) ee 2x+T rx 


x’-1 x+5_ (x+1)(x-l) x+5 
Solution: ————.. = , 
OMe +axtl T-x (x+y -(x-1) 
(x+]) oe ee 
~ (x41)(x4+1) x+1 


y(x+y) yxy)” ay- way 


x? +xy" x +xy x'-x _ x’ +xy x +xy x? —x 


(ill) 


ee yixty) y(x+y) xy—2y y(xty) y(x+y) xy—2y 
_x(x+y) x(x+y) | ). y(x-2) -2) _ x(x- -2) 
~ y(x+y)) y(x+y) x(x-1) os 
P acerrac roma | 
Using the formulas: 


(i) ew J +(a-b) =2(7 +6) and (a+5)'- -(a- by =4ab 

The process of finding the values of a’ + b’ and ab is explained in the following 
examples. 
Example: If a +6=7 and 2- 6=3,thenfindthevalueof (a)a?+2’ (b) ab 
Solution; Given a+5=7 and a—-b=3. 
(a) To find the value of (a? + b*), we use the formula 


. [ 
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(a+b)? + (a—b)” = 2(a + b*) 
Substituting the values a + b= 7 and a— 6 = 3, we get 
(77+ 3) =2(a?+ b’) 
49+9 =2(a*+b*) 
58 = 2(a* + b*) 
29 =a? +b? 
Or a’ +b?= 29 
(b) To find the value of ab, we make use of the formula 
(a+b?-(a-bP =4ab 


(77-GF = 4ab 

49-9 = 4ab 

10 =ab 

Or ab =10 


(li) = (a+b+c)? = a*4+-b?+¢7+2ab+2bc+2ca 

This formula, square of a trinomial, involves three expressions, namely; 
(a + 6 +c), (a® +b” +c”) and 2/ab + be + ca). If the values of two of them are known, 
the value of the third expression can be calculated. The method is explained in the 
following example. 


Example-1: if a’ + b’+ C= 43 and ab + 6c+ ca =3, then find the value of a+ 5+ c. 
Solution: We know that 
(a+b+c) =a’ +b’ +0? + fab + be + ca) 
(a+ b+cf =43 + 2(3)=43 +6=49 
=> a+b+c=+y49 =+7 
Example-2: if a+b+c=6and 2 + & +c’ =24 then find the value of ab+ be + ca. 
Solution: We have 
(a+ b+c) =a? +b? +c? + 2ab + 2be + 2ca 
(6)? = 24 + 2(ab + be + ca) 
36 = 24 + 2(ab + be + ca) 
12 = 2(ab + be + ca) 
Or ab + be + ca=6 
Example-3: If a+ b+¢=7 and ab + bc+ ca=9, then find the value of a’ + 2’ +c. 
Solution: We know that 
(at+tb+c)f =a" +b? +c? + 2ab + 2be + 2ca 
{at+b+c) =a? +b’ +c? + 2(ab thet ca) 
(79 = a°+b’+c7+2(9) 
49 =a’+ b*+07+18 
Or a’ +b? +c? =49-18=31 
(iii) (a+bP=a'+3ab(a+b)+b* and {a-bP=a'-3ab (a-b)-b* 
Example-1: If 2x -Zy= 10 and xy= 2 then find the value of 8x? - 27)’. 
Solution: Given 2x — 3y =10 
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(2x-3y") = (10) 
8x°—27y?—3*2xx3y (2x-3y) = 1000 
8x? -27y? — 18xy (2x—3y) = 1000 
8x’-27y'-18*2x10 = 1000 
8x -27y -360  =1000 
8x’~ 279° = 1000 + 360 = 1360 


Example-2: If xe = 8, then find the value of x’ + 4 : 


Solution: Given x + =8 
=> (x+4) =(9) 
x 
=> w+ Hedexxt{xet)=sia 
x x x | 
| 
=> e+ heax{xet)=si2 
x x 
= x 4143x8512 
x 
=> +4245 512 
x 
> +t a ase 
x 
= ee ee 4 
Example-3: If x 2 4 find x 7" | 
Solution: We have x-—=4 
a 
=> [x-2) = 64 
x 
AN, xv --3{x—+}=64 
x x 
3 x? -+-3(4) = 64 
x 
= x?- +12 =64 
x 
- xt 264412 
x 


ee _____. ee 
; 


Visit www. .downloadclassnotes.com for Notes, Old Papers, Home Tutors, Jobs, IT Courses & more. 
(Page 132 of 419) 


For more notes & academic material visit our Website or nstall our Mobile App 
Website: www.downloadclassnotes.com Mobile App: bit.ly/DCNApp 


MATHEMATICS (EM) NOTES FOR 9" CLASS (PUNJAB) 


> x? a 16 
x 
(iv) ge, lb , , 
The procedure for finding the products of € +) and x? +—>F 1 is explained 
in the following examples. x x 
Example-1; Factorize 64° +343y° 
Solution: 64x’ +343y’ =(4x)’ +(7y) 
=(4x+ 7y)| (4x) ~(4x){ Ty) +(7y)"| 
= (4x +7y)(16x* -28xy + 49y") 
Example-2:Factorize 125x°- 1331y° 
Solution: 125x’ -133ly’ =(5x) —(Ily) 
=(5x-11y)| (Sx)* +(5x)(11y)+(I1y)’ | 
=(Sx-1ly)(25x? +5Sxy +121y’) 
Example-3: Find the product (3x+ VS -14435) 
Solution: 


Grease tae) Gea) Ge) 
(is) aoe 
Example-4: Find the product (é r Els A! 1) 


stn: ($45 at + 3511) =($a- 2.) Se 3S) 
Hes (Ss eve) 


-(+)-()-B°-2 

5 4x 125° ~ 64x? 

Example-5: Find the continued product of (x + y)(x -y)(x? + ay+ y) (2 - ay 4?) 

Solution: (x + y) (x -y) OP txyt+y) 0? yt Y) = ety) apt Via sietayty) 
= (tye) =? -(y'P"x*-y 


r 
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| Solved Exercise 4.2 | 


1. () ifa+=10anda- 6=6, then find the value of (a* +b’). 
Solution: Given a+b=10, a-—b=6, a+b? =? 
We know that , 
2(a? +b’ =(a+b) +(a—b)" 
2(a? +b") =(10) +(6)' =100+36 =136 
oe 
(H) Ifa+ 6=5, a- b=\/17, then find the value of ab, 
Solution: Given a+b=5, a-b= 17 
Weknow that 
4ab =(a+b) -(a—b)’ | 
4ab =(5)' -(Vi7) =25-17=8 


ab= 3-2 
2, a+b? +C=45 anda+ 6+c=-1, then find the value of ab + bc+ ca. 
Solution: Given a? +b’ +c*=45, a+b+c=-l, ab +be +ca=? 


(at+b+c) =a +b? +c? + 2ab + 2be + 2ca 
(-1)? = 45 + 2(ab + be +a) 
1 = 45 + 2(ab+ dc +ca) 
—44 = 2(ab + be + ca) 
Or ab + be + ca =-22 
3. ifm+n4p=10 and mn + np+ mp= 27, then find the value of m? +n’ +p’. 
Solution: Given m+n+p=10, mn+np+mp=27, m? +n? +p*=? 
We know that 
(m+n+p) =m’ +n? +p’ +2(mn+np+mp) 
(10)’ =m? +n? +p? +2(27) 
100 =m? +n? +p? +54 
100-54=m*? +n? +p 
46=m’?+n'?+p’ 
m? +n? +p’ = 46 
4 fx? + ¥ +2 =78 and xy+yz+ zx =59, then find the value of x+ y+ z. 
Solution: Given x? + y* +z’ = 78, xyt+yz+ zx= 59, xty+z=? 
We know that 
(xtyt2yP= x+y? +z +2(xy+yz+zx) 
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(x+y+z) =78+2(59) 
(x+y+z) =78+118 
(x+y +z) =196 


x+y+z) = +196 


x+y+z=114 
5. ifx+y+z=12andx’ +7 +2 = 64, then find the value of xy+ yz+z1, 
Solution: Given x+y+z=12, x? +y?+z’=64, xy +yz+zx=? 
We know that 
(x+y+z)' =x? +y? +27 +2(xy+yz+zx) 
Rive en 
144 = 64+ 2(xy + yz+zx 
144-64 = 2(xy + yz+zx) 
80 = 2(xy +yz+zx) 
80 
5 el iat calileal 
40 =xy + yz+zx 
xy + yz + zx = 40 
6. if x¥#y=7and zy= 1Z then find the value of x’ + y’. 
Solution: Given x+y=7, xy=12, x+y’ =? 
Now x+y =7 
(x+y) =(7) 
x+y? +3xy(x+y)=343 
x’ +y’ +3(12)(7)=343 
x? +y* +252 =343 
x? +y’ =343-252=91 
7.  3x+4y=11 and xy= 12, then find the value of 27x? + 549’. 
Solution: Given 3x+4y=11, xy=12, 27x’ + 64y' =? 
Now 3x +4y=11 
(3x+4y) =(11) 
(3xy + (4y)’ + 33x) (4y) Gx + 4y) = 1331 
27x? + 64y° +36(xy)(11)=1331 
27x" + 64y’ +36(12)(11)=1331 
27x! + 64y’ +4752 =1331 
27x’ +64y’ = 1331-4752 =-3421 
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8. Ifx-y=4 and xy =21, then find the value of x — y’. 
Solution: Given x-y=4,xy=21, x-y=? 
-y=4 
(x-y) =(4) 
x? -y*~3(xy)(x-y)=64 
x? —y’ -3(21)(4) =64 
x?-y’ —252 = 64 
x?—y’ =64+252=316 
9. If Sx- ~ igi spiel ames roe eM 
Solution: Given 5x—6y=13,xy =6, 125x’ - 216y°=? 
5x — 6y = 13 
(Sx -6y)’ =(13) 
(Sx)’ —(6y)’ —3(Sx)(6y)(Sx—6y) = 2197 
125x’ —216y’ —90(xy)(5x —6y) = 2197 
125x’ -216y’ -90(6)(13) =2197, 
125x’ —216y’ -7020 = 2197 
125x? —216y’ = 2197 + 7020 =9217 


10. If x+1=3, maa ha ea 


Solution: Ghee Kto 3, x 4? 


1 
x+—=3 
x 


(x+4} (3) 


x *+443(x)(+) x+4) =27 =2 


x3 4+43(3) =27 
x 


x+149=27 
x 


+4=27-9 =18 
x 


SS 
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11. if x-17, then find the value ofx? - 
Solution: Given exci, gre =? 
x x 


nto 
x 


xe? -+;-3(7) =343 
x’ -5-21-43 


x -—5=343 421-364 


12. if(3x+1)- 5 then find the value off 273 =} 
3 27x 
Solution: Given Ik+ao=5, 270+, =? 
1 
3x+—=5 
‘ x 


(e+) =(5)° 
(3x)° + (ty +3(3x+)a125 


27x° + hy +3(5)=125 
27x? +L, +15 =125 
27x 
27x) +L, =125-15=110 
27x: 


13. if (sx-34) = 6 then find the value ~ as): 


=? 


Solution: Given pint 125x° - - 
5x a5 
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5x we = 6 
5x 
& ’ z) =(6)° 
5x 


(5x) -(3) -3(5x)(4](se-2] =a16 


l 
-—1.-3(6)=216 
125x’ aaa 3(6) 


125x' -— > —18 =216 
x 


1 
3. . 
125x ins? 216+18 = 234 
14. Factorize (i) w-¥ -x+y (ii) 8x- 
Fae em es 
= (x-9\(xray+y')-(e9) 
™ (x-y)[(x’ +xy+ y*)-1] 


= (x-y)(x? +xy+y’ 1) 
Solution (ii): 


wate (oal (3) -(-$) nt (5) 


= (2x = ard 
15. Find the products, using formulas. 
()  (#+/)(4-2¥ +7) 
Solution: (x? +y*)(x*-x’y' +y")=(x°+y’)| (@) -(2)(>")+("Y | 
a(x?) +(y*) =x +y° 
Gi) (#-/)(4+xry' +y) 
Solution: 


(e-v fxtre'y +94)=(¢-¥ [el +) )+7)] 
=(x*) -(y’) =#°-y 


a 
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(UH) (x-y)(x+ y)(22 +7) (PF +274 7) (P -av te P) xt - +y') 
Solution: 


(x-y)(x+ y)(x? + y?)(x? +xy+ y*)(x’ -xy+y’ )(x* ~—x*y? + y‘) 

=[(x-y)(x" +xy +y*) [(x+y)(x? -xy+y*) |[ (x? +y")(x*-x’y? +y! )] 

=(x'-y')(x'+y))[x°+¥*) 

={(e) -(v') |x) 

n(x Jato") =(at} 0") ==" 
se: ks a or. hk 

= (2x? -1)(4x* + 2x? +1)(2x? +1)(4x* -2x? +1) 

=| (2%? y (1) | (2x y +(I) | 

= (8x* -1)(8x* +1) 

=(8x*)' -(1)' = 64x" -1 


SURDS AND THEIR APPLICATION | 
Definition: 


An irrational radical with rational radicand is called a surd. For example, 

Hence the radical Ya is a surd if 

(i) ais rational 

(ii) the result va is irrational. 

e.g, V3, V2/5,47, 410 are surds. . 

But Vx and ¥2+i7 are not surds because x and 2+~i7 are not rational. 
Remember: 

Note that for the surd Wa is called surd index or the order of the surd and the 
rational number ‘a’ is called the radicand. 

Every surd is an irrational number but every irrational number is not a surd. e.g., 
the surd Y5 is an irrational number but the irrational number Vz is not a surd. 


Operations on surds: 
(a) Addition and Subtraction of Surds: 

Similar surds Can be added or subtracted into a single term is explained in the 
following examples. 
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(i)  4/3-3¥27+2/75 (li) 128 - 3/250 + 432 
Solution: 


) 43-3274 2075 = 43 -3N9x3 + 2V25x3 = 43-393 + 225 x V3 
= 4/3 -9/3 +103 =(4-9+10) V3 =5V3 


(ii) Yi28 - 9/250 + 9432 = Y64x2 -Y125«2 +4216x2 
= (4) x2 -af(5)’ x2 +46) x2 


= 4V3 Si + 63 =(4-$+6) 2 = 582 


(b) Muitiplication and Division of Surds: 
We can multiply and divide surds of the same order by making use of the 
following laws of surds. 


ef 
dave =wab and oa 


And the result obtained will be a surd of the same order. 
If surds to be multiplied or divided are not of the same order, they must be 
reduced to the surds of the same order. 


Example: Simplify and express the answer in the simplest form. 


(A 1435 (Mm an 
Solution: 


(i) VI4N55 = V14x35 = JTx 2x 7x5 = (7) x25 


= (7) «10 = (7) x i0 = 710 
12 
(ii) Yotace 


For J32 the L.C.M. of orders 2 and 3 is 6. 
Thus V3 =(3)" =( 3)" i 35 = " 7 


po = = (2) =( ys =¢{(2) = fq 
12 & V2 _ fi2 
Hence Ya garda dios -{- E 
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Its simplest form is 
T0048 
3 3 3 3 
Solved Exercise 4.3 


1. Express each of the following surd in the simplest form. 


(i) 180 
Solution: J180 =J/2%2x3%3%5 m2? x3 XS MENS oo ie ce aes 


(li) + 3V162 By 

Solution: 3V162 =3V2x3x3x3x3 =3V2x3 x3" oinmatl 
=3x3x3¥2 = 27/2 ' 

(wi) 22/128 

Solution: 32/128 =3(128)"° = 3(2x2x2%2x2x2x2)) = 34D x2 x2 

=2x2x342 =3/2=H2 
(iv) oor ye 
Solution: /96x*y’z* = /2x2x2x2x2x3x°y'2" 


=(2° x3xx' xy? x23 (24 «33 wat uy x2!) auye(s972') 


che 


=2 3xy’z° 
2. Simplify 
y 8 
32 
MiB V3x2x3 _ V3V23 | ' 
rk ia wa tm | Lo 
(i) a3 


V21V9 _V7x3V9 _ V7V3V9 _ z 
Je Jix9 36 J79 
(i) 2a yA 


Solution: 4/243x*y'2"’ = (243x%y"2")3 


‘i (3° F(x? F(y") (2)5 = 3xy?z’ 


Solution: 
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Solution: = 425 =< (125) =4(s'p =3(8)=4 
(v)  J21x V7 x3 
Solution: V2 x V7 x3 = TKS x7 x3 = 7 3x 7x3 =V7x7x3x3 
=? xP =(7)} x(3) =7x3=21 
3. Simplify by combining shmilar terms. 
(i) J45-3/20+4/5 
Solution: 
V45 —3V20 + 4V5 = J3x 3x5 —W2x 2x5 +45 = WS 3x 2V5 +405 
=(3- a 
a * aVi2 +5V27- 375 + (300 


af +5 - 3V75 +300 <4/2x2x3 5a VEKGSE La /SGSxS + VERTIS 
= 4x 2/3 +5x3V3 -3x 5V3 +2 5V3 
=8V3 +1503 -15V3 +10V3 =(8+15-15+10) V3 = 18V3 
(iil) ma 
Solution: 3(2¥3 +3V3)=V/3xv3(2+3)= v3x3(5)= 3x5=15 
sid Boge + 
2(6v ~ 35) = 2V5 (6-3) = 2v5 (3) = 2x35 = 6V5 


4. ‘an 
) — (3+V3)(3- 1 
Solution: (3+3)(3-v3)=(3)' -(V3) =9-3=6 
(i) (4S +V35P 
Solution: 
(5 +3)? =(V5)' +(vB)' +2(V5)( V3) =5+3+ 2V5%3 


=8+2V15 
Wi) (4S + JEKV5-V9). 
Solution: (V5 +4/3)(V5 - A). = (v5) -(43) 


= §-3=2 
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wm (2-323) 


vans (8+) A) FE) 2-5 


(v)  (Vx+Jy\Wvx- yee yi +) 
Solution: (Vx +/y)(vx — Jy )(x+y)x? +9") 


=| (vi +V¥)(vx -V¥) |(x+¥)(x? +9") 
=| (ve) (Wa) (x+y) +¥") 
=(x-y)(x+y)(x'+y’) 
=[(x-y)(x+y)(x*+y*)]=[(x)* -0) (e+ ¥) 
=(x?-y?)(x? +y*)=(x) -(y*) ait-G 

| RATIONALIZATION OF SURDS 


(a) Definitions: 

(i) | A surd which contains a single term is called a monomial surd. e.g., V2, V3 etc. 

(ii) A surd which contains sum of two monomial surds or sum of a monomial surd and 
a rational number is called a binomial surd, 

e.g, V3+V7 ot ¥2+5or Vil -8ete. 
We can extend this to the definition of a trinomial surd. 

(iii) If the product of two surds is a rational number, then each surd is called the 
rationalizing factor of the other. 

(iv) The process of multiplying a given surd by its rationalizing factor to get a rational 
number as product is called rationalization of the given surd. 

(v¥) Two binomial surds of second order differing only in sign connecting their terms 
are called conjugate surds, Thus (Ja+vb) and (Ja -Vb) are conjugate surds 
of each other. 

The conjugate of x+Jy is x-Jy ‘ 

The product of these conjugate surds Va + Vb and Va—vVb , (Va +b) 

(va - Jb) =(Va)?-(vb)? =a—b is a rational quantity independent of any 
radical. 


Similarly, the product of a+ bvm and its conjugate a bm has no radical. 
For example, 


(3+-¥5)(3-—J5) =(3)" ~(V$) =9-5=4, which is a rational number. 
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(>) Ratlionalizing a Denominator: 

Keeping the above discussion in mind we observe that, in order to rationalize a 
denominator of the form a+ bx (ora— -bvx )}, we multiply both numerator and 
denominator by the conjugate factor a — bvx (ora+ bvx). By doing this we climinate 
the radical and thus obtain a denominator free of any surd. 


(c) — ee TG 


a+OVX 


For the expression eR Eat and their combinations, where x, y are 


natural numbers and a, 5 are integers, are explained with the help of following examples. 
58 
1; ‘ 
Example-1; Rationalize the Gmomineter=-_ 5 


Solution: To rationalize the denominator, we multiply both the numerator and 
denominator by the conjugate (7 + 2VS) of (7-2V5), i.e. : 
$8 7+2V5 __$8(7+2V5) _ 58(7+2V5) 
=r -2W5 7+2V5_ (7) -(2 Sy 49-20 
380228 ) 248) | 


Example-2: Rationalize the denominator 7 


Solution: Multiply both the numerator and denominator by the conjugate 
(v5 - et “3 
V5-J2_ 5-4/2) a 5S) 25 -V2) 
Ets “rT EE" (sy -@2) in tae 
Example-3: Simplify — 6 é ots 3. 
Solution: First we shall rationalize the denominators and then simplify. We have 
6, v6 3 
Wa-06 V3+N2 V6-\2 
6 ava +v6 | J v3-N2 4V3_ 6 +2 
“23-6. 243+ V6 "Fan “B-V2 ~ 46 -J2 “Ve +2 
62V3+V6) , V6(V3-V2) _4V3(v6 + V2) 
~ QN3) -(6y (3)'-(2) 6) - 2 
_ 6(2V3 +) N65 - v2) V2) Be 


12-6 3-2 
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_12V3+6V6 , Vov3-V6V2_4V3V6 +4v3 V2 


6 i 4 
= 2V3 +6 +3V2 -2,/3-3V2-V6 =0 
Example-4:Find rational numbers x and y such that 4545 = + yV5, 


Solution: 
443V5 _443¥5 4+3V5__(4+3V5)?__16+24V5445 _ 61+24V5 
4-3N5 4—-3V5 443V5 ~ (4y -GV5)" 16-45 -29 
61 24 ; 
ee a x+yv5 (given) 
Hence, on comparing the two sides, we get 
x=-H, y=-24 


tanaiiiilien tell tiene () xe (il) e+. 
Solution: Since x=34V8 


3-v8 S8 
CREE Se OF 


i) K+—=34+V8 +3- V8 =6 
(i) (x+4) =(6)' 


x? + 2(x)(L}+4 =36 


x? ++ =36-2=34 
x 


(I) rai 
eee aE Bo wW3 WS _ V3 
a3 W3V3 4(V5) 4x3 4 


Solution: = eae ee 
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_V7x7x2 _ 7y2 _ 
~ 7 v2 
- Ba 
Solution: «Ls = -6V216_ 

ae 27 KT 21 (J216) 

_ 6V6x6x6 _ _ 6x66 -%6 
‘ ~ 216 ~=—«216 
(iv) 
3+2V5 oc 

Solution: soil pp BINS ee — SES _. 


jaa" 3428 3-25 @3)' —(2v5) 
_ 3-25 _ 2-38 3-2y5 _ -4G-45) 


9-4x5 9-20. —I1 

(v) Ta 

ieee 1S V3144 | 15(y1+4) 
a ~Yai—4 3144 (Si) -(4) 
_1s(v31+4)_ a AS. _ iad 


, 31-16 
(vi) 


Js+v3__2(v5+N3) 
Solution: 2 = te “Tay ay 


_3 nn hi wld’ 


(vi) 3 a 


fi-1_fi-1, f-1 “(é- 
— V+ 541 3-1 (5) cy -(1) 


_(8) +(1)'-2 (¥3)() _ S+t~ tae 


3-1 
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(vill) 


5- 5 
ton: V4 aa Gh (v5 +3) 
$- 5- 5 +3 (/5) (v5) -(V3y) 
_(v5)' + sa a 54342015 
8125 ! 5 _ sev) ne =44+15 
y 3 Find the conjugate of x+./y . 
() 347 


Solution: Suppose z= =3+ 7 
The conjugate of z is z=3 3407: =3-V7 


(i) 4-5 
Solution: Suppose 2=4-J5 — 

The conjugate of z is 2=4-V5 =44+ 5 
(i) 243 
Solution: Suppose z=2+73 a 

The conjugate of z is ‘ z=24V3=2-3 
(lv) 245 K 
Solution: Suppose z=2+75 - 

The conjugate of z is 2=24+ 5 =2-J5 
(v) 5+ 7 
Solution: Suppose z= 5+7 _ 

The conjugate of z is 2=5+7 =5-7 
(vi) 4-/15 
Solution: Suppose z= 4-15 - 

The conjugate of z is 2=4-V15 =44+4i5 
(vil) 7-6 
Solution: Suppose z= 7-6 ” 

The conjugate of z is 227-16 =74+6 
(vill) 9+ V2 

__ Solution: Suppose z=9+4/2 
The conjugate of z is 2=9+/2 =9-V2 


3.() if x=2-J3. find i. 
Solution: x =a2-/3 
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1d 243 ae pete Be lh 
x Sao 2+¥3 (2)' -(v3) 4-3 
(ii) ifx=4-V/17 , find 4 
— x=4-J17 * 
1 Atvi7 _ 4+ 17 | | sedi _4+yi7_ 4417 
x 4-17 4417 (4- —Vi7)\(4+Ni7) (4) (V7) 16-17. =I 
=-(4+V17)=—4-Vi7 
iti) If x=/3+2find x+1, 
Solution: oe ; 
Te oS 
x 2+v3 2-V3 (2 -() 4-3” AC 


x+—=V5+2+2-V5=4 


4. Simplify 
w mts ca 


"ak my ae 
(vs- V3)+(I- AYN Savi 
_ [erly cniar+ ano aa [ans + anv) -ans)-cltxv3)] 
Sf 8. 8: 5S 
ah Eg 


f 
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0 PES RSs 
1 2 1 
Solution: mdi ds 20d8 
~~" 43, 2 MS+¥3, 1 2-v5 
“23 ~tal S-5 _ Hd 2-J5 
2-J3 25 +y3) 
BOT aT aF 
5 3 4 5 
2-45 205+) | a5 
2 <_ ae 
= (2-5) (05 +5)s SD 2) (5 8)-[2-8) 
=2~V¥3+V¥5+V3-24+5 Lo 


Solution: é L oe 
V5+03 a2 oo" 
2 5-3 | 1 3 5-2 
"N5+V3. W5-N3 Vb402 Re “Vs+J2 5-2 
_2(V5~N3) _H-___ -V2) 
(5) (4) (5) (2) (5-8) 


Em TE v2) 
A) Bf 15-8 


8- GsiB-VisB 
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5. (i) Hf x=2+-3 find the value of x-1 and{ x-1). 
Solution: _ x= rain 


1 26/3 | 2-3 o2t83 5 5 
RE 2k” Qr-W3y 4-3 


x-—=(2+3)-(2-V)=2+/5-2+ 5 =2N5 
(x-2) =(2V3) | 


2 
(x-+} =12 
x 
.43- A wg = a 
(ii) x 38-4, find the value ot x+ 12+ Lande +. 
[Hint: a? + b?= (a + b)’ -2ab and a° + b® = (a + b)’ —3ab(a + b)] 


x4 1 _vS+#2 
Solution: are and 5-2 


_5—V2 W542 _ (V5-v2) +(V5+¥2) 

So "BE (Bee) 

_ 5+2-2V10+54+2+2V10 _ 14 | 
(5)—(ay 9 


Now xl 
gz 13 
? 2 
( ) -(2) 
x 3 
x 7+ I +2=1% 
9 
1 196 178 
Ry Stee Pes 
x 8 9 
Now +t ld ‘ig 
x 3 WF 4 
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x’ dae 3(x)[1](x+ 1). 2 
x x x a 


whe 7 >+3(3*)= 2744 
< 3 27 
3, 1 _ 2744 2366 


a ea 
J3-1, J3+1 
6. Determine the rational numbers a and b if 1. a+ b3. 
Solution: v3 -1 +¥3+1 a+bV3 oul - 
Vu va 
(V3+1) +(V3-1) a, 


(V3 +1)( V3 -1) 
341423 +3+1- 23 _ 
SEL Ree SONS satel 
(v3) -(y’ 


Hence, on comparing the two sides, we get 
a=4, b=0 


| Solved Review Exercise 4 | 


1. Multiple Choice Questions. Choose the correct answer. 


(i) 4x+3y—2is an algebraic ............. 

(a) expression (b) sentence (c) equation (d) inequation 
(ii) The degree of polynomial 4x‘+2x’y is ............. 

(a) | (b) 2 (c) 3 (d) 4 
(iii) a° + b* is equal to ............. 

(a) (a—b)(a* +ab+b*) (b) (a+b)(2*—ab+ b*) 

(c) (a- b)(a’ —ab+b’) (d) (a—b)(a?+ab-b*) 
(iv) (3+V2)(3-V/2) ts equal to .. 

(a) 7 (b) -7 (c) -l (d) 1 
(v) Conjugate of surd a+ Vb DW By cscievsivecece 

(a) ares (b) a-vb (c) va+vb = @) Va-vb 
(vi) Spat —s is equal to.. 
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2 2b —2a —2b 

Ore OFF OF OFF 
vty = canst 
(vii) ‘ah qual (0 ,.....6+.ce0 | | 

(a) (a—b)’ — (b)_ (a+b) (c) a+b (d) a—b 
(viii) (Va + vb) Va -vb )is equal to ......c00+-+0 | 

(a) a’ +b (b) a’-b’ (c) a~b (d) a+b 
Ans: (i) a (ii) d (iii) b (iv) a (v) b 

(vi) b _ (vii) d (vil) ¢ 


2. _‘Fillin the blanks. 
(i) The degree of the polynomial x*y’ + 3xy +’ is 


(iv) 2(a?+b?)=(a+by+(_ i)? 


2 
(¥) [x-+) = : 
x aa os 
(vi) Order of surd &/x is 
] 
vii = 
(vii) ae | 
Ans: (i) 4 (i) (x-2)(«+2) Gi) xi -14+—5 
(iv) a—b (vy) x+y? (vi) 3 {vii) 24+ /3 


1 1 1 
3. if x+—-=3, find (I) w+o5 (ii) fia 


Solution (I): xedind 
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Solution (ii): 


1 
4, Af x-> 22, find 


(i) eet (ii) ret. 


Solution (i) x -+ =2 
Taking square on both sides, we get 


to 


x? $Jp-2—4 
x 


x4 p= 44+2=6 
Solution (ii): 
ae | 
2 ey 
x +33 
Taking square on both sides, we get 


(x +4) =(6) 


x'4442=36 = x'++ 236-2034 
x x 
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5. Find the value of x’+y’ and xy ifx + y=5 and x-y=3. 
Solution: Given x+y =5, x-y=3, xy =? 
Weknow that 
dy =(x+)' -(x-y) 
4xy =(5)' -(3)' =25-9=16 
16 . 
ay eet 
(x+y) =x? +y? + 3xy(x +y) 
(5)' = x+y" +3(4)(5) 
=> 125-60 =x’+y’ 
=> x+y’ =65 
6. ifp=2+,3, find 
(l) p+ (ii) p-> (iii) p? + (iv) p? -+p 


Solution: (I) pre 


p=2+v3 
dio 2-v3 2-3 
p 2+V¥3 2-y3 (2) -(V3) 


_2-¥3 _2- 228 
— =2-V3 
p+ “faad\(i-B)~2eBe2-ies 
Pp ! 
(i) pod 


Solution: P =2+3 
] ] 2- 2-y3 
P spe (2) ~(¥3) 
-— but -dol =2- V3 
pba s)-( “B)arei-2085 
=2V3 
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(i) p+ 
Solution: p - =4 
Taking square on both sides, we get 


ms) 


l 1 
p +—+2(p [+)=16 
pels 


2 pha Des 
p = 2=16 
p++ =16-2=14 
| P 
(iv) Ps 
ll ae ON ae 
7. ifg=J/5+2, find 
® qt a) ge aN g+t (iv) 7-4 
Solution: (i) q+5 
" lat V5 V5 _ 2-5 
) ae 9-/5 3-J 
oO GF guy a a ~V5)=-2+¥5 
q+ 2+ 45 +(-2+V8)=2+ 5-24 v5 = 245 
wi) g-4 
Solution: 
a 


1 2-V5  2-V5 2-5 2-5 
OBB IB Gy ep S ESPI 
a-~ = (2+¥5)-(2+45) 
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=2+V¥5+2-V5 =4 


Gi) + 


Solution: q + =2/5 
Taking square on both sides, we get 


2 
[a+4) =(2Vv5) 
q 
a+ +2(a)(+}=4xs 
q q 
q?+44+2=20 
q 
q? + =20-2=18 
q 
wm ¢-% 
Solution: a+ =25,q-2=4 


ceeded 


Substituting the values Gt teas and a-—=4, we get 


= (205}(4) =845 

8. Simplify 

(i) #+2+ a-2 
Va +2-Ja -2 


stain, va? +24+vVa?-2 _Na?+24+va?-2 Va? +2+Va?-2 


a? +2-—Va’-2 va? +2—-Va'—2 Va? +2+a*-2 


_ erie) 
"(sea) (daa) 


_(verva) «(Vr=a)' +2( Vara) a2 


(a> +2)-(a*-2) 
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_¥ +2+a°-2+2Va'-4 
7 a’ +2-a7+2 


_ 2a? +2vat—4 
4 
2(a? + va*-4) _ a+ va'-4 
4 2 
(li) 1 7 1 
a-Va-x asVa-x 
Solution: a - 
a—Va* —x" a+va?—x? 
(ea) (ae) 
(a—Va?—x*)(a+va® -x*) 


a’ -(va? x’) 


a 
— 


| SUMMARY | 


An algebraic expression is that in which constarits or variables or both are 
combined by basic operations. 

Polynomial means an expression with many terms. 

Degree of polynomial means highest power of variable. 


Expression in the form 2 atx) #0) is called rational expression. 


An irrational radical with rational radicand is called a surd. 

In x, n is called surd index or surd order and rational number x is called 
radicand. 

A surd which contains a single term is called monomial surd. - 

A surd which contains sum or difference of two surds is called binomial surd. 
Conjugate surd of ¥x+,/y is defined as Jz — Jy 


ERE ee 


Ste £4 ¢ ++ 
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\ FACTORIZATION _4#a ee 


5.1 Factorization 


5.2 Remainder Theorem and Factor Theorem 


5.3 Factorization of a Cubic Polynomial 


@ STUDENTS LEARNING OUTCOMES 


After studying this unit, the students will be able to: 
* recall factorization of expressions of the following types 

* kat+kb+ke * act+ad + be;+ bd * 2+ 2ab+b? 

* -p * = a+ Qab+b?—c? 
% = factorize the expressions of the following types 
Typel: a‘+a’b?+b* or a+ 4b! 
Type: = x? +px +q 
Type lll: ax?+bx+c 
TypeIV: { (ax? +bx+c) (ax? + bx +d) +k 

(x +a) (x+b)(x+c)(x+d)+k 
(x + a) (x + b) (x + c) {x +d) +kx? 
Type V: a? +3a°b+3ab*+b* 
a’ — 3a"b + 3ab*—b* 

Type VI: a+b | 
# state and prove Remainder theorem and explain through examples 
# = ~— find Remainder (without dividing) when a polynomial is divided by a linear 

polynomial 
# define zeros of a polynomial 
# state and prove Factor theorem 
# _use Factor theorem to factorize a cubic 
Introduction: 

Factorization plays an important role in mathematics as it helps to reduce the 
study of a complicated expression to the study of simpler expressions. In this unit we 
will deal with different types of factorization of polynomials. 

Factorization: 

If a polynomial p(x) can be expressed as p(x) = g(x).h(x), then each of the 
polynomials g(x) and h(x) is called a factor of p(x). For instance, in the distributive 
property 
ab + ac = a(b + c) 
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a and (b + c) are factors of (ab + ac) 
When a polynomial has been written as a product consisting only of prime 
factors, then it is said to be factored completely. 
(a) Factorization of the Expression of the type ka + ko + ke: 
Example-1: Factorize 5a - 5b + 5¢ 
Solution: 5a—5b + 5c =5({a—b+c) 
Example-2: Factorize 5a — 5b - 15¢ 
Solution: 5a — 5b —-15¢ = S(a—b— 3c) 
(b) Factorization of the Expression of the type ac + ad + be + bd: 
ac+ad+be+bd =(ac+ ad) + (be + db) 
=a(c + d) + b(c +d) 
=(a+b\c +d) 
Example-1: Factorize 3x — 3 a+ xy — ay. 
Solution: 3x +xy-3a-ay=x(3+y)—a(3+y) 
=(3 +y) (x-a) 
Example-2: Factorize pqr + qr — pr?-r°. 
Solution: pgar+qr-pr-P =r(pqtgr—pr-r 
= t[(pq+ qr) -pr-r] 
=r[q(p +r) — (p+ 1)] 
=r(p +r) (q-1) 
(c) Factorization of the Expression of the type a? + 2ab + b’: 
We know that 
(i) a? +2ab +b? (a+ by” (a+ b)(a tb) 
(ii) a’ —2ab +b? = (a—b)* =(a—b)(a—b) 
Example-1; Factorize 25x? + 16 + 40x. 
Solution: 25x°+40x+16 = (Sx)"+2(Sx}(4)+(4)" 
= (5x + 4) 
= (5x + 4) (5x +4) 
Example-2: Factorize 12x” — 36x + 27. 
Solution: 12x” - 36x + 27= 4x? — 12x +9) 
= 3(2x-37 
= 3(2x — 3) (2x-3) 
(a) Factorization of the Expression of the type a* — b’: 
Example: Factorize: (i) 4x?-(2y-z)? (ii) 6x*-96 
Solution: (i) 4x’-(2y-z)? = (2x)’"(2y-zy 
= [2x — (2y — z)} [2x + (2y — z)] 
= (2x — 2y + z) (2x + 2y —z) 
(ii) 6x‘-96 = 6(x*-16) 
= 6[(x’Y - (4)'] 
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= 6(x"— _o (x? _ 
= 6{(x)* ~ (2)'] (x +4) 
= 6(x — 2) (x +2) (x? +4) 
(e) Factorization of the Expression of the types a®* + 2ab + b*- 
We know that 
a’ + 2ab +b*-c? = (a + b)’* - (c)’ = (at b-chatb+tc) 
Example: Factorize (i) x? + 6x + 9 ay" (i) 1 + 2ab-a?- 
Solution: (i) x? +6x+9—4y* =(x+3)-(2y)* 
=(x+3 + 2y) (+3 — 2y) 
(ii) 1+2ab-a°-b? “3 — 2ab +b’) 
=(1P -(a—by 
=[]-(@-b)][] + (a-b)] 
=(l-a+b)(1+a-b 
I soted fxorco 5. | 
Factorize 
1. (i) abe -—4abx + 2abd 
Solution: 2abc — 4abx + 2abd = 2ab(c—2x +d) 
(i) = 9xy—12x?y + Tey" 
Solution: 9xy—12x’y+18y*= 3y(3x-4x" +6y) 
(iii) -3x*y- 3x + Oxy? 
Solution: —3x*y-3x+9xy" =~3x(xy+1- 3y *) 
(iv) Sab*e? — 10a*b%c - 20a°be* 
Solution: Sab’c’ — 10a°b’c - — Sabe(be* —2ab’ — 4a’c' 


(v) 3xty (x- 3y)-7xry?(x- 
Solution: 3x°y(x ~ 3y) ~7x’y a 3y) = (3x° y—-7x’y *\(x- 3y) 


= x’y (3x — Ty) (a 3y) 
(vi) 2xy? (x? + 5) + Sxy?(x?+ 5) 
lB + =. 8xy"(x745) = (2xy’ +B8xy")(x? . 5) = 2xy*(y +4)(x?+ 5) 
2. (i) Sax-3ay-5bx + 3by 
Solution; Sax - 3ay ~ Sbx + 3by = a(5x—3y)-b(Sx—3y)=(a—b)(5x —3y) 
(li) 3xy+2y-I2x-8 
Solution: 3xy eee ee 
(il) x3 + 3xy?— 2x2 — 6y? 
Solution: x’ + 3xy* — 2x*y — 6y’ = x(x? +3y’)}- 2y (x? +3y?)=(x—2y)(x? +3y") 
{iv) (’- yz + (y- z*)x 
Solution: (x? -y*)z + (y* — 2)x=x?z- y'2+ xy" ~xz? =x?z-xz' +xy’-y’z 
+) Aaietiaies =xz(x—z)+y? (x-z)=(x—z)(xz+y’) 


Solution: 144a*+24a + 1=(12a) +2(12a)(1)+(1)° =(12a +1)’ 
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75,2 
(ii) ? “ 


on: 2-24. (2) of #)(),(b) -(@_b) 
oe » “? -(;) (5 (2) () (5 3 
(iii) («+ yP-142z(x + y) + 492? 
Solution: (x +y)*- 142(x+ y)+492 = (x + y) —14z(x +y)+ 492° 
= (x+y) -2(x+y)(7z)+(72z) 
=(x+y-7z) 
(iv) 12x?- 36x+27 
Solution: | 12x’-36x+27=3(4x’ -12x+9)=3] (2x)' -2(2x)(3)+(3)' | 
=3(2x-3) 
4, (i) 3x°-75 
Solution: 3 ~15y=3(x? -25y?)=3[ (x) -(5y)" ]=3(x-Sy)(x+5y) 
(li) x(x-1)-yly-1) 
Solution: x1 -¥Orl)= x?-x-y’+y=x?—-y'-x+y 
x? —y")—-(x-y)=(x- y(x+y)-(8-y) 
=(x-y)(x+y-l) 
(iii) 128am*-242an? 
Solution: 128am*-242an* =2a(64m* -121n”) =2a| (8m)" -(11n)' | 
= 2a(8m-1in)(8m+1In) 
(iv) 3x-243x? 
Solution: 3x-243x’ = 3x(I-81x")=3x{ (1) -(9x)" | 
= 3x (1-9x)(1+9x) 
5.(i) x°-y'-6y-9 
Solution: x*y'-6y-9= x’—[y’ +6y+9]=x*-|(y)' +2(y)(3)+(3)' | 
=x'-(y+3) =[x-(y+3)][x+(y+3)] 
 ieeemey “et 
Solution: 7a” + 2a- 1=x? -[a? -2a +1] =x" -[(ay -2(a)(1)+(1)'| 
=x?-(a-1) =[x-a+1][x+(a-1)] 
=(x-a+1)(x+a-1) 


(ii) 4 ~y—2y-1 
Solution: 4x?-y* - 2y-I= 4x’ -(y’ +2y+1)= (2x) -(y+1) 
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=| 2x-(y +1) |[2x+(y+1)]=(2x-y-1)(2x+ y+1) 
(iv) x'-yi~4x-2y+3 
Solution: x? - y’- 4x -—2y+3 =x?-4x44-y?-2y-1 
=[(x) ~2(x)(2)+(2)' |- -(y’ +2y+1) 
= (x-2)°-[(y)' +2(y)() +)" ]=(x-2)° (+1) 
=[(x-2)-(y+1)][(x-2)+(y+1)] 
=(x-2-y-1)(x-2+y+1) 
=(x-y-3)(x+y-1), 
(v) 25x?-10x +1 - 362? 
Solution: 25x*-10x +-362"=| (5x)’ ~2(Sx)(1)+(1)" |-(62y =(5x-1)' -(62z)’ 
ss cecilia: iin iar 
(vi) x?- : 4xz + 42? 
Solution: x’ —y* —4xz+4z’ = =[x? —4xz +42" |- -¥ 


=| (x)’ -2(x)(2z)+ (22)? -(y)" ]=(x-22)" -(y) 
=(x-y~-2z)(x+y-2z) 
00000000 
r + me + : or . + rs 
Example-1: Factorize 81x" + 36x?y" +1 
Solution: 81x* + 36x"y* +16y' = (9x)? + oy +( ayy — 36x’y" 
= (9x? + dy’) — (6xy) 
= (9x? + 4y? + 6x ) (9x" + 4y? — 6xy) 
= (9x? + 6xy +4 ) (9x? — 6xy +4 
Example-2: Factorize 9x* + 36y* 
Solution: 9x‘+36y* = 9x" + -36x'y'+ 36x y'- 36x2y? 
= (3x?) + 2(3x”) (6y”) + (6y’) - (6xy)? 
= (3x? + 6y’y - (xy) 
= (3x toy" + 6xy) (3x + 6y* — 6xy) 
= (3x! te + 6y’) i; - oxy - 6y’) 


RET Factorize pe 7a 12 Wi) rom 36 
Solution: (i) x* — 7x + 12 = x? - 3x - 4x + 12 

= x (x — 3) —4(x-3) 

= (x-3)(x -4) 
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(ii) x?+5x—36 =x? + 9x —4x — 36 
= x(x +9)-4(x+9) 
=(x +9)(x -—4) 

th # 0: 

Example: Factorize: (i) 9x?+21x-8 (li) 2x?-8x-42 (iii) 10x?-41xy +21 
Solution: 
(i) 9x? + 21x — 8 = 9x*+24x-3x-8 

= 3x (3x + 8) — 13x +8) 

= (3x + 8) (3x -1) 
(ii) 2x? - 8x - 42 = 2(x*-4x-21) 

=2[x"+3x—7x-21] 

=2[ x(x + 3) — 7(x + 3)] 

= 2[(x +3) K-7)] 
(iii) 10x? — 41 xy + ly? =10x?—-35xy — 6xy + 21y” 

= Sx (2x — Ty) - 3y (2x - Ty) 

ws i ca 


(x +a) (x +b) (x +c) (x +d) +k 
(x +a) (x+ b) (x +c) (x +d) + ke? 
Example-1: Factorize (x? ~ 4x — 5) (x? - 4x - 12) - 144 
Solution: Suppose that y = x’ — 4x 
(y—5) (y-12)- 144 =y’-17y-84 
= y'—2ly + 4y— 84 
= y(y - 21) + Hy - 21) 
“<< 21) (y +4) 
=< ~—4x-—21)(x*-4x+4) (since y = x* -4x) 
= (x?—7x + 3x — 21) (x -2) . 
= [x(x — 7) + 3(x — 7)] (x- 2y 
= (x -7) (x + 3) (x — 2) (x -2) 
Example-2: Factorize (x + 1) (x + 2) (x + 3) (x+4)- 120 
Solution: We observe that 1+4=2+3. 
It suggests that we rewrite the given expression as: 
[x +1) +4) )] (x + 2) (x + 3)] — 120 
(x? + 5x + 4) (x + Sx + 6) - 120 
Let x’+5x = y, then, we get 
rie. 
+ lOy — 96 
=y + l6y - 6y - 96 
= y(y + 16) — Oy + 16) 
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= (y+ 16) G— 6) 
= (x + 5x + 16) (x? + 5x - 6) since y = x’ + 5x 
= (x? + 5x + 16) (x + 6) (x -— 1) 
Example-3: Factorize (x? - 5x + 6) (x?- 5x + 6) -'2x? 
Solution: (x? — Sx + 6) (x2+5x + 6) — 2x? 
= [x? — 3x - 2x + 6] [x? + 3x + 2x + 6] — 2x” 
= [x(x — 3) - 2(x — 3)] [x(x + 3) + 2(x + 3)] -— 2x” 
= [(x — 3) (x — 2)][(& + 3) (x + 2)] — 2x? 
= (x — 2)(x + 2))f(x — 3(x + 3)] - 2x? 
= (x?- 4)(x?- 9) — 2x? 
= x* — 13x? + 36 — 2x” 
= x*_15x?+36 
= x*~ 12x’-3x?+ 36 
= x(x? - 12) — 3(x?- 12) 
= (x? - 12) («x?- 3) 
= (x)? ~ (23 7] [xP - 6/371 
= (x — 23 ) (x + 23) (x - 3) (x+ V3) 


{e}_Factorization of Expressions of the following Types: 
a + 3a°b + 3ab* + 


a’ — 3a’b + 3ab*=b? 

Example: gene ee i pad 
Solution: ~6x’y +1 

= 6 —(2y) ate} (2y) + 3(x) (yy. 

= (x)’ — 3(x)? (2y) + 3(x) Q2y - yy 

= (x -— 2y 

=(x- il 2y x - - 

ion 


We recall the ate 
a tb =a tb) @ — ab + b’) 
a’ —b? = (a—b) (a? + ab + b’) 
Example-1; Factorize 27x° + 64y? 
Solution: 27x*+64y’> = (3x) + (4yy 
= (3x + 4y) [(3x)* — (3x) (4y) + 4y)"] 
= (3x + 4y) (9x? — 12xy + 16y’) 
Example-2: Factorize 1 - 125x? 
Solution: 1 —125x? = (1) - (5x 
= (1 - Sx)[(1) + (1)(3x) + (5x)’] 
=(1 — 5x) + 5x+ 25x" ) 
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Solved Exercise 5.2 


Factorize 
i: 
1. K+ 5 3 


Solution: x* + Jeon en 
x x 


(ii) 3x*+ 12y4 2 
Solution: 3x‘+12y* =3(x*+4y*) 


= 3| x" + 4y'+4x’7y’ -4x7y"] 
we a|{(x y +(2y’ y +2(x? )(2y? } -4x°y"| 
=3)(x +2y’ y -(2xy)'| 
= 3(x? +2y’ —2xy)(x? +2y* + 2xy) 
(iii) a*+ 3a*b? + 4b* 
Solution: a‘ +3a°’b*?+4b* =a‘ +4a"b’ +4b‘—a’b? 
-[(@ J’ +2(a*)(2b*)+(26*)' ]-(aby 
=(a"+2b?) -(ab)' =(a? + 2b? + ab)(a? + 2b? —ab) 


(iv) 4x*+81 
Solution: 4x*+81 =4x‘'+81=4x* +81+36x? —36x’ 


=| (2x°)? +(9)" + 2(2x*)(9)]-(36x°) 
= (2x? + 9) ~(6x)’ 
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= (2x? +9+6x)(2x? +9-6x) 
= (2x? + 6x +9)(2x* ~ 6x +9) 


(vy) xt+x?+25 
Solution: x‘ +x? +25=x‘+425+x? 


=|(x*) +(5) +2(x’)(5 10x? +x? 
=(x’ +5) 9x? = (x? + y ~(3x)’ 
= (x? +5+3x)}(x? +5-3x) = (x? +3x+5)(x’?-3x+5) 


(vi) x‘+4x?+ 16 
Solution: x*+4x7+16  =x* +16+4x? 


-[(x) +(4) +2(x°)(4) |-8x° +4x? 
=(x° +4) — 4x? | 

= (x? +4) ~(2x)’ | 

= (x? +4+2x)(x? +4-2x) 

= (x? +2x+4)(x?-2x+4) 


2. (i) x? + 14x + 48 
Solution:x* + 14x + 48 =x? +8x +6x +48 


= x(x+8)+6(x+8) 
=(x+8)(x+6) 


(i) =x?-21x+ 108 
Solution: x’-21x+108 =x? -12x-—9x +108 


=x(x-12)-9(x-12) | 
=(x~12)(x-9) | 


(ili) x?-11x- 42 
Solution: x” — 11x — 42 = x? -14x+3x—42 


= x(x-14)+3(x-14) 
=(x-14)(x+3) 


(iv) x?+x-132 
Solution; x?+x-132 =x?+12x-I1x—-132 


= x(x+12)—11(x +12) 
=(x~11)(x +12) 


Visit www.downloadclassnotes.com for Notes, Old Papers, Home Tutors, Jobs, IT Courses & more. 
(Page 166 of 419) 


For more notes & academic material visit our Website or nstall our Mobile App 
Website: www.downloadclassnotes.com Mobile App: bit.ly/DCNApp 


MATHEMATICS (EM) NOTES FOR 9" CLASS (PUNJAB) 


3.(i) 4x?+12x4+5 
Solution: 4x°+12x+5 = 4x? +10x+2x+5 


= 2x(2x+5)+1(2x+5) =(2x+5)(2x+1 
(il) 30x?+7x-15 (an +5)+1(an+5) =(2e+5)(22+1) 
Solution: 30x°+7x-15 =30x? + 25x—18x—15 
= 5x(6x +5)—3(6x +5) = (6x +5)(Sx -3) 
(ili) 24x?— 65x+21 
Solution: 24x” - 65x + 21 =24x? —56x—9x +21 
=8x(3x-7)—3(3x -7) =(8x -3)(3x-7) 
(iv) 5x?-16x-21 
Solution: 5x? —16x-21 = 5x* —21x +5x—21 
= x(5x-21)+1(5x-21) =(5x-21)(x +1) 
(v)  4x2= 17xy + 4y? 
Solution: 4x7—17xy + 4y” =4x? -16xy —xy +4y? 
= 4x(x-—4y)-y(x-—4y) =(4x-y)(x-4y) 


(vi) 3x?- 38xy- 13y? 
Solution: 3x* — 38xy — 13y* = 3x? =39xy + xy—13y’ 
= 3x(x —13y)+ y(x—-13y) =(x-13y)(3x+y) 
(vil) 5x2+33xy- 14y? 
Solution: 5x? + 33xy - 14y* = 5x? +35xy —2xy -l4y’ 


= 5x(x +7y)—2y(x+7y)=(5x—2y)(x+7y) 


(vil) (sx-2) +4(5x-1) +4,x20 


Solution: (sx-4} +4(5x-2) +4=(se-4) +2( 5x-1}(2)+(2) 


or 1 1 
=| 5x--—+2| =| 5x-—+2 || 5x-—+2 
x x L x 
4. (I) (x? + 5x + 4) (x? + 5x +6)-3 
Solution: (x? + 5x + 4) (x? — 5x + 6)-3 
Let x?+5x=y, then we get 
=(y+4)(y+6)-3 
=y’ +6y+4y + 24-3 
=y'+10y+21 


Visit www. .downloadclassnotes.com for Notes, Old Papers, Home Tutors, Jobs, IT Courses & more. 
(Page 167 of 419) 


For more notes & academic material visit our Website or nstall our Mobile App 


Website: www.downloadclassnotes.com Mobile App: bit.ly/DCNApp 
MATHEMATICS (EM) NOTES FOR 9" CLASS (PUNJAB) 


=y?+7y+3y+21 
=y(y+7)+3(y+7) 
=(y+3)(y+7) 
=(x? +5x+3)(x? +5x+7) Since y =x? + 5x 
(ii) = (x? - 4x) (x? - 4x - 1) - 20 
Solution: (x —4x) (x*- 4x — 1) — 20 
Let x?-4x=y, then we get 
=(y)(y-1)-20 
=y’-y-20 
= y’ ~Sy+4y-20 
=y(y-5)+4(y-5) 
=(y-5)(y+4) 
= (x? —4x—5)(x? - 4x +4) since y = x° — 4x 
=(x* —5x+x-5)(x? -2x-—2x+4) 
=[x(x—5)+1(x-5)]fx(x-2)-2(x=2)] 
=(x—-5)(x+1)(x—2)(x-2) 
=(x-5)(x+1)(x-2) 
(ili) (x + 2) (K+ 3) (x +4) (x +5)-15 
Solution: (x + 2) (x +3) (x+ 4) (xk + 5)—15 
=[(x+2)(x +5) ][(x+3)(x+4)]-15 
=(x? +5x +2x +10)(x? +4x +3x+12)—-15 
= (x? +7x +10)(x? +7x +12)-15 
Let x°+7x=y, then we get 
=(y+10)(y+12)-15=y’ +12y+10y+120-15 
=y’ +22y+120-15 
=y?+22y+105 
=y' +1Sy+7y+105 
=y(y+15)+7(y +15) 
=(y+15)(y+7) 
=(x?+7x+15)(x?+7x+7) Since y =x? + 7x 
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(iv) (x +4) (x —5) (x + 6) (x- 7) - 504 
Solution: (x + 4) (x — 5) (x + 6) (x — 7) — 504 
=((x+4)(x-5) ][(x+6)(x-7) ]-504 
= (x? -5x+4x-20)(x’ -7x +6x -42)-504 
= (x*-x-20)(x’ -x-42)-504 
Let x’-x=y, then we get 
=(y~20)(y~42)-504 
= y*—42y -20y+840—504 
= y?-62y +336 
= y’ —56y —6y +336 
= y(y-56)-6(y-56) 
=(y-56)(y-6) 
=(x>-x~-56)(x?-x-6) Since y=x*—x 
( )( 
=[x? -8x +7x—56 |[ x?-3x+2x—6| 
[x(x —8)+7(x—8) |[ x(x—3)+2(x—3) | 
=(x—8)(x+7)(x-3)(x +2) 


(v) («+ 1) (x +2) (x +3) (x+ 6) —3x? 
Solution: (x+1) (x+2) (x+3) (x+6) -3x’ 


=((x +1)(x+6)][ (x +2)(x +3) ]—3x? 

= (x? + 6x +x +6)(x? +2x + 3x +6) —3x’ 
=(x’ +7x +6)(x? + 5x +6)—3x* 
=x(x+74S}x{x +5+5)-30 


=x'(x +S+7\{x +£45)—3x° 
x x 


Let y= x+6 

x? (y + 7)y + 5) — 3x” 

x’ f(y + My + 5)-3] 

x fy’ + Sy + Ty + 35-3] 
x? [y* + 12y + 32] 

x? [y? + By + 4y +32] 

x? [y(y + 8) +4(y + 8)] 
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= x (y+4)(y +8) Since y = x +6 


=a [[x+$ralfarSee)] " 


5. (i) x° + 48x - 12x - 64 

Solution: x° + 48x — 12x? - 64 =(x) ~3(x)' (4)+3(x)(4) -(4) 

(ii) Bx? + 60x? + 150x + 125 all 4 

Solution: 8x? + 60x" + 150x + 125= px) ey (5)+3(2x)(3) +(5) 


(iii) x°-18x? + 108x - 216 
Solution: x’-18x* + 108x —216=(x)’ -3(x) (6) +3(x)(6)' —(6) 
=(x- -6)' 
(Iv) Bx°— 125y° - 60x’y + 150xy” 
Solution: 8x’ ~ 125y’ — 60x"y + 150xy” =(2x)’ “hk ~3(2x)' (Sy) +3(2x)(Sy)’ 
6. (i) 27+8x° “—e 
Solution: 27+8x°? = (3) +(2x) 
= (3+2x)[ (3)" -(3)(2x)+(2x)' | 
= (3+2x)(9-6x + 4x7} 
(li) 125x?- ~216y" 
Solution: 125x°-216y = (Sx) -(6y) 
= (5x—6y)| (5x)' +(5x)(6y) +(6y)' | 
= (5x ~6y)(25x? + 30xy + 36’) 
(Wi) 64x34 279° 
Solution: 64x’+27y’ =(4x)' +(3y) 
= (4x-+3y)| (4x) -(4x)(3y)+ (By) | 


= (4x+3y)(16x? ~12xy +9y’) 


(iv) 8x?+ 125y* 
Solution: 


8x? + 12Sy’ =(2x) +(Sy) 
=(2x +5y)| (2x) ~(2x)(Sy)+(Sy)'| 
= (2x + Sy)(4x? —10xy + 25yt) 
6ocoooesceoeo 
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Remainder Theorem: 
If a polynomial p(x) is divided by a linear divisor (x ~ a), then the remainder is 


Let q(x) be the quotient obtained after dividing p(x) by (x - a). But the divisor 
(x-a) is linear. So the remainder must be of degree zero i.e., a non-zero constant, say 
R. Consequently, by division Algorithm we may write 
p(x) = (x — a) q(x) +R 
This is an identity in x and so is true for all real numbers x. In particular, it is 
true for x = a. Therefore, 
p(a}= (a—a)q(a)+R=0+R=R 
i.e., p{a) = the remainder. 
Hence the theorem is proved. 
Note: Similarly, if the divisor is (ax — b), we have 
p(x) = (ax — b) q(x) +R 


Substituting x = 2 so that ax — b = 0, we obtain 


(2) =0.q(x)+R=0+R=R 
a 


Thus if the divisor is linear, the above theorem provides an efficient way of 
finding the remainder without being involved in the process of long division. 


To find Remainder (without dividing) when a polynomial is divided by a Linear 
Polynomial: 
Example-1; Find the remainder when 9x? - 6x + 2 is divided by 

(i) x-3 (ii) x+3 (iii) 3x+1 (iv) x 

Solution: Let p(x)=9x?- 6x +2 
(i) | When p(x) is divided by x - 3, by Remainder Theorem, the remainder is 

R = p(3) = 9(3)' — 6(3) + 2 = 65 
(ii) © When p(x) is divided by x + 3 = x — (—3), the remainder is 

R = p(—3) ~ 3) — 6 (-3) +2 = 101 

(iii) When p(x) is divided by 3x + |, the remainder is 


(iv) When p(x) is divided by x, the remainder is 
R =p (0)=9(0)"-6(0)+2=2 
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Exaraple-2: Find the valve of i the expression 2 + far’ 3x~4 inaves:e renaninder 
of - 2 when divided by x + 2. 
Solution: Let p(x) = x° + kx’ + 3x -4 
By the Remainder Theorem, when p(x) is divided by x + 2 = x — (—2), the 


remainder is 
p(-2) =(-2)' +k(-2)" + 3(-2)-4 
=-8+4k-6-4 
=4k-18 


By the given condition, we have 
p(-2)=-2 = 4k-18=-2 => k=4 
Zero of a Polynomial: 
Definition: 
If a specific number x = a is substituted for the variable x in a polynomial p(x) 
so that the value p(a) is zero, then x = a is called a zero of the polynomial p(x). 
A very useful consequence of the remainder theorem is whet is known as the 
factor theorem. 
Factor Theorem: 
The polynomial (x — a) is a factor of the polynomial p(x) if and only if p(a)=0. 
Proof: 
Let q(x) be the quotient and R the remainder when a polynomial p(x) is 
divided by (x — a). Then by division Algorithm, 
P(x) = (x — a)q(x)+R 
By the Remainder Theorem, R = p(a) 
Hence p(x) = (x — a) q(x) + pfa) 
(i) Now if p(a) = 0, then p(x) = (x — a) q(x) 

ie., (x — a) is a factor of p{x) 

(ii) Conversely, if (x — a) is a factor of p(x), then the remainder upon dividing p(x) 

by (x — a) must be zero i.e., p(a) = 0 

This completes the proof. 

Note:The Factor Theorem can also be stated as, “(x — a) is a factor of p(x) if and 
only if x = a is a solution of the equation p(x) = 0”, 

The Factor Theorem helps us to find factors of polynomials because it 
determines whether a given linear polynomial (x — a) i is a factor of p(x). All we need 
is to check whether p(a) = 0, 

Example-1: Determine if (x — 2) isa factor of x? — 4x? + 3x +2, 
Solution: Let p(x) = x° 4x? + 3x +2 
Then the remainder for (x — 2) is 
p(2) = (2) — 4(2)?+ 3(2) +2 
=8-16+6+2=0 ' 
Hence by Factor Theorem, (x — 2) is a factor of the polynomial! p(x). 
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Example-2: Find a polynomial p(x) of degree 3 that has 2, -1, and 3 as zeros (i.e., 
roots). 

Solution: Since x = 2, —1, 3 are roots of p(x) = 0 

So, by Factor Theorem (x — 2), (x + 1) and (x — 3) are the factors of p(x). 

Thus p(x) = a(x — 2) (x + 1) (x — 3) 
Where any non-zero value can be assigned to a, so 

Taking a = 1, we get 

p(x) = (x —2)(x +1) (x-3) 
=x? —4x?+x+6_ is the required polynomial. 


| Solved Exercise 5.3 | 


1. Use the remainder theorem to find the remainder when 
(i) 3x? - 10x? + [3x - 6 is divided by (x - 2) 
Solution: Let p(x) = 3x’ — 10x” + 13x -6 

When p(x) is divided by (x--2), by Remainder Theorem, the remainder is 

R= p(2) = 3(2)°-10(2)" + 13(2) —6 

= 3(8)— 10(4) +26-6 =24-40+26-—6 =50—46 =4 
(i) = 4x°-4x+3is divided by (2x -1) 
Solution: Let p(x) = = 4x? — 4x +3 
When p(x) is divided by 2x — 1, by Remainder Theorem, the remainder is 


3 
Ae) CP 
2) “\2 2 
ae i« Be 3 
-4{2)-4[2]+3- a5 -243=5H=— 25 


(iil) Gx" + interns hy Gt) 
Solution: Let p(x) = 6x* + 2x°—x +2 
When p(x) is divided by x + 2 = x-{-2), by Remainder Theorem, the 
remainder is 
R= p(-2)=6(-2)' +2(-2) -(-2)+2 
= 6(16)+2(-8)+2+2 
=96-16+2+2=100-16=84 
(iv) (2x-1) + 6(3 + 4x}? -10 is divided by (2x + 1) 
Solution: Let —_ p(x) = (2x — 1)? + 6(3 + 4x)? -10 
When p(x) is divided by 2x + 1 = 2x + (—1), by Remainder Theorem, the 
remainder is 


wl) ooa) 
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 aeafeeaeenf-o 


=(-2)' +6(3-2) -10=-8+6(1) -10 =-8+ 6-10 =6-18 =-12 

(v) x? -3x? + 4x- 14 Is divided by (x + 2) 
Solution; Let p(x) =x° —3x°+4x-14 

When p(x) is divided by x+2 = x-—(—2), by Remainder Theorem, the 
remainder is 

R =p(-2)=(-2)' -3(-2)' +.4(-2)-14 

=—§-—3(4)-8-14=-8-12-8-14=-—42 

2. (i) If (x + 2) is a factor of 3x? - 4kx - 4k’, then find the value(s) of k. 
Solution: Let p(x) = 3x" — 4kx - 

By the Remainder Theorem, when P(x) is divided by x +2 = x — (- 2), the 


remainder is 
p(-2)=3 -2)' - 4k (-2)-4k? 
3(4)+8k- $e = 124 8ky 4k? 
By the given evetiiinee, we have 
p(-2)=0 
12+8k—4k’ =0 | 
~4k? +8k+12=0 | 
-4(k? -2k-3)=0 


=> k? -2k-3=0 
k?-3k+k-—3=0 
k(k—3)+1(k—3)=0 
=4 k-3=0 or k+l=0 
k=3 k=-1 
(ii) shalt ffs & i" —koe? + 11x - 6, then find the value of k. 
Solution: Let P(x) kx? + 11x -6 
; When p(x) is divided by x-I, by the Remainder Theorem, the remainder is 
p(!)=(1) —k(1) +11(1)-6 
=1—k+11—6=6-k 
By the given condition, we have 
P1)=0 => =6-k=0 
-k=-6 => k=6 
3. Without actual long division determine whether 
(i) (x -2) and (x - 3) are factors of p(x) = x? - 12x? + 44x - 48. 
Solution: For gon ience, let 
p(x) = x’ — 12x* + 44x — 48 
the remainder for x — 2 is 
p(2)=(2)' -12(2)' +44(2)-48 
=8~12(4)+88—48 =8—48 +88 — 48 = 96 -96 =0 
E.ence by Factor Theorem, (x — 2) is a factor of polynomial p(x) 
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Again, let p(x) = x” - 12x? + 44x -— 48 
Then the remainder for x — 3 is 


P(3)=(3) -12(3) +44(3)-48 
=27-12(9)+132—48 = 27-108 +132-48 = 159-156 =3 


Hence by factor theorem (x — 3) is not a factor o fms p(x) 
(ii). (x- 2), (x+3) and (x — 4) are factors of q(x) = x? + 2x? - 5x-6 
Solution: For convenience, let q(x) = x° + 2x — 5x —6 
Then the remainde er forx—2 is . 
a@) = Gy + bs i $Q)-6 
-6 =16-16=0 
Hence by seiacr thearem, Pe 2); is a factor of polynomial q(x) 
Again, let q(x) = x + 2x? — 5x -6. 
Then the remainder for x + 3 =x- i? is 
q(-3) = cy + ay, —5 (-3)- 
—27 15-6 =- 3 +33=0 
Hence by factor theorem (x + pi is a factor of polynomial q(x). 
oe sot let q(x) =x + 2x? - 5x -6. 
mainder for x- 4is 
“1. = sf + a o6. 5(4) -— 
32-20-6 = 96 26=70 «0 
Hence by see * heat (x — 4) is not a factor of polynomial q(x). 
4. For what value of m is the polynomial p(x) = 4x’ — 7x? + 6x -3m exactly 
divisible by x + 2? 
Solution: Let p(x) = 4x° — 7x’ + 6x —3m 
By the Remainder Theorem, when p(x) is divided by x + 2 = x — (-2), the 
remainder is 
p(-2) =4(-2)’-7(-2)' +6(-2)-3m = 4(-8)-7(4)-12-3m 


=-32-—28-—12-—3m =-72-—3m 


By the given condition, we have 
p(-2)=0 => -72-3m=0 
—3m=72 — m sti = m=—24 


5. Determine the value of k if p(x) = koe + 4x? + 3x - 4and q(x) = x? - 4x+ k leaves 
the same remainder when divided by (x - 3). 
Solution: Let p(x) = kx’ + 4x7 + 3x -4 
By the Remainder Theorem, when p(x) is divided by x —3, the remainder is 
p(3) =k(3)’ +4(3)' +3(3)-4 
=k(27)+4(9)+9-4 
= 27k +36+9-—4 =27k+41 
Let q(x) = x? — 4x+k 
By the Remainder Theorem, when q(x) is divided by 
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x — 3, the remainder is | 
a(3) =(3) -4(3)+k 
=27-12+k =15+k 
By the given condition, we have 
p(3) =q (3) 
27k+41=15+k 
27k -k =15-41 
26k =-26 => k=-!1 
6. The remainder after dividing the polynomial p(x) = x’+ax’+7 by 1) is 2b. 
being divided byte). if this expression leaves a remainder of (b+5) on 
n —2 
Solution: ie etx} = x’ + ax? +7 by (x + 1) 
By the Remainder Theorem, when p(x) is divided by x + 1 = x — (1), the 
remainder is 2b. 
p(-1)=2b 
(-1)' +a(-1)' +7=2b 
—l+a+7=2b 
a+6=2b 
a=2b-6 @ 
By the remainder Theorem, when p(x) is divided by x—2, the remainder is b+5. 
p(2)=b+5 
(2) +a(2) +7 =b+5 | 
8+4a+7=b+5 
4a+15=b+5 


4a=b+5-15 
4a=b-10 
a ~+(b-10) (ii) 
By comparing eq. (i) and eq (ii), we get 
2-6 =—(b-10) 


4(2b-6)=b-10 
8b—24 =b-10 
7b =14 


bat 
7 


Put b = 2 in eq. (i), we get 
a=2(2)-6 =4-6=-2 
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a=-2,b=2 
7. The polynomial x’ + Ac + mx + 24 has a factor (x + 4) and It leaves a remainder 
of 36 when divided by (x - 2). Find the values of /and m. 
Solution: Let P(x) = x° + ix? + mx + 24 
By the Remainder Theorem, when p(x) is divided by x+4 = x — (— 4), the 
remainder is ‘0’. 
p(-4)=0 
(-4) +¢(-4)’ +m(—4)+24=0 
—64 +160 -4m+24=0 
164-4m-—40=0 
4(4¢—m-10)=0 
=> 4£—m-10=0 
4f—m=10 


oe Gh) 
By the Remainder Theorem, when p(x) is divided by 
x—2, the remainder is 36. 
p(2)=36 


(2) +£(2) +m(2)+24=36 
8+4/+2m+24=36 
4£+2m+32=36 
44+2m = 36-32 
44+2m=4 
2(2¢+m)=4 
=, 24+m=2 (ii) 
Adding eq. (i) and eq. (ii), we get 
4@—m=10 
22+m=2 
6£=12 
Put £=2ineq (ii), weget /=2 
2(2)+m=2 
4+m=2 
m=2-4 
m =-2 
l1=2,m=-2 
The expression &?+mx2-4 leaves remainder of -3 and 12 when divided by 


(x—1) and (x+2) res ly aaa the values of /and m. 
Solution: Let P(x)= éx" + 


By the Remain Theorem en) vided by , the remainder is -3. 
p(l)=-3 
é(1) +m(1) -4=-3 
£+m-4=-3 
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é+m=4-3 
 f+mel a 
By the Remainder Theorem, when p(x) i divided by x by x+2 = x -(-2), then 
remainder is 12. 
p(-2)=12 


&(-2)' + m(-2)' —4 =12 
é(-8) +m(4)—4=12 


-8'+4m-4=12 
—82+4m =12+4 
-8/+4m =16 
4(-2¢+m)=16 
= -24#+m=4 (ii) 
Subtract eq. (ii) from eq. (i), we get 
f+m=1 
F2ét+m=+4 
34=-3 
f=-1 | 
Put ¢ =—1 in eq. (i), we get 
-l+m=1 
m=1+1=2 
& =-1,m=2 
9. The expression ax? - 9x’ + bx + 3a is exactly divisible by x’ - 5x + 6. Find the 
values of a and b. 
Solution: Let a —9x’ + bx + 3a 
As 5x +6=0 


x? —3x-2x+6=0 
x(x-3)-2(x-3)=0 
(x-—3)(x-2)=0 
x-3=0 or x-2=0 : 
By the Remainder Theorem, when p(x) is divided by (x —3), the remainder is 
p(3)=0 
a(3) -9(3)' +b(3)+3a=0 
27a—81+3b+3a=0 ° 
30a +3b=81 (i) 
By the Remainder Theorem, when p(x) is divided by (x — 2), the remainder is 
p(2)=0 
a(2)° -9(2)' +b(2)+3a=0 
8a —36+2b+3a=0 


Visit www.downloadclassnotes.com for Notes, Old Papers, Home Tutors, Jobs, IT Courses & more. 


(Page 178 of 419) 


For more notes & academic material visit our Website or nstall our Mobile App 
Website: www.downloadclassnotes.com Mobile App: bit.ly/DCNApp 


MATHEMATICS (EM) NOTES FOR 9" CLASS (PUNJAB) 
lla +2b =36 (ii) 
Multiply eq. (i) by ‘2’ and eq. (ii) by ‘3’, then subtract eq. (ii) from eq. (i), we 
get 
60a + 6b = 162 
+33a + 6b = +108 
27a =54 
a=2 
Put b =2 ineg. (i), weget 
30(2)+3b=81 
60+3b=81 
3b =81-60 
3b =21 
b=7 
a=2,b=7 
Factorization of a Cubic Polynomial: 

We can use Factor Theorem to factorize a cubic polynomial as explained 
below. This is a convenient method particularly for factorization of a cubic 
polynomial, We state (without proof) a very useful Theorem. 

Rational Root Theorem: 

Let ax" +ax"'+....+4,_ x44, =0,a, 40 
be a polynomial equation of degree n with integral coefficients. If p/q is a rational 
root (expressed in lowest terms) of the equation, then p is a factor of the constant 
term a, and q is a factor of the leading coefficient ap. . 

Example: Factorize the polynomial x’ — 4x? + x + 6, by using Factor Theorem. 
Solution: We have p(x) = x° — 4x7 +x + 6. 
Possible factors of the constant term p = 6 are +1, +2, +3 and +6 and of 


leading coefficient q = | are +1, Thus the expected zeros (or roots) of p(x) = 0 are . 


=+1,+42, +3 and +6. If x =a is a zero of p(x), then (x — a) will be a factor. 
We use the hit and trial method to find zeros of p(x). Let us try x = 1. 
Now p(l) = (1 — 4(1 +1+6 
=1-4+1+6=4/0 
Hence x = —1 is not a.zero of p(x). 
Again p(-1) =(-1)’-4(-1)-1+6 
=1-—4-1+6=0 
Hence x = —1 is a zero of p(x) and therefore, x — (—1) = (x + 1) is a factor of 
x). 
ss Now p(2) =(2) —4(2)? +2+6 
=8-16+2+6=0 => x=2isa root. 
Hence (x — 2) is also a factor of p(x). 
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Similarly p (3) = (3) - 43) +3+6 
=27 -36+3+6 =-0 =—x=3 isa zero of p(x). 
Hence (x — 3) is the third factor of p(x). 
Thus the factorized form of P (x) = x’ — 4x? + x + 6 is 
(x +1) (x — 2) (x - 3) 


| Solved Exercise 5.4 | 


Factorize each of the following cubic polynomials by factor theorem. 
1, x-2x?-x+2 
Solution: We have p(x) = x —2x?-x +2 (i) 
Letx=1 
So (i) becomes 
Pl) = =(1) -2(1)' -(1)+2 =1-2-14+2=3-3=0 
Hence x = 1 is a zero of p(x) and therefore, (x — 1) is a factor of p(x). 
Now again let x = 2 
So (i) becomes 
P(2y =(2) -2(2) -(2)+2 
=8-2(4)-2+2=8-8-2+2=10-10=0 
Hence (x — 2) is also a factor of p(x). 
Now again let x = — 1 
So (i) becomes 
p(-1) =(-1)’ -2(-1) =(-1)+2 
=—1-2(1)+14+2=-1-2+1+2=3-3=0 
Hence (x—(—1)) = (x + 1) is the third factor of p(x). 
Thus the factorized from of p(x) = x’ — 2x? —x + 2 is (x+1)(x-1)(x-2) 
2. x'-x?-22x+40 
Solution: We have p(x) = x°—x’-22x+40 (i) 
Let x=4 
So (i) becomes 
Now p(4)=(4) -(4)' -22(4)+40 
= 64-—16-—88+ 4) =104-104=0 
Hence x = 4 is a zero of p(x) and therefore, (x—4) is a factor of p(x) 
Now again let x = 2 
So (i) becomes 
p(2)=(2) -(2) -22(2)+40 
=8-4-44+40=48-48=0 
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Hence (x — 2) is also a factor of p(x). 
Now again let x =—5 
pS) =(-5) -(-S)’ -22(-5)+40 
= -125-—25+110+40=-—150+150=0 
Hence (x -(-5)) =(x +5) is the third factor of p(x). 
Hence the factorized form of p(x) = x° —x* -22x +40 is (x+5)(x-2)(x-4) 
3. x -6x?+ 3x+10 
Solution: We have p(x) = x° —6x* +3x +10 (i) 
Letx =-1 
So (i) becomes 
Now p(-1) =(—1) -6(-1) +3(-1)+10 
=-1-6-3+10=-10+10=0 
Hence (x—(-1))=(x +1) is a zero of p(x) and therefore (x +1) is a factor of p(x). 
Now again let x = 2 
So (i) becomes 
Now  p(2)=(2)' -6(2)' +3(2) +10 
=8-6(4)+6+10=8~24+6+10=24-24-0 
Hence (x—2)is also a factor of p(x). 
Now again let x = 5 
So (i) becomes 
Now p(5) =(5) -6(5) +3(S)+10 
= 125 -6(25)~-15+10=125—150+15+10=150-150=0 
Hence (x — 5) is the third factor of P(X). 
Hence the factorized form of p(x) = x’ — 6x? + 3x + 10 is 
(x+1)(x-2)(x-5) 
4 w4+x?-10x+8 
Solution: We have p(x) = x’ + x’-10x +8 (i) 
Lex=1- 
So (i) becomes 
Now p(1) =(1) +(1)’ -10(1)+8 
=1+1-10+8=10-10=0 
Hence x = 1 is a zero of p(x) and therefore (x — 1) is a factor of p(x). 
Now again let x = 2 
So (i) becomes 
Now p(2) =(+2)' +(+2)’ -10(+2)+8 
; =+8+4-20+8=20-20=0 ; 
7 eC 
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Hence (x—2) is also a factor of p(x). 
Now again let x = —4 
So (i) becomes 
P(- 4) =(- 4) +(4)?-10(-4) +8 
=-64+16+40+8 
= 48 —48=0 
Hence (x—(-4))=(x +4)is the third factor of p(x). 
Hence the factorized form of p(x) = x* +x’ -10x+8 is (x—1)(x—2)(x+4) 


5. -2x?-5x+6 
Solution: We have p(x) = x°-2x?-5x + 6 (i) 
Letx=-—2 
So (i) becomes 
Now p(-2) =(-2)' -2(-2)’-5(-2)+6 
=~8-2(4)+10-6=-8-8+10+6=-164+16=0 
Hence x = "ina me ahaa ae (-2))=(x +2)is a factor of p(x). 
Now again let x = 
So (i) becomes 
p(l) =(1)’ -2(1)' -5(1) +6 
=1-2-5+6=7-7=0 
Hence (x-1) is also a factor of p(x). 
Now again let x = 3 
So (i) becomes 
p(3) =(3) - 4H  aibens 
= 27—2(9)-15+6=27-18-15+6=33-33=0 
Hence (x — 3) is the thrid factor of p{x). 
Hence the factorized form of p(x) =x* —2x?—5x +6is (x +2)(x-1)(x-3) 
6. x+5x?-2x-24 
Solution: We have p(x) = x’ + 5x” - 2x - 24 (i) 
Letx=-4 
So (i) becomes 
Now p(-4) =(-4)' +5(-4)' -2(-4)-24 
=~64+5(16)+8-24 =-64 +80 +8 -24 =88-88 =0 
Hence x = —4 is a zero of p(x) and therefore (x -(-4))=(x +4) isa factor of p(x). 
Now again let x =—3 
So (i) becomes 
Now p(-3)  =(-3)'+5(-3)' -2(-3)-24 
=-27+5(9)+6-24 =-27+45+6-24=51-51=0 
Hence (x —(-3))=(x+3) isalso a factor of p(x) 
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Now p(2) =(2) +5(2)' -2(2)-24 
=8+5(4)—4-24=8+ 20-4-24 = 28-28 =0 
Hence (x — 2) is the thrid factor of p(x). 
Hence the factorized form of p(x) = x° + Sx”-2x-24 is (x+4)(x+3)(x—2). 
7 308-x?-12x+4 
Solution: We have p(x) = 3x°-x?-12x+4 (i) 
Letx=2 
So (i) becomes . ' 
Now p(2) =3(2) -(2) -12(2)+4 
=3(8)-4-24+4=24—4-24+4=28-28=0 
Hence x = 2 is a zero of p(x) and therefore (x — 2) is a factor of p(x). 
Now again let x =—2 
So (i) becomes 
p(-2)= 3(-2)' —(-2)' -12(-2)+4 
=3(-8)-4+24+4 =-24-—4+24+ 4=-28+28=0 
Hence (x—(-2))=(x+2)also a factor of p(x) 
1 


Now again let -— 


6-0-0 


Hence (3x — 1) is the third factor of p(x). 
Hence the factorized form of p(x) = 3x* —x* — 12x + 4 is (x—2)(x+2)(3x—1) 
8. =. 2x? +x?- 2x-I 
Solution; We have p(x) = 2x’+x’-2x-| (i) 
.Letx==1 
So (i) becomes 
p(-1)  =2(-1)' +(-1)’ -2(-1)-1 

= 2(-1)4+1+2-1=-2+1+2-1=3-3=0 
Hence x = -1 is a zero of p(x) and therefore, (x —(-1))=(x +1) is a factor of p(x). 
Now again let x = 1 
So (i) becomes 
Now pl) =2(1)' +(1)'-2(1)-1 

=2+1-2-1=3-3=0 
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Hence (x —1) is also a factor of p(x). 
Now again let x = -$ 
So (i) becomes 


men 


Hence (2x + 1) is the third factor of p(x). 
Hence the factorized form of p(x) = 2x? + x? - 2x —l is 


(x -1)(x +1)(2x +1) 


| Solved Review Exercise 5 | 


- Multiple Choice Questions. Choose the correct answer. 
(i) The factors of x’ — 5x +6 are...... 
(a) x+1,x-6 (b) x-2,x-—3 (c) x+6,x-1 (d) x+2,x+3 
(ii) Factors of 8x’ +27y” are...... 
(a) (2x + 3y), (4x? + 9y’) (b) (2x — 3y) , (4x” - 9y’) 
(c) (2x + 3y), (4x”-éxy+9y*) _ (d) (2x -—3y), (4x" + 6xy + Dy) 
(iii) Factors of 3x* — x —2 are....,. 


(a) (x +1), (3x -2) (b) (x +1), Gx +2) 

(c) (x-1), Gx-2) (d) (x-1), Gx +2) 
(iv) Factors of a‘ — 4b‘ are...... 

(a) (a—b),(a + b),(a? + 4b") (b) (a* — 2b’) (a” + 2b’) 

(c) (a—b),(a+ b),(a?— 4b”) (d) (a— 2b) , (a* + 2b’) 
(v) What will be added to complete the square of 927 - 12ab?............s00 

(a) -16b* (b) 166? (c) 4b? (d) — 4b’? 
(vi) Find m so that x’ + 4x + m is a complete square ...... 

(a) 8 (b) -8 (c) 4 (d) 16 — 
(vil) Factors of 5x’ — 17xy — Ry’ are ...... 

(a) (x + 4y),(5x + 3y) (b) (x — 4y),(5x —3y) 

(c) (x — 4y),(5x + 3y) (d) (5x — 4y),(x + 3y) 


(vili) Factors of 27x’ = are 


(a) (sx-+), [9x +3+4] (b) [ax+4},(90 +345) 
x x x s 

(c) [3x-1},(92-3+4) (d) [3x+4},(91 3+} 
x x x x 
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Answers: (i) b (i) c (iii) d ; (iv) b 
(vy) ¢ (vi) c (vii)c (viii) a 

2. _ Completion Items. Fill in the blanks, 

(i) x2 + 5x+6=————_ 

(ii) 4a* — 16 =—_____—_ 

(iii) 4a" + 4ab + (—————) is a complete square 

y 

(iv) S —2+ a = 

(v) (x+y)(2? ~xy+ y' )= ———_ 

(vi) Factored form of x‘ ~ 16 is 

(vii)If x —2 is factor of p(x) =x? + 2kx + 8, then k = 
Answers: 


(i) (x+2)(x+3) (i) 4(a—2)(a+2) (iii) b? 


2 
(iv) a (v) x+y’ (vi) (x =2)(x-+2)(x? +4) 


(vii) —3 

3. Factorize the following. 

(i) x*+8x+16-4y' 

Solution: x’ + 8x + 16 - 4y? = (x) +2(x)(4)+(4)' |- ~(2y)’ 
=(x+4) —(2y)’ 
=(x+4+42y)(x+4-2y) 
=(x+2y+4)(x-2y+4) 

(ii) 4x?- 16y’ 

Solution: 4x7-16y* = 4] x?- ay? | 

= 4l (x)'-(2y)' |=4(x-2y)(x+2y) 
(iii) 9x?+27x+8 
Solution: 9x7+27x+8 = 9x? +24x+3x+8 
=3x(3x+8)+1(3x+8) 
= (3x +8)(3x+1) 
(iv) 1-642? 
Solution: 1-642 =(1)' —(4z) 
=(1-42)| (1)* +(1)(4z)+(4z)'] 


= (1-4z)(1+4z+162") 
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oe 
(v) 8x ay 


Solution: 8 Nee -x-(4) 


eg fonronlg}(al] 


1 I 
-(3x -t][4e +3 ‘ 
(vil) 2y?+5y- 


Solution: 2y° + Sy-3 =2y’+6y-y-3 
= 2y(y+3)-1(y+3) 
=(y+3)(2y-1) 
(vil) +x?-4x-4 
Solution: x’ + x’ - 4x - 4 =x’ -4x+x’-4 
= x(x’ -4)+1(x? ~4) 


=(x+1)(x? —4) 
= (x+1)[(x)’ -(2)'], 
=(x +1)(x +2)(x-2) 


(viii) 25m?n? + 10mn+1 
Solution: 25m’n* + 1}0mn + ] = 25m’n? + 5mn+5mn +1 
= §mn(Smn +1)+1(Smn +1) 


=(Smn +1)(5mn +1) 
=(5mn +1) 
(ix) 1-12pq+ 36p’q’ 
Solution: 
I~ 12pq + 36p"q? = (1)’ -2(1)(6pq) +(6pq)" 
= (1-6pq)’ 
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| SUMMARY | 


If a polynomial is expressed as a product of other polynomials, then each 
polynomial in the product is called a factor of the original polynomial. 

%* The process of expressing an algebraic expression in terms of its factors is 
called factorization. We learned to factorize expressions of the following types: 


* ka+kb+kc 

* act+ad+be+bd 
+ a’ +2ab+b 

<« put 


+ (a+ 2ab+b’)-<? 
* a'ta’b?+b ora’ + 4b* 
© xt+ px+q 
* ax’+bx +e 
. (ax” + bx + c) (ax? + bx +d) +k 
* (x+a)(x+b)(x+c)(x+d)+k 
* (x +a)(x + bx + c){x +d) + kx? 
+ a’ +3a’b+3ab’+b' 
* a —3a'b+3ab*-b° 
+ ath 
% — If. polynomial p(x) is divided by a linear divisor (x - a), then the remainder is 
p(a). 
° If a specific number x = a is substituted for the variable x in a polynomial p(x) 
so that the value p(a) is zero, then x = a is called a zero of the polynomial p(x), 
* The polynomial(x — a) is a factor of the polynomial p(x) if and only if p(a) = 0. 
Factor theorem has been used to factorize cubic polynomials. 


«eee 
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G ALGEBRAIC MANIPULATION Foote, soe cote, | 


6.1 Highest Common Factor and Least Common Multiple 
6.2 Basic Operations on Algebraic Fractions 


6.3 Square Root of Algebraic Expression —_ 


@ STUDENTS LEARNING OUTCOMES 


After studying this unit, the students will be able to: 
find Highest Common Factor and Least Common Multiple of algebraic 
expressions. 
# use factor or division method to determine highest common factor and least 
common multiple. 
# — know the relationship between H.C.F and L.C.M. 
Z solve real life problems related to H.C.F and L.C.M. 
We 


i 


use highest common factor and least common multiple to reduce fractional 
expressions involving +, —, x, +. 
{ find square root of algebraic expressions by factorization and division. 
Introduction: 

In this unit we will first deal with finding H.C.F. and L.C.M. of algebraic 
expressions by factorization and long division. Then by using H.C.F. and L.C.M. we 
wil] simplify fractional expressions. Toward the end of the unit finding square root 
of algebraic expression by factorization and division are discussed. 


Highest Common Fa H.C.F.) and Least Co n: Multiple (L.C.M.) of 
Algebraic Expressions: 
(a) Highest Common Factor (H.C.F.): 

If two or more algebraic expressions are given then their common factor of 
highest power is called the H.C_F. of the expressions. 
(b) Least Common Multiple (L.C.M.): 

If an algebraic expression p(x) is exactly divisible by two or more expressions, 
then p(x) is called the Common Multiple of the given expressions. The Least 
Common Multiple (L.C.M.) is the product of common factors together with non- 
common factors of the given expressions. 

(a) Finding H.C-F.: 

We can find H. C. F. of given expressions by the following two methods. 

{i) By Factorization (ii) By Division 

Sometimes it is difficult to find factors of given expressions. In that case, 
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method of division can be used to find H. C. F. We consider some examples to — 
explain these two methods. 
() H.C.F. by Factorization: 
Example: Find the H. C. F. of the following polynomials. 
x? - 4, x2 + 4x4 4,20) +x-6, 

Solution: x? — 4 = (x + 2)(x - 2) 

x +4x+4=(x +2) 

2x? +x-6 =2x? + 4x — 3x — 6 = 2x(x + 2) — 3(x +2)= (x+2)(2x-3) 
Hence, H.C.F.=x+2. 
(ll) H.C.F. by Division 
Example: Use division method to find the H. C. F, of the polynomials 

p(x) = x? - 7x? + 14x-8 and q(x) =x’ -7x+6 


Solution: 
l 
x ~7x+6)x' —7x* +14x-8 
+x} F7x+6 


7x’ +2lx-14 
Here the remainder can be factorized as 
~7x? + 21x — 14 =-7(x? — 3x + 2) 
We ignore —7 because it is not common to both the given polynomials and 
consider x* — 3x + 2. 


~ 


x+3 
x? -3x4+2) x°-Ox? -7x+6 
=x°$3x7° +2x 
3x7 -9x+6 


—3x? F9x+6 
0 
Hence H. C. F. of p(x) and q(x) is x* - 3x +2 

Observe that: 

(i) _ In finding H. C. F. by division, if required, any expression can be multiplied by 
a suitable integer to avoid fraction. 

(ii) In case we are given three polynomials, then as a first step we find H. C. F, of 
any two of them and then find the H. C. F. of this H. C. F. and the third 
polynomial. 

(b) Finding L.C.M. by Factorization: 

Working Rule to find L.C.M. of given Algebraic Expressions: 

' (i) Factorize the given expressions completely i.e, to simplest form. 
(ii) Then the L.C.M. is obtained by taking the product of each factor appearing in 
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any of the given expressions, raised to the highest power with which that factor 
appears. 

Example: Find the L.C.M. of p(x) * 12(x? ~ y’) and q(x) = 8(¢ - xy’) 

Solution: By prime factorization of the given expressions, we have 

p(x) = 12(x?— y’) “2? x 3.x (xy) (x? + xy + y’) 
And = q(x) = 8(x’ — xy”) = 8x(x? — y*) = 2°x(x + y) (x -y) 
Hence L.C.M. of p(x) and q(x) is 
2? x3 xx(x +y)(x— y) (x? + xy + y7) = 24x (x + y) (x? - y*) 

Relation between H.C.F. and L.C.M.: 

Example: By factorization, find (i) H.CF. (ii) LCM. of pQd = 120¢ - x‘) and 
q(x) = 8(x*— 3x? + 2x), Establish a relation between p(x), q(x) and H.C.F. and 
L.C.M., of the expressions p(x) andq(x). | 

Solution: Firstly, let us factorize completely the given expressions p(x) and q(x) into 

irreducible factors. We have 

p(x) = 12(x* — x*) = 12x4 (x — 1) +2? «3.x*(x- 1) 
And q(x) = 8(x* — 3x? + 2x”) = 8x? (x = 3x + 2) = 2? x* (x — 1) (x -2) 
H.C.F, of p(x) and q(x) = 2” x? (x — 1) = 4x? (x - 1) 
L.C.M. of p(x) and q(x) = 2° 3xx"(x — 1)(x - 2) 
Observe that: 
p(x) g(x) = 12x* (x — 1) x 8x? (— 1) (x — 2) 
= 96x°(x — 1)?(x = 2) swese (i) 
And (L.C.M.) (H.C.F.) = [2° * 3 * x* (x — 1) (x —2)] [4x7 (x - 1)J 
= 24x‘ (x — 1) (x — 2)] [4x7 (x - 1)} 


=96x°(x—1)*(x-2) wants 
From (i) and (ii), it is clear that 
LC.M.x H.C.F.= p(x) x q(x) 
Hence, if p(x), q(x) and one of H.C.F, or L.C.M. are known, we can find the 


unknown by the formulae, 
_ Axixgx) x) x q(x) 
Lo LCM = At or HGF. = PXxatx) 
_ 1 1FLIC.M., H.C.F. and one of p(x) or q{x) are known, then 


~ LCM. x HCE. L.C.M.XH.CF, 
— —_ = a0) = PX) 


Note; L.C.M. and H.C.F. are unique except for a factor of (-1). 
Example-1: Find H.C.F. of the polynomials, p(x) = 20(2x° + 3x?-2x),q(x) = 9(5x*+40x) 
Then using the above formula (1) find the L.C.M. of p(x) and q(x). 
Solution: We have p(x) = 20(2x’ + 3x” — 2x) = 20x (2x” + 3x -2) 
= 20x (2x? + 4x — x — 2) = 20x [2x(x +2) -— (x + 2)] 
= 20x (x + 2) (2x — 1) = 2? * 5 x x (x +2) (2x- 1) 
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q(x) = 9(5x* + 40x) = 45x(x? + 8) 
= 45x (x + 2) (x? -— 2x +4) =5 « 3? x x (x +2) (x? — 2x +4) 
Thus H.C.F, of p(x) and q(x) = 5x(x + 2) 
__ P(x) * a(x) 
Now L.CM. "HGF. 
: 2? x $x x(x+2)(2x-1)x5x3? xx(x+2)(x? —2x+4) 
=4 x5 x9 x x(x + 2) (2x — 1) (x? - 2x+4) 
= 180x (x + 2) (2x — 1) (x? - 2x +4) 
Example-2: Find the L.C.M. of 
p(x) = 6x? — 7x? - 27x + 8 and q(x) = 6x? + 17x? + 9x - 4. 
Solution: We have, by long division, 
] 
6x" —7x* —27x+8)6x' +/7x? +9x-4 


+6x° F 7x? F27x+8 
24x* +36x-12 
But the remainder 
24x” + 36x — 12= 12(2x?+ 3x — 1) 
Thus, ignoring 12, we have 
3x-8 
2x* +3x-1)6x! - 7x? -27x+8 
+6x° +9x’ F 3x 
—16x* ~24x+8 
¥16x°+24x+8 
0 
Hence H.C.F. of p(x) and q(x) = 2x? + 3x -—1 
3 2 3 
Ra (oF 7% ~Eiet 8)(6x° +17x" +9x-4) 
2x° +3x-1 
(6x” ~7x? -27x +8) 
srs x(6x? +17x? +9x-4) 
= (3x — 8) (6x? +1 7x? + 9x - 4) 
Application of H.C.F. and L.C.M.: 


Example: The sum of two numbers is 120 and their H.C.F. is 12. Find the numbers. 


Solution: Let the numbers be 12x and 12y, where x, y are numbers prime to each 
other. 


Then 12x +12y = 120 => x+y=10 


Visit www. .downloadclassnotes.com for Notes, Old Papers, Home Tutors, Jobs, IT Courses & more. 
(Page 191 of 419) 


For more notes & academic material visit our Website or nstall our Mobile App 
Website: www.downloadclassnotes.com Mobile App: bit.ly/DCNApp 


MATHEMATICS (EM) NOTES FOR 9* CLASS (PUNJAB) 


Thus we have to find two numbers whose sum is 10. The possible such pairs of 
numbers are (1, 9), (2, 8), (3, 7), (4, 6), (5, 5). 
The pairs of numbers which are prime to each other are (1, 9) and (3, 7), thus 
the required numbers are 
1 x 12,9 12,3 x 12,7 12 
ic, 12, 108 and 36, 84. 


Solved Exercise 6.1 


1. ‘Find the H.C.F, of the following expressions. 


(il) 39Wyz and 91x¢y*2’ 
Solution: 39x’y'z = 13x3xx’y'z 
9ix®y®z’ =13x7xx*y®2’ 
H.CF =13x'y’z 
(il) 102xy2z, 85x2yz and 187xyz? 
Solution: 102xy’z =17x6xxy’z 
85x yz =17x 5x x’ yz 
187 xyz? =17x 11x xyz" 
H.CF =17xyz 
2. Find the H.C.F, of the following expressions by factorization. 
(i) = x?+5x+6, x?-4x-12 
Solution: x? +5x+6 =x?+3x+2x+6 
= x(x +3)+2(x+3) 
=(x+2)(x+3) 
x°-4x-12 =x? -6x+2x-12 
= x(x —6)+2(x-6) 
= (x -6)(x+2) 
H.CF =(x+2) 
(li) »°-27,x°+6x-27,2x’-18 
Solution: —x* ~27 =(x)’ —(3)’ 
= (x-3)| (x) +(x)(3)+(3)'| 
=(x-3)(x? +3x+9) 

x? +6x —27 =x? +9x-3x-27 
=x(x+9)-3(x+9) 
=(x+9)(x-3) 

2x? -18 = 2(x? -9) 


=2[(x)'-(3) | 
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= 2(x —3)(x+3) 
H.CF =(x-3) 
(WI) x? - 2x? + 8 + 2-3, 27° + 3-4 
Solution: x’ -2x?+x =x x? -2x+1] 


=x| (x)' -2(x)(1)+(1) | 
=x(x-1)’ 
=x(x-1)(x—1) 
x? 42x-3 =x?+3x—-x-3 
= x(x +3)-1(x+3) 
=(x+3)(x-1) 
x? 43x—4 =x? 4+4x-x-4 
= x(x +4)-1(x+4) 
= (x +4)(x - 1) 
H.CF =(x-1) 
(iv) 18(4* -927 + 8x),24( 47-3442) 
Solution: —18(x’—9x? +8x) = 18x{ x? —9x +8] 
=18x| x’ -8x-x+8] 
= een 
=18x(x-8)(x-1) 
24(x’ —3x +2) = 24[ x? —2x-x +2] 
= 24| x(x-2)-1(x-2)] 
= 24(x-—2)(x-1) 
HCF =6(x-1) 
(v)  36(3a* +52? -2x7),54(2744 - x) 
Solution: 36(3x‘+5x°-2x’) =36x?[3x?+5x-2] 
= 36x’ (3x? +6x—Xx -2] 
= 36x"| 3x(x +2)-1(x +2) ] 
= 36x? (x +2)(3x-1) 
54(27x‘-x) =$4x[27x*-1] 
= 54x| (3x)’ -(1)'] 
= 54x(3x- 1)[ (xy" +(3x)(1) +(1)'| 
= 54x (3x-1)(9x? +3x +1) 
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H.CF. =18x(3x-1) 
3. Find the H.C.F of the following by division method. 
Do x 4B -16.04+12,2° + 7 -104¥4+8 
lution: 
] 
x? +x7-10x+8) x? 43x? -16x +12 
tx? +x? F10x +8 
2x? -6x+4 
2(x’ -3x +2) 
Thus, ignoring 2, we have 
x+4 
x? —3x+2) x°+x7-10x+8 
+x> 53x? +2x 
4x* —12x +8 
+4x* 12x +8 
0 


Hence HCF. =x?-3x+2 
(i) x ta - Dat ee-3 , Sx’ 4307-17746 
Solution: | 

x+2 : 
5x’ +3x? -17x +6) x 4+x°—2x* +x-3 
x5 
5x* + 5x? — 10x? +5x-15 
$5x* +3x° 17x? + 6x 
2x°4+7x*-x-15 
x5 
10x’ + 35x? —5x -75 
+10x* +6x? 34x +12 
29x? + 29x —87 
29(x? +x -3) 
Thus ignoring 29, we have 
5x-2 
x? 4x-3) 5x?+3x?-17x+6 
+5x? + 5x? F15x 
~—2x* —-2x+6 
2x? F2x +6 
0 
Hence H.C.F=x?+x-3 


a LL OO 
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(Wii) 2x°-424-6x , 2 4+24°-32-3 
Solution: 
2 
x +x! —3x) —3x? }2x* —4x‘ -6x 
+2x5+2x' = F6x? F6x’ 
—6x' +6x? +6x’* —6x 
~6(x* -x'-x? +x) 
Thus ignoring —6, we have 
x+2 
x‘ -x?- x? +x) x° +x! —3x? — 3x’? 
tx' $x’ Fx? +x’? 
2x! ~ 2x’ —4x 
+2x‘ 52x’ = 2x? +2x 
~2x? - 2x 
-2(x’ +x) 
Thus ignoring —2, we have 
x? -2x +1 
x? +x) x4-x? =x? 4x 
+x*+x’ 
2x - x? +x 
¥2x° $2x’ 
x? +x 
tx? +x 
0 
Hence H.C.F.=x'+x=x(x+1) 
4. _ Find the L.C.M. of the following expressions. 
() 39” yz and 91x27 
Solution: 39x’y’z =3x13x’y’z 
91x*y°2” =7x13x°y*2" 
LM. = 3x 7x 13x’y*z’ 
= 273x’y*z’ 
(iit) 102xy*z, 85x7°yz and 187 xyz" 
Solution:  102xy’z =2«3x17xy’z 
85x*yz =5x17x’ yz 
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187xyz? =11x17xyz" 
L.CM =2x3x5x11x17x’y’z’ = 5610x’y*z’ 
5. Find the L.C.M. of the following expressions by factorization. 
1) #-25x+100 and = x-x-20 
Solution: x? -—25x+100 =x? -20x-5x +100 
= x(x-20)-5(x-20) 
= (x-20)(x-5) 
x?—x—-20 =x?-5x+4x-20 
=x(x—5)+4(x-5) 
=(x-5)(x+4) 
L.CM. =(x-5)(x-20)(x +4) 
Qi) x2 4+4444,27-4,227 42-6 
Solution: x7 +4x44 =x? +2x4+2x+4 
= x(x +2)+2(x+2) 
=(x+2)(x+2) 
4 =(x)?-(4) 
=(x-2)(x+2) ) 
2x7+x-6 =2x'+4x-3x-6 
= 2x(x+2)-3(x+2) 
= (x +2)(2x-3) 
LCM. =(x +2)(x+2)(x -—2)(2x —3) 
(ill) (44 “rh » +2 y- ay - ” 
Solution; 2(x‘~y' =7(x*) - (°) | 
=2(x? ~y ad +y 2) = 2(x-y)(x+y)(x? +y") 
3(x’ +2x*y—xy? -2y’) =3| x?(x+2y)-y"(x +2y)] 
=3(x+2y)(x?-y? )= 3(x—y)(x +y)(x +2y) 
LCM, = 2x3(x-y)(x+y)(x? +y?)(x +2y) 


dv) a 1).6( 22-22-41) =6(x’ -y *\(x? +y *\(x+2y)= 6(x* -y *)(x +2y) 
Solution: 4(x‘ —1) = 2x (x? y -(1)'| 
= 2x2[ (x? —1}(x? +1)]=2%2(x-1)(x+1)(x? +1) 
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6(x’-x?-x+1) =2x3[x*(x-1)-1(x-1)] 
= 2x3] (x-1)(x? -1)]=2%3(x-1)(x+1)(x-1) 


LOM. =2x2x3(x~1)(x +1)(x? +1)(x-1) 
= 12(x? -1)(x? +1)(x—1) = 12(x* -1)(x-1) 
6. For what value of kis (x + 4) the H.C. of x? + x -(2k+2) and 2x? +kx-127 
Solution: 
x-3 


x+4) x? +x-(2k+2) 


tx? +4x 


~3x-(2k +2) 


F3xF12 
—(2k+2)+12 
=> -—2k-2+12=0 
-~2k+10=0 
-—2k =-10 
= k=a5 
Now as k = 5. So, 2x* +kx —12 = 2x? +5x-12 
2x-3 
x+4) 2x? +5x-12 
+2x? +8x 
-—3x-12 
2 2Ka 12 


7. WW {x+3 \ mania X) = (44 3)(227 -34+4) and 
Hine We 2)(347 +7x-2£), ok: X 
Pes, To k, we have 
(x +3)(2x” ~3x+k) 2x? —~3x+k 

(x+3)(x-2) x-2 
2x +1 
x-2) 2x?-3x+k 


ie Edn 
x+ 
tx F2 
k+2 
=> k+2=0 
k=-2 


’ 
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To find £, we have 
(x—2)(3x° +7x-¢) 3x? +7x-8@ 
(x-2)(x+3) x 43 
3x-2 | 
x +3) 3x?+7x- 
43x? + 9x 
=! 
F2x 56 
—£+6 
=> —£+6=0 
—f=-6 
> f=6 
8. The L.C.M, and H.C.F, of two polynomials p(x) and q(x) are 2(x-1) and 
(x+1)(x" +1) respectively. If ox) = 2° + 27 + x+1, find q(x) 


Solution: 
L.C.M. =2(x* -1), H.CF. = (x +1)(x? +1); p(x) =x? +x? +x+41, q(x) =? 
We know that . 
p(x) x q(x} =L.C.M. x H.CLF, 
L.C.M.x H.C.F 
cx = — 
p(x) 
_ 2(x*—1)}x(x +1)(x? +1) 
" x 4x? +x41 
. 2(x —1)(x+1)(x? +1)(x +1)(x? +1) 
- x’ (x +1)+1(x+1) 
2(x-1)(x+1)(x? +1)(x +1)(x? +1) 
(x +1)(x? +1) 


= 2(x -1)(x+1)(x? +1) 
= 2(x? -1)(x? +1) =2(x* -1) 
9, Let p(x)=10( x7 -9)( 27 -3x+2) and g(x) =10x(x+3)(x-1)’. 
If the H.C.F, of p(x), q(x) Is 10(x+3) (x-1), find their L.C.M. 
Solution: p(x) =10(x? ~9)(x? -3x +2),q(x) =10x(x +3)(x-I)’, 


H.C.F = 10(x+3) (x-1), L.C.M. =? 
We know that 


' 
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LOM XHCR =pQeax) 
_ P(x)xa(x) 
LCM. = LCF 
10(x? -9)(x? -3x +2)x10x(x+3)(x-1)° 
~ 10(x +3)(x-1) 


_10(x-3)(x+3)(x~1)(x—-2)«10x(x+3)(x=1)' 


10(x +3){x-1) 
=10(x-3)(x-2)xx(x+3)(x-) 
=10x(x—1) (x—2)(x-3)(x +3) 
=10x(x-1)(x—2)(x?~9) 
10, Let the product of L.C.M. and H.C.F, of two polynomials be (+3) (x-2)(x+5). 
If one polynomial is (x+3)(x-2)and the second polynomial is x° + 4r+15 , find 
the value of k. 
Solution: Let p(x)=(x+3)(x—2), q(x) =x?+kx+15 
L.C.M.xH.C.F. =(x+3) (x—2)(x+5) 
We know that 
p(x)xq(x)=L.CM.x HCF, 
(x +3)(x—2)(x? + kx #15) =(x +3)’ (x-2)(x +5) 
> x? +kx4+15 =(x+3)(x+5) 
x +kxt15 =x? 4+5x4+3x415 
x +kx4+15 =x? +8x4+15 
-- k =8 
11. Wagqas wishes to distribute 128 bananas and also 176 arenes equally among a 


certain number of children. Find the highest number iidren can get 
the fruit in this way. 


Solution: 128 =2x2x2x2x2x2x2 


176 =2x2x2x2xll 
H.C.F =2x2x2x2=16 children 


BASIC OPERATIONS ON ALGEBRAIC FRACTIONS 


We shall now carryout the operations of sum, difference, product and division 
on algebraic fractions by giving some examples. We assume that all fractions are 
defined. 

Example-1: Simplify —*+3 _,_*+2 _,__*+1 


Y-3x42) F-4x43' P-5x46 
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Solution: es ae x+l 
x°~-3x4+2 x°-4x4+30 x -5x+6 
- x+3 ‘ x+2 ‘ x+l 
Y—2x-x42 x°-3x—-x43 x’ —3x—2x46 
a 
x(x-2)—l(x-2)  x(¥-3)-1(x-3)  x(x-3)-2(x-3) 
i ebe x+2 x+1 
© e=2)(e=1) (X-3)@-1) (&-3)(*-2) 
_ +93 + (F+2)-2+@+DE-) 
7 (x-1)(x-2)(x-3) 
-9+x°-44+x7°-1_ 3x°-14 
(x-1)(x-2)(x-3) (x= 1)(x-2)(x-3) 
Example-2: Express the product a8, Ee Get as an algebraic expression 
reduced to lowest forms. 
Solution: By factorizing completely, we have 
x'-8  x'+6x+8 _ (4-2) (x? +2e4+4)x(x +2) (0 +4 (i) 
x°-4 x*-2x+l (x=2)(x4+2)x(x-12 
Now the factors of numerator are (x — 2), (x? + 2x + 4), (x + 2) and (x + 4) and 
the factors of denominator are (x—2), (x + 2) and (x — 1)’. 
Therefore, their H.C_F. is (x — 2) x(x + 2). 
By canceling H.C.P. ie., (x — 2) (x + 2) from (i), we get the simplified form 
of 5 given product asthe fraction = *25-+S}(x +4 
ae 4 
Example-3: Divide <+**1 by =|. and simplify by reducing to lowest forms. 
x’+x+1 = x’-l 
x-9 = x*-4x43 
_ (2 4x41), (4x43) 
(x’ -9) (x’ -1) 
_ (x2 +x41)(X? -x-3x4+3) 
(x? -9)(x* -1) 
(x? +x4+1)(x-3)(x-1) a 2 
(x+3)(x—3)(x-I) (x? +x41) x43 
eoooooocooso 


Solution: We have 
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Solved Exercise 6.2 


1. Simplify each of the following as a rational expression. 
(i) x. x-6. x’ 42x- 24 


-9 array 
Solution; x'-x-6 x’ +2x-24 _ x’ -3x+2x-6 x’ +6x-4x-24 


7_9g x? —x-12 (x)’- (3) x’ —4x+3x-12 


_ X(x-3)+2(x-3) ,_ X(x+6)- 4(x+6) 
(x-3)(x+3) *x(x—4)#3(x—4) 
_ (x-3)(x+2) 4 (x+6)(x- 4) 
~ (x= —3)(x+3) (x—4)(x+3) 
X+2 x+6 
x+3 x+3 
_ (x+2)+(x+6) 
x+3 
_X4+24x+6_ 2x+8_ 2(x+4) 
x+3 x+3 x+3 


[247-234-345] 
X-1 ¥417 41 
Solution: 


x 
|stt- x-l 4x_ 
x-l x+l x malt 


4s ~(x-1) | 4x 


ached xe] x1 


_| (2 +2x+1)-(x? -2x+1) +2x+1)- (x *=2x+1)_ x 4x 
x? -1 x41 ¥ 


x? —] x’ +1 
4x m4 4x 
x1 x41 
4x(x * +1)-4x x *=1) 4x 
7 aa 
(x? -1)(x? +1) x‘-1 
_ 4x! +4x-4x' +4x | 4x 


x‘ -1 x*-] 


W]e et +2x+1-x?+2x-1 4x |e 4x 


x‘ -1 
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8x 4 Ax _ Bxt4x _ 12x 
x*-1 xf-1)0 x*-1— x*-1 


ae a Se 
XM -Bx418) 2 -4K43 2-645 
] 1 2 | 
Solution: ———_—__ + —________ 
x?-8x415  x?-4x43 x°-6x45! 
] 1 | 2 


alas ial at la dea a’ at ee ae 
x ~~ §x+15 x? al 3x +3 - -—5x-x+5 


a (an. ~~“ -—- - -—~- ——_——- 


CHR CHD KES 

(x-1)+(x-5)-2(x -3) _ X—]}+x-5-2x+6 
EDOM “UN Me) 
2x -2x+6-6 


“SNES REDO 


x+2)(04+3) (4+2)(227 -32 
~, ee, Fa ae 
(x+2)(x+3) (x+2)2(x*-16) , 
(x—3)(x+3) (x—4)(x—3)(x+2) 
_(X+2)(x+3)(x+2)(x-4) +2(x+2)(x—4)(x+4)(x+3) 
(x +2)(x-3)(x+3)(x-4) 
_(x+2)(x43)(x- 4)[(x+2)+2(x+4)] X+2+2x+8 _3x+10 


Solution: 


(x +2)(x-3)(x+3)(x-4)  (x=3) 0 x=3 
5. cn a 3 
249449 U2x-3) 4-9 
a a a 
2x?+9x+9 2(2x-3) 4x?-9 
— a 
2x? +3x+6x4+9 2(2x-3) (2x)*-(3)’ 
X+3 1 4x 


~(x43)(2x+3) 2(2x-3) (2x-3)(2x+3) 
= 2(2x —3)(x +3) + (2x +3)(x +3) —2x4*(x +3) 
2(2x +3(2x —3)(x +3) 
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(p+ B\[2(2x — 3) +(2x +3) -2x4x] 
7 2(2x + 3)(2x -3) 
_ 2(2x-3)+(2x+3)-8x — 4x-—6+2x+3-8x 
~ -2(2x +3)(2x -3) ~ 2(2x +3)(2x -3) 
7 -2x-3 
~ 2(2x +3)(2x-3) 
___ Per) 
2 (2x) (2x —3) 


-1 


2(2x —3) 
1 a+l 
6. “A where an 
tiie a“: 2 2.53 
a-l A atl 
ee 
A a-l a+il 
_ (a+) -(a-1) 
~— (a-I)(a+l 
a? +2a+! (a? -2a+1 
a’ —I) 
2 +2a+1—a’ +2a-1_ 4a 
(a? -1) a’-1 
n [Bbesb Eset 
. M-20 2-x) | x+2 §-¥ 
Solution: Eeseeiees +4] 
x-2 2-x]} |xt2 4-x’? 


-[24- $5 - Speer 
~Lx=-2 x=-2] L[x+2 x?-4 
-|$-?)- (x+1)(x-2)-4 
elt (x-2)(x+2) 
-(=3]- et 
x-2 (x —2)(x +2) 
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_x-3_ x’-x-2-4 
x-2 (x-2)(x+2) 


“x-2 (x- 2)(x+2) x-2 x-2 | 
8. What rational expression should be subtracted from 24>+22-7 to get 2-47 


2x?42x-7_ x-I 
x74x-6 x-2 
2x? +2x-7  x-I 
(x—2)(x+3) x-2 
(2x? +2x-7)-(x~-1)(x+3) 2x? + 2x-7)—(x? +3x-x-3) 


Solution: 


(x-2)(x +3) ~ _ (x-2)(x +3) 
_ 2x" +2x-7-x?-3x+x+3 9 _ 2x +2k-7-x’-2x43 
(x-2)(x+3) (x-2)(x+3) 


x’ -4 _ (x-2)(x+2) _ xt+2 
~(x- 2)(x+3) (x-2)(x+3) x43 
Perform the indicated operations and simplify to the lowest form. 
9. +X-6 x -4 4 
P16 -9 
Sotution:  * *%—9,.x'-4 _(x-2)(x+3)  (4-2)(x+2) 
"x? =x-6 x7-9 (x+2)(x-3) (x-3)(x+3) 
_ (x-2)(x~-2) _(x- 2y 
10. © -8,2°+6x+8 Re oe (e-3)(x-3) (x3) 
4” xP -2x41 


Solirtion: 2 —® x tGc+8 
x -4 x*—-2x+l 


_ (x= 2)(x +2444) (x42)(x+4) 
(x-2)(x+2)  (x-1)(x-1) 
F (x+4)( x’ +2x +4) 
‘ (x-1) 
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w. ay Fe Te 
x‘ -8x 2x-1 . x+3 
2x7+5x-3 x°+2x+4 x’?-2x 
x(x’ -8) 2x-1 _x+3_ 
~ (2x-1)(x+3) “42x44 x(x-2) 


x(x~2)(x? +2x+4) 2x-1 x+3 
Pee ele 4 Rdiesdbes’ ee 
(2x-1)(x+3) x? +2x+4) x(x-2) 
2, 2 t-4 4rd 
3y'-13y+4 by +y-1 
2 a 
Sohution: CA a 
3y?-l3y+4 6y?+y-1 
3y’-13y+4 9 4y’-1 
_(2y-1)fy+4) | Gy- I)(2y+1) _ ms 
~ Gy-1)(y-4) Qy-1)Qy+1)” y= 
13. Poa r- 5] [ee <2) 


Solution: 


eee — > - — 


r-y rey x-Y xX+yY 
+y? x?-y’?| [x+y x-y 
Solution: | %*¥ _* —Y_},| X¥y_*-y 
etaton: | ey? | a ‘| 


<9 (0 -y') ] [ery -Ge-9) 
+ (x? -y’ )(? +y’) | | en aes | 


{fm y+y ia —2x’y 2] fem een) 


(=F) 


-|® +2x’y? +y' —x‘ + 2x? a petsaoe ed 
(x*-y')[x*+y’) 


‘Te FI al ea) FT er) 


J 
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SQUARE ROOT OF ALGEBRAIC EXPRESSION 


Definition: 

As with numbers we define the square root of a given expression p(x) as 
another expression q(x) such that q(x) . q(x) = p(x). 

As 5 x 5 =25, so square root of 25 is 5, 

It means we can find square root of the expression p(x) if it can be expressed as 


a perfect square. 
In this section we shall find square root of an algebraic expression 
(i) by factorization (ii) by division. 


(I) By factorization: 
Example-1: Use factorization to find the square root of the expression: 
4x? - 12x +9 
Solution: 4x* -— 12x + 9 = 4x? -6x- 6x +9 =2x (2x -—3)— 3(2x - 3) 
= (2x — 3) (2x — 3) = (2x + 3) 


Hence, V4x?—12x+9= +(2x —3) 


Example-2: Find the square root of x +d + a{x+! Desur00 


Solution: 4-432 ve +38 
x x 


=x + azei2{ x42] 36 (adding and subtracting 2) 
1 2 
=(x+4 1) safs+ “> 
- fee ++ (x+1 y= f+( («+4 1.6)| [x+2 146) 


Hence the required square root is F +— +6] 


x 
(ii) | By Division: 

When it is difficult to convert the given expression into a perfect square by 
factorization, we use the method of actual division to find its square root. The 
method is similar to the division method of finding square root of numbers. 
Example-1: Find the square root of 4x* + 12x? +22 - 12x +4 
Solution: We note that the given expression is already in descending order. Now the 


square root of the first term ic., ¥4x‘ =2x?.So the first term of the divisor and 
quotient will be 2x’ in the first step. At each successive step, the remaining terms 
will be brought down. 
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2x? +3x-2 
2x°) 4x*+12x? + x7 -12x+4 
+4x* 
4x*+3x 12x? + x*-12x+4 
£12x°+9x? 
4x° +6x-2) 8x -12x44 
F8x? F12x+4 
0 
Thus square root of given expression is + (2x* + 3x — 2) 
Example-2: Find the square root of the expression 


444844164 22494 
y¥ ss x 


Solution: We note that the given expression is in descending powers of x. 
2 
Now 4=,=25. So proceeding as usual, we have 
y y 


2%42432 
y x 


2 
2% 4% 48% 4164122492. 
y y y » 


2 


x 
+4 


y 


4442] 8% +16 
y y 


+9%+4 
y 


2 
1244432] 124122492, 
y x x x 


2 
#122122 +92, 
3 
0 
Hence the square root of given expression is 1(22 42432) 
y x 


Example-3: To make the expression x* -— 10x° + 33x* - 42x +20 a perfect square, 
(i) What should be added to it? 
(i) What should be subtracted from it? 
(iii) What should be the value of x? = 


del all 
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Solution: 
x? -~5x4+4 
x? x‘ — 10x’ + 33x” —42x +20 
+x‘ 
2x? -Sx) ~10x? + 33x? 
10x? + 25x? 
2x? -10+4 8x? ~42x+20 
; +8x* 40x+16 
—2x+4 
For making the given expression a perfect square the remainder must be zero. 
Hence 


(i) we should add (2x — 4) to the given expression 
(ii) we should subtract (-2x+ 4) from the given expression 
(iii) we should take —2x + 4 = 0 to find the value of x. This gives the required value 


of x i.e., x = 2. 
Solved Exercise 6.3 | 


1. Use factorization to find the square root of the following expressions. 
(1) 4x2-12xy + 9¥ 
Ssiniien: 4x? -12xy+9y? =4x’ —6xy—6xy+9y" 
= 2x(2x—3y)—3y(2x —3y) 
=(2x—3y)(2x—3y) 
=(2x -3y) 
Taking square root on both sides, we get 


4x? —12xy +9y’ = + 2x -3y) = (2x -3y) 


(ti) #14 (20) 


Solution: x’ Frigg = (x) a 7 


me “4s eo (x = +(x 
=| 
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x_y) 
-(4x-Ly) -(4-2) 
Taking square root on both sides, we get 
[ry 2 = re (z-2) - xy 
i wae ** (3 4 +(* 4 
(iv) 4(a+b)? - 12(a? —b”) + 9{a - b) 
Solution: ‘ 
4(a + b)* — 12(a? - b?) + %a-b)= = [2(a + b)P-2[2(a + b)] [3(a— b)] + [3(a- b)] 


= (2(a + b) - 3 (a- by} 
= [2a + 2b - 3a + 3b] = (5b—a) 


4(a+b) -12(a’ -b*)+9(a-b) = +,|(sb-a)’ =+(Sb-a) 
(v) 4x* -12x°y’ + 9y* 


9x* + 24x’y’ + 16y* 

ax®—12x2y+9y¢ _ (2x°) -2(2%°)(3y’)+(3y’)_ (2x? -3y’) 
* Oxt+2axty?+16y° (3x?) +2(3x*)(4y")+(4y*) (3x? +4y?) 
Taking square root on both sides, we get 


Solution 


2 
ax®—12x°y?+9y* _, |(2x° =3y') _ 2® -3y’) 
9x‘ +24x7y? +16y* (3x? -4y’ 3 3x? + 4y*) 


(vi) (+3) -4(+-1).0-0 


ly 1 > 1 1 
Solution: | x+—| —4|x-—| =x° +—;+2-4| x-— 
x x x x 


=x? +na(x ~2}+2 
x x 


By adding & subtracting “2”, we get 
(2+ h-2)-4{x-2) 202 
x x 

2 
-(x-1) + 
x 
(3) 6 
=|x-— 
x 


Taking square root on both sides, we get 
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(vil) (#4) Fahy +12(x#0) 


Taking square root on both sides, we get 


(e+) - x4 412 & P42-1- wall Bade le 
[x +5] { 1) 12 ( +5) 2] + ( ™ 
(viii) (x? + 3x + 2) (x? + 4x + 3) (x? + 5x +6) 
Solution: (x*+3x +2)(x?+4x +3)(x?+5x+6)' 
=[x?+2x+x +2][x?+3x+x43][ x? +3x+2x+6] 
=[x(x+2)+1(x +2) ][x(x +3)+1(x+3)][x(x+3)+2(x+3)] 
= (x +2)(x +1)(x +3)(x+1)(x+3)(x+2) 
=(x+1) (x+2)' (x+3) 
Taking square root on both sides, we get 
(x2+3x +2)(x?+4x +3) (x?+5x +6) =tq(x 41) (x42) (x43) 
=+(x+1)(x+2)(x+3) 


(ix) (x2 + 8x +7) (2x? x- 3) (2x? + 11x- 21) 
Solution: (x?+8x +7) (2 x?~x-3) (2x?+11x-21) 
=[x?+7x+x+7][2x?-3x+2x—-3][ 2x? +14x-3x-21] 


=[x(x+7)+1(x+7)][ x(2x-3)+1(2x -3) ][ 2x(x +7)-3(x+7)] 
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=(x+7)(x +1)(2x-3)(x +1)(x+7)(2x-3) 
=(x+1)' (x+7)’(2x-3/ 
Taking square root on both sides, we get 


Vx? +8x +7) (2x?—x-3) (2x?+11x-21) =ty(x+1) (x +7)’ (2x-3) 
= +(x+1)(x+7)(2x-3) 


2. Use division method to find the square root of the following expressions. 
(il) 4x? + l2xy + Sy? + 16x + 24y + 16 


Solution: 
2x+3y+4 


2x) 4x?+12xy +9y’+16xt 24y +16 


4x? 


4x +3y) 12xy +9y? +16x +24y +16 


+12xy+9y’ 
4x + 6y +4) 16x + 24y +16 
16x +24y +16 
Hence the square a) al expression is 
+(2x +3y +4) 
(li) x*- 10x? + 37x? - 60x + 36 


Solution: 
x? -5x+6 


x? x'—10x° + 37x? - 60x+ 36 


+x‘ 


2x? 5x) -10x° +37x? —60x+36 


¥10x* +25x? 


\ 2x? -10x+ 6) 12x? - 60x +36 


+12x? $60x +36 
\ ne 
0 
Hence the square root of given expression is +{x* —5x +6) 


(ill) Ox* — 6x2 + 7x? - 2x41 
Solution: 
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BSSBSstSSSS2SS2SE2S2S2S SSSSSSSSSSSESSESESESESSESSSESESLSLISISESSSSS2S2222222222 
3x? -x+l 
3x?) 9x*—6x°+7x?-2x4l 
+9x* 
6x*-x) -6x°+7x?-2x+l 
F 6x? +x’ 
6x? -2x +1 6x? ~2x +1 
+6x* F2x+1 
0 
Hence the square root of given expression is +(3x* —x +1) 
(iv) 4+ 25x?- 12x -24x?+ 16x! 
Solution: 
4x? -3x+2 


4x? 16x* —24x?+25x?-12x+4 


+16x* 
8x? -3x) —24x°+ 25x?-12x +4 
F 24x? + 9x? 


8x? — 6x +2) 16x? -12x +4 
+16x* F#12x4+4 


H) 
Hence the square root of given expression is +(4x? ~3x + 2) 
# ink y Vv 
*_.19% 427-10" ; 
(v) r. 0, +27 ae (x #0,y #0) 


Solution: 
X_5,2 
y XxX 
x) x? j9% 427-102 42. 
y/ y? y “rg 
z 
er 
2 
p=_s -10%+427-1024+2, 
y y % & ft 
10% +4 25 
Pf 


f 
2 ! 
2*-1042) 2-1024+2. ‘is 
y x x x? 


2 

+2z10L42, 

ae es a 
0 
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Hence the square root of given expression is 


G5 

y x 

Find the value of k for which the following expressions will become a perfect 
square. 


() 4x*- 12x? + 37x?- 42x +k 
Solution: 


3. 


2x? -3x+7 


2x’ 4x‘-12x°+37x?-42x+k 


+4x! 


4x? -3x) —|2x'+37x?-42x+k 


12x? +9x’ 
4x? —6x+7) 28x? —42x +k 
+28x* 42x +49 
k-49 
=>k-49=0 


k=49 
(ii) x*#— 4x3 + 10x? - kx + 9 
Solution: 


x? —2x +3 
x*) x'-—4x°+10x?—kx+9 
+x‘ 


2x? ~2x) —4x?+10x?—kx+9 


F4x°+4x’ 


2x’ -4x +3) 6x? ~kx +9 
+6x? $12x+9 
—kx +12x 
=> -kx+12x=0 
—kx =-]2x 
> k=12 


Find the values of £ and m for which the following expressions will 
become perfect squares. 


4. 
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(i) x44 4°+ 167+ A+m 
Solution: 
x? +2x +6 


x )x4+ 40+ 16x2 +] x+m 
+x‘ 
2x? +2x)4x°+16x+be+m 
t4x?+4x? 
2x? +4x+6 12x?+/xk+m 
+12x’+24x +36 
(ix —24x)+(m-36) 
=> ix-—24x=0 and m-36=0 
Ix = 24x m = 36 
> 1=24 


(i) 49x*- 70x? + 109x?+ A -—m 
Solution: 


7x? —-5x+6 


7x?) 49x*—70x°+109x7+ ¢x—m 


+49x* 


14x? —5x )-70x°+109x?+éx—m 


70x? + 25x’ 
14x? -10x+6 84x? +éx—m 
+84x? F60x+ 36 
(éx+60x)—m —36 
=> éx+60x=Oand-m-36=0 
éx=-60x  -m=36 
=> é=-60 m = —36 : 
5. Tomake the expression 9x‘ — 12x? + 22x? - 13x + 12, a perfect Square 
(i) what should be added toit? . 
(ii) what should be subtracted from it? 


(iii) what should be the value of x? 
Solution: 


~ 


; ‘, Sd 
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3x? -2x+3 

3x?) 9x*—12x> +22x?—13x+12 
+9x* 
6x? — 2x) —12x? +22x?-13x+12 
$12x?+4x’ 

6x? — 4x +3) 18x’ -13x+12 
+18x? 12x49 

-x+3 
(i) -(-x+3)=x-3 should be added to it. 


(ii) |©-x+3 should be subtracted from it. 
(iii) -x+3=0 => —x=-3 => x=Jj 


| SOLVED REVIEW EXERCISE 6 | 


1. Choose the correct answer. 
(i) HLC.F. of p’q— pq? and p*q’ -p’q’ is...... 

(a) pq(p’-q") (©) pq(p—q) (c) p’q(p-q) =): patp’-°) 
(ii) HLC.F. of $x*y? and 20x’y’ is ...... 


(a) 5x’y’ (b) 20x°y’ (c) 100x*y® = (d)_ Sxy 
(ili) H.C.F. of x—2 and x? +x- 6 is...... 
(a) x*+x-6 (b) x+3 (c) x-2 (d) x+2 
(iv) H.C.F. of a® + b’ and a” — ab + b’ is...... 
(a) atb (b) a’~ab+b* (c) (ab)? (d) #+b 
(v) HLC.F. of x’ —5x +6 and x’ -x-6 is...... 
(a) x-3 (b) x+2 (c) x*~4 (d) x-2 
(vi) H.C.F. of a*—b’ and a’ b’ is...... 
(a) a-b (b) a+b (c) a@t+ab+b’ (d) a’-ab+b’ 
(vii) H.C.F. of x? + 3x + 2, x7+ 4x +3, and x? + 5x+4 is... 
(a), x+1 (b) (x+l)(x+2) (c) x+3 (d) (x+4){x+l) 
(viii) L.C.M. of 15x”, 45xy and 30xyz is ....... 
(a) 90xyz (b) 90x*yz (c) 15xyz (d) 15x’yz 
(ix) L.C.M. of a* +b? and a‘ — b‘ is....... 
(a) & +b (b) a*-b? (c) a‘—b* (d) a-b 
(x) The product of two algebraic expressions is equal to the __ of their 
H.C.F. and L.C.M. 
(a) Sum (b) Difference (e) Product (d) Quotient 
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! ——- = 
(xi) Simplify —-——- “e a ‘> 
4a 4a—b 4a+b b 
a a  D 
a’ +5a-14 xat3_ 
(xii) Simplify a ie at 
wt a+7 a+3 a-2 
ess s Ss pai 
w = (b) aa (c) a (d) = 
2 2 
(xiii) Simplify nig = ahh  ceanewenaiien 
! a—b a+b 
Om 86M as Om OTe 
(xiv) Simplify (OP 1}+ (1 3)= 
(a) (b) — @) 2 (@) = 
x+ x+y x y 
(xv) The square root of a? —2a +1 is ......4.. fae 
(a) +(a+1) (b) +(a-1) (ce) a-1 (d) a+] 
(xvi) What should be added te complete the square of x* + 64 7......... 
(a) 8x? (b) -8x? (c) 16x’ (d) 4x? 


(xvii) The square root of x ‘432 OD ecacaces 


l 2 ] l 2 ] 
(a) +{x+4] (b) (1 +) (c) {x 1) (d) +(x a 

Solution: 
(i) b (ii) a (iii) c (iv) b (v) a (vi) a (vii) a 
(viii) b (ix) c (x) c (xi) ¢ (xii) a (xiii) a (xiv) d 
(xv) b (xvi) c (xvii) b 
2. Find the H.C .F of the following by factorization. 8x‘ -128, 12x’ -96 
Solution: 


8x* -128 = 8(x‘ -16)=22%2| (x*)'-(4)" |= 2x2x2(x?-4)(x' +4) 
=2 x2 x 2(x + 2) (x—2)(x’ + 4) 
12x* -96 = 12(x? -8) = 2x2x3) (x)' -(2)' ]=2x2x3(x-2)(x? +2x+4) 
H.C.F, =2x2x(x—2)=4(x-2) 
3. Find the H.C.F. of the following by division method. 


y’ + 3y’-3y-9,y' + 3y’-8y- 24 
Solution: 
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1 
y’ +3y? -3y-9) y +3y’ -8y-24 
ty’ +3y’ F3yF9 
aa 
=-5(y+3) 
Thus ignoring -5, we have 
y 
y+3) y’ +3y’ —3y-9 
y +3y’ 
—-3y-9 
—Hy+ 3) 
Ignoring -3 we have 


| 
y+3) y+3 
y+3 
0 
H.C.F. = y+3 
4. Find the L.C.M. of the following by factorization. 
12x7 -75,6x7 -13x-5,42x7 -20x%+25 
Solution: 12x75. =3(4x?-25) =3| (2x)" -(5)" | 
= 3(2x -5)(2x +5) 
6x? —13x —5 = 6x? -15x +2x—5 =3x(2x—5)+1(2x —5)=(2x -5)(3x+1) 
4x? —20x +25 = 4x? -10x—10x + 25 = 2x(2x —5)-5(2x-—5) =(2x —5)(2x —5) 
L.CM. =3(2x + 5)(3x +1)(2x-5)" 
5. If H.C.F of x‘ + 3x° + 5x’ + 26x + 56 and x‘ +2x° — 4x’ — x + 28 is x + 5x +7, 
find their L.C.M. 
Solution: p(x) =x‘+3x'+5x?+ 26x + 56,q(x) =x'+2x'-4x°—x +28 
H.CF =x?+5x+7, LCM.=? 
We know that — L.C.M.x H.C.F.=p(x)xq(x) 
Lcm,=2ie)xalx) 
H.CF. 
(x* +3x? +5x’ + 26x +56)x(x* +2x? -4x’ -x+28) 
~ x? +5x4+7 
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x? -2x+8 


Now x? +5x+7) x* +3x° + 5x? + 26x +56 


tx* +5x°+7x’ 
—2x’ — 2x? + 26x + 56 
F2x° 10x? F14x 
8x’ +40x +56 
+8x? + 40x +56 


0 
So, L.C.M.= (x? ~2x+8)(x* +2x’ 4x? -x +28) 


3 

a +r axel sre 

Solution: ——>—-_ 3 __ 

x +x°+x+l x°~x'+x-l 

— ee 
(x+1)(x? +1) (x~1)(x? +1) 

- 2-1-3 +!) _ 3x-3-3x-3 __ 6 
(x=1)(x+1)(x? +1) (x?=1)(x? +1) 1-x" 


(il) a+b a - _£-ab 
2-F PF -labsP 


“2-b a —ab ~ (a+b)(a— b) a(a—b) a 
7. Find square root by using factorization. 


G + +s to{x+4 1) 427s 0) 


Solution: (x +t, |et0{ x42 427 (2 +E} s10{ x44} +2542 
(x + dy2}eio{x+4 1)425 
(x +4) +2{x+2}(s)+(5) =[(x+4}+s] 


Taking square root on both sides, we get 
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(e+ b)viofeed}e27 =a (e+}s3] =4{(x+4)s5] 


8. Find square root by using division method. 
ay 20x 413-5) +2 (x, y#o) 


Hence the square root of given expression is +(2* +5 -2) 


| SUMMARY | 


We learned to find the H.C.F. and L.C.M. of algebraic expressions by the 
methods of factorization and division. 
We established a relation between H.C.F. and L.C.M. of two polynomials p(x) 
and q(x) given by the formula 
L.C.M., x H.C.F.= p(x) x q(x) 
and used it to determine L.C.M. or H.C.F. etc. 
* Any unknown expression may be found if three of them are known by using 
relation. 
L.C.M x H.C.F =p(x) x q(x) 
H.C.F. and L.C.M, are used to simplify fractional expressions involving basic 
operations of +, —, x, +. 
Determination of square root of algebraic expression by factorization and 
division methods has defined and explained. 
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LINEAR EQUATIONS AND 
INEQUALITIES 


7.2 Equations involving Absolute Value 
__74 Solving Linear Inequalities 


@- STUDENTS LEARNING OUTCOMES 


After studying this unit, the students will be able to: 
recall linear equation in one variable. 

solve linear equation with rational coefficients. 
reduce equations, involving radicals, to simple linear form and find their solutions. 
define absolute valuc. 

solve the equation, involving absolute value, in one variable. 

define inequalities (>, <) and (>, <). 

recognize propertics of inequalitics (i.c., trichotomy, transitive, additive and 
multiplicative). 

solve linear inequalities with rational coefficients. 


Definition: 
A linear equation in one variable x is an equation of the form. 
ax + b= 0, where a, b € R anda 0. 

A solution to a linear equation is any replacc.ient or substitution for the 
variable x that makes the statement true. Two linear equations are said to be 
equivalent if they have exactly the same solution. The variable x occurring in the 
equation is also called the unknown. 

Solving a Linear Equation in One Variable: 

The process of solving an equation involves finding a sequence of equivalent 
equations until the variable x is isolated on one side of the equation to give the 
solution. 

Technique for Solving: 

The procedure for solving linear equations in one variable is summarized in the 
following box. 
If fractions are present, we multiply cach side by the L.C.M. of the 
denominators to eliminate them. 

To remove parentheses we use to distributive property. 
Combine alike terms, if any, on both sides. 
Use the addition property of equality (add or subtract) to yet all the variables 


* BS 8 SHG & 


+ 


+ * 
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on one side and constants on the other side. 
# Use the multiplication property of equality to isolate the variable on one side. 
# = — Check the answer by replacing the variable in the original equation. 
Example-1: Solve the equation 34.42 2 
Solution: Multiplying each side of the given equation by the L.C.M. 6 to eliminate 
fractions, we get. 
9x —2(x—2)=25 
9x — 2x +4=25 
7x = 21 
x=3 
Check: Substituting x = 3 in original equation, we get 


—=— (which is true) 
Since x = 3 makes the original statement true, therefore the solution is correct. 
: 2 tte D 
Example-2: Solve 7-1 eo - 
Solution: To clear fractions we multiply both sides by the L.C.M. = y — 1 and get 


3 3(1 


But ; is undefined, so y = 1 cannot be solution. 
Thus the given equation has no solution. 
Example-3: Solve 34-1. 24 oy, 
Solution: To clear fractions we multiply both sides by 3 (x — 1) with the assumption 
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that 
x~10i.¢.,x # 1, and get 
3x-1 2x 
3 x-1 
(x-1) (3x — 1) — 6x = 3x (x- 1) 
3x” — 4x + 1 — 6x = 3x? — 3x 
~ 10x +1=-3x 


-7x=-l => nom 
fd 


Check: On substituting x = J ine original equation is verified a true statement. That 
means the restriction x + | has no effect on the solution because te ff 


. r 4 
Hence our solution x = 7 is correct. 


Equations Involving Radicals but Reducible to Linear Form: 
Definition: 

When the variable in an equation occurs under a radical, the equation is called 
a radical equation. 

The procedure to solve a radical equation is to eliminate the radical by raising 
each side to a power equal to the index of the radical. 

When raising each side of the equation to a certain power may produce a 
nonequivalent equation that has more solutions than the original equation. These 
additional solutions are called extraneous solutions. We must check our answer(s) 
for such solutions when working with radical equations. 

Example-1: Solve the equations: 
(a) J2x-3-7=0 = (b) 43x45 =8x-1 
Solution (a): To isolate the radical, we can rewrite the given equation as 
V2x-3=7 => 2x-3=49=> 2x=49+3 
2x=52 > x = 26 
Check: Let us substitute x = 26 in the original equation. Then 
/2(26)-3-7=0 => 52-3-7=0 
V49-7=0 = 0=0 
Hence, solution set = {26} 
Solution (b);4/3x+5 =Yx-1 => 3x+5=x-1 
2x =-6 => x=-3 
Check: We substitute x = — 3 in the original equation. Then 


Ps-i31 = a=W 


Thus x = — 3 satisfies the original equation, 
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Here 3/-4 is a real number because we raised each side of the equation to an 
odd power. 
Hence, solution set = {— 3} 
Example-2: Solve and check: /Sx-7-/x+10 =0 
Solution: When two terms of a radical equation contain variables in the radicand, we 
express the equation such that one of these terms is on each side. So we rewrite the - 
equation in this form to get. 


V5x -7 -Vx+10=0 => V5x—-7 =Vx +10 


5x-7=x+10 => 4x=17 => *x=— 


Check: Substituting x = = in original equation. 


es = RE 
five-" = 


i.e. X= UF makes the given equation a true statement. 


Hence, solution set = eat 
Example-3: Solve /x+7 +/x+2=V6x+13 
Solution: Jx+7+/x+2 = V6x+13 
Squaring both sides, we get 
K+7+x+24+2)(x+7)(x+2) =6x+13 
ax? +9x+14 =4x44 
Vx? +9x4+14 =2x+2 
Again squaring both sides, we get 
x? +9x +14=4x? +8x+4 | 
3x*-~x-10=0 
3x” — 6x +5x-— 10=0 
3x (x —2) +5 (x-2)=0 
(x —2) (3x + 5)=0 
=(x-2)=0 or (3x+5)=0 
x=2 x=-3 
On checking, we see that x = 2 satisfy the equation, but x = — 3 does not 


satisfy the equation, So solution set is {2} and x = — 5 is called an extraneous root. 
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Solved Exercise 7.1 


1. Solve the following equations. 
ee Pa | 
{A Gr gtarts 
dele 2a-tennd 
a 2 6 

a a re 

3 2 6 


4x -—3x = 6x +] 
x=6x+] 
x-—6x=1 


-$x=l => x=- 


Check: Substituting x = — : in original equation, we get 
( | { ; 1.3 
aa ey es ee ee an 
os es 24 8 5 6 
| 


On multiplying both sides by 30, we get 


30x{-2.]+30x-1 =30x{ -2]+30x 
15 10 5 
—4+3=-6+5 

—-1=-1 (which is true) 


Since x = ~ makes the original statement true, therefore the solution is correct. 


iu 
6 


Hence the solution set = - } 


(a 3.4224 
-3 x-2 
Solution; ~——-*—--=-| 
3 2 
On multiplying both sides by 6, we get 
6x “6x X= 2 _ 6x(-1) 


2(x-3)—3(x-2)=-6 ; 
>" Qe-6-3x+6=-6 
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—x=-6 
x=6 
Checks § Substituting x = 6 in original apation, we get 
$52 -S-s 
3 2 
3 Fo 
3 2 


-l1=-1] (which is true) 
Since x = 6 makes the original statement truc, therefore the solution is correct. 
Hence the solution set = {6} 


YW ot) 2.244) 1, 
Solution: i(x-Z}+2-34i(t5] 
2 6/ 3 6 3\2 


1 1 2 5 ] 
laxoe Iax-S+laxe axe 12xx 
6x -1+8=10+2-12x 
6x + 12x= 12-7 
18x=5 


x=— 


18 
Check: Substituting x = >in original equation, we get 


HE a 13 (4 5) 

PIP, Sy cy ed BOO Por 

ig 6) 3 6 3\2 18 
BS.32.1 8 


36123 66 18 
36x —36x— +362 = 36x2+36x1-36x> 
36 12 3 6 6 18 
§-3+24=30+6-10 
—-3+29=36-10 
5 26 = 26 (which is true) 
Since ar makes the original statement true, Therefore the solution is correct. 


Hence the solution set = {3 
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() x44 -2{ x-3)-64 
Solution: x ra = af x -2)-6x 
3 3 
x io ip Nahe 
3 3 


3x-4+3x5 = 3x2x-3x 7 —3%6R 
3x+1=6x-—4-18x 


3x+l=-12x-4 
3x +12x =-1-4 
3x+l2x =-]-4 
15x =-5 
x=-= 
3 


Check: Substituting x = -; in original equation, we get. 
3 3 3.3 3 

-1-2 

0=2 +2 
=F) 
—3 

Q0=2) — |+2 
3) 

Q=-2+2 


1 0=0 (which is true) 
Since x= “ makes the original statement true. Therefore the solution is correct, 


Hence the solution set = {-1| 

(v) a9) pat-d 
Solution: 5(x-3) _ x= = 
6 u 


i. ~18x = 18-18 


18x> 
6 


3x 5(x-—3)-18x =18-2x 
15(x—3)-18x =18-2x 
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1Sx-45-18x =18-2x 
—3x-4$=18-2x 
—3x + 2x =18445 
-x =63 
Or x =-63 
Check: Substituting x = — 63 in original equation, we get 
5(-63-3) 
6 


OO) 632147 


5(-11)+63=8 
-55+63=8 
8=8 (which is truc) : 
Since x = — 63 makes the original statement true. Therefore the solution is correct. 
Hence the solution set = {-63} 
(WA) —%2=2-2% ye 


(-63) =1-) 


3x-6 x-2' 

Solution: Stn zx 
3x -6 x=2 
x _ 2(x-2)=2x 
3x-6 (x2 
x _ 2x-4-2x 
3x -6 x-2 
ci Oe. 
3x-6 x-2 


x(x-2)=-4(3x-6) 
x? -2x=-12x+24 
x? ~2x+12x -—24=0 
x? +10x-—24=0 
x? +12x -2x -24=0 
x(x +12)-2(x+12)=0 
(x +12)(x-2)=0 
=> x-2=0 or x+12=0 
x=2 =-12 
Check: Substituting x = 2 in original equation, we get 
2 5 2(2) 
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oo # 2 (which is not true) 
Since x = 2 does not make the original statement true, therefore the solution is not 
correct. 


Substituting x = — 12 in original equation, we get. 
-12 _, 2(-12) 
3(-12)-6 © -12-2 
_-!2__,_-24 
-36-6 -14 


2x 2 (which is trae) 
Since x = — 12 makes the original statement true, therefore the solution is correct. 
Hence the solution set = {—12} 


oo oo  } 
(Wi) e458" 3 Ges to’ ** "2 


Solution: 2x 2 : 


=e 


2x+5 3 4x+10 


_2x __ 2(4x+10)-5(3) 


2x+5 34x +10) 


2x _ 8x+20-15 
2x+5 12x +30 
2x a 8x+5 


2x+5 12x+30 
2x (12x +30)=(8x+5)(2x+5) 
24x? + 60x = 16x? +40x +10x +25 
24x? -16x? + 60x —50x -25=0 
8x? +10x-25=0 
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8x* + 20x -10x-25=0 
4x(2x+5)-5(2x+5)=0 
(2x+5)(4x-5)=0 


=> 2x+5=0 or 4x-—5=0 
2x=-5 4x =5 
oe! ane 
~ 4 


Check: Substituting x = : in original equation, we get 


2($) $ 

sy + " - 3 “4-500 

2(3)+5 4(3}+10 345 
; ° a a a 
fa we Sages gap em ory 
153 15 ~ 3.15 3 3 
2 
a sa 
— (which is true) 
3 3 

Since x = 5 makes the original statement true, therefore the solution is correct. 


Hence the solution set = 3 


Substituting x = 3 in original equation, we get 


2. 5 <a 
(345 3 4(=5\+10 -$+5 3 -10+10 
2 2 
a 
0 3 0 
c=co (which is not true) 


Since x = = doe not make the original statement true, therefore the solution is not 
correct. 


Hence, the solution set = {3 


Wi) s+376taa **! 
Salution: SR isi 
x-I 3 6 K- 
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3(2x)+(x—1) 5(x—1)+2(6) 
3(x-1)  — 6(x-1) 
6x+x—-1 Sx-5+12 
3(x-1)  6(x-1) 
7s) SRT 
3(x-1) 6(x-1) 
(6x —6)(7x ~1)=(3x —3)(5x +7) 
42x? —6x —42x +6 =15x? +21x~15x-21 
42x? — 48x +6 =15x? + 6x -21 
42x? ~15x? — 48x —6x +6+21=0 
27x? —$4x+27=0 
27(x?-2x+1)=0 


=> x? -2x+1=0 
(x-1) =0 

> x-1=0 
x=1 


Check: Substituting x = | in original equation, we get 


20).3 5. 2 
+—s=—+— 
I-1 3 6 I-] 
1 5a 
03 60 

l 
COt—=— +0 

3 6 


eo=co (which is not true) 
Since x = 1 does not make the original statement true, therefore the solution is not 
correct. 
Hence, there is no solution. 


a Te 
(a) y-1 ¥+i yer’ **2! 


a a 2 
(x-1)(x+1) x+1 x4! 
2~(x-1) sep, 
(x-1)(x+1) x+1 
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2-x+l 1 
x-1 x4l 
a 
x-1 x4] 
=> x’ -1=(3-x)(x+1) 


x? -1=3x+3-x’-x 
x? +x? -2x-3-1=0 
2x’ -2x-4=0 
2(x? -x-2)=0 
=> x*-x-2=0 
x’? -2x+x-2=0 
x(x-—2)+1(x-2)=0 
(x-2)(x+1)=0 


=> x-2=Oor x+1=0 
x=2 x=-1 
Check: 
Substituting x = 2 in original equation, we get 
2 t».f} 
(2y-1 241 241 
211 
os ‘2 
; stg 
-=- (which is true) 
3 3 


Since x = 2 makes the original statement true, therefore the solution is correct. 
Substituting x = — 1 in original equation, we get 


- —_—— = 


(which is not true) 
Since x = — | does not make the original statement true, 
Hence, solution set= {2} 
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Solution: 2 == . 
3x+6 6 2x4+4 
2 _2x+4-6 
3x+6 6(2x+4) 
2 2x-—2 


3x+6 12x+24 
(3x + 6) (2x — 2) = 2 (12x + 24) 
6x’ —6x +12x —12 = 24x + 48 
6x? + 6x -12-24x —48=0 
6x? -18x -60=0 
6(x*-3x-10)=0 
=> x’ —~3x~10=0 
x’ -5x+2x-10=0 
x(x-5)+2(x-—5)=0 
(x -5)(x+2)=0 


=> x-5=0 or x+2=0 
x=-2 x= 5 
Check: Substituting x = — 2 in original equation, we get 
2 ] ] 
3(-2)+6 6 2(-2)+4 
2 1 l 


=e 


—6+6 6 -4+4 


co = 00 (which is not true) 
Since x = — 2 does not make the original statement true, therefore solution is not 
correct. 
Substituting x = 5 in original equation, we get 
2 I I 


3(5)+6 6 2(5)+4 


[2° oe & 
iS+6 6 10+4 
211 
216 14 
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= = 2. (which is true) 
21 21 
Since x = 5 makes the original statement true, therefore solution is correct, 


Hence the solution set = {5} 
2. Solve each equation and check for extraneous solution, if any. 


(A ¥3x+4=2 
Solution: J3x+4=2 => (V3x+4) =(2)' 
3x+4=4 => 3x=4-4 
3x =0 > x=0 


Check: Substituting x = 0 in original equation, we get 
(3(0)+4=2 = V4=2 
2=2 (which is true) 
Since x = 0 makes the statement true, therefore the solution is correct. 
Hence the solution set = {0} 


(4) Y2x-4-2=0 
! 
Solution: Y2x-4-2=0 => (2x-4)3=2 
Taking cube on both sides, we get 
i? 
{(2x-4)'| =(2) = 2x-4=8 
2x=8+4 => 2x= 12 => x=6 
Check: Substituting x = 6 in the original equation, we get 
/2(6)-4-2=0 => 3V12-4-2=0 
1 
V8-2=0 = (2° -2=0 


2-2-0 = 0=0 (which is true) 
Since x = 6 makes the statement true, therefore the solution is correct. 
Hence the solution set = {6} 


(i) Jx-3-7=0 
Solution: /x —3-7=0 => Jx-3=7 
(vx-3) =(7)° (Squaring each side) =  x-3=49 
x=49+3 = x = 52 
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Check: Substituting x = 52 in the original equation, we get 
52-3 -7=0 = J49-7=0 
7-7=0 => 0=0 (which is true) 
Since x = 52 makes the statement true, therefore the solution is correct. 
Hence the solution set = {52} 


(iv) -2Nt+4=5 
Solution: 2Vt+4=5 = (2vt+ 4 y =(5) (Squaring each side) 


4(t+4)=25 = 4t+16=25 , 
4t=25-16 => a=9 => =F 


Check: Substituting t = : in the original equation, we get 


2fo+4es => 275 =s 
4 4 


(3) =5 => 5=5 (which is true) 
Since t= r" makes the statement true, therefore the solution is correct. 
Hence the solution set = (=) 
(v) V2x+3= Yx-2 
Solution: 2x43 = Vx-2 = (2x +3)3 = (x = 2)3 


! 1 
[(ox+3)] =[(x-29] (taking cube of each side) => 2x+3=x-2 


2x-x=-—2-3 =>x=-5 
Check: Substituting x = — 5 in the original equation, we get 


f2-5)43 =¥-5-2 => (-10+ 3)3 =(-7)3 
(ol “ [ap | cen cube of each side) => ~7=-7 (which is true) 


Since x = — 5 makes the statement true, therefore the solution is correct. 
Hence the solution set = {-5} 


(v) ¥2-t=%2t-28 
Solution: {2—t = Y/2t—28 = (2-1) =(2t-28)3 


P 
cl -( (2-29) | (taking cube of each side) => 2—t= 2t-28 
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—t~2t =-2-28 => ~3t=- 30 
t=10 which is true. 
Check: Substituting t = 10 in the original equation, we get 


2-10 =1/2(10)-28 = (-8))=(20-28)3 
-8] -{(-8"] => -8=-8 which is true. 


Since t = 10 makes the statement true, therefore the solution is correct. 
Hence the solution set = {10} 


(vi) J2t+6-J2f-5 =0 


Solution: J2t+6 -J2t-5 =0 = V2t+6=/2t-5 
2 2 
(V2t+6) =(v2t-5) (squaring ofeach side) => 2t+6=2t-—5 
2t-2t=-6-5 => 0#-I1 


Hence the solution set = 
(vii/) x+1 at: xe-~2 


2x+5 2 
2 
¥ x+1 x+l 2 
Solution: eee =2 > (=) =(2) (squaring of each side) 

ae => 4(2x+5)=x41 

2x+5 
8x+20=x+1 => 8x-x=1-20 
19 
7x=-19 => ee, 


Check: Substituting x = 2 in the original equation, we get 


2=2 (which is true) 


Since x = 2 makes the statement true, therefore the solution is correct. 


Hence the solution set = (-2) 
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ion Invol lute Value: 
Another type of linear equation is the one that contains absolute value. To 
solve equation involving absolute value we first give the following definition. 


Definition: 
The absolute value of a real number ‘a’ denoted by |a|, is defined as 
“ a, ifa20 
—a, ifa<0 
e.g. |6|=6, |0|=0 and |-6|=-—(—6)=6 
Some properties of Absolute Value: 
Ifa, b € R, then 
(i) al20 (ii) |-al = |al 
(iii) | ab | = [al. |b} (iv) e\- el eo. 
Solvin Value: 


Keeping in mind the definition of absolute value we can immediately say that: 
\x| = 3 is equivalent to x = 3 or x =—3, 
Because x = + 3 or x = — 3 make |x| =3 a true Stalement. 

For solving an equation involving absolute value, we express the given 
equation as an equivalent compound sentence and solve each part separately. 
Example: Solve and check, |2x + 3] =11 
Solution: By definition, depending on whether (2x + 3) is positive or negative the 

given equation is equivalent to: 
+(2x+3)=01 or -(2x+3)=11 
In practice, these two equations are usually written as 


2x+3=+11 or 2x+3=—I11 
2x =8 or 2x=-14 
Re 4 or x=-7 
Check: Substituting x = 4, in the original equation, we get 
\2(4)+3)=11 => 11=11 (which is true) 


New substituting x = — 7, we have 

[2(-7)+3)=11 => [-ll[=11 = 11=11 (whichis true) 

Hence x = 4, x = —7 are the solutions to the given equation. 

Hence, solution set = {—7, 4} 
Example: Solve |8x -3| = |4x +5] 
Solution: Since two numbers having the same absolute value are either equal or 
differ in sign, therefore, the given equation is equivalent to 

8x-3=4x+5 or 8x-—3=-(4x+5) 

4x =8 or 12x=-2 
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l 

=2 ae 

x or x F 

On checking we find that x = 2, x = — 


Hence, solution set = {-2.2} 


both satisfy the original equation. 


al 


Example: Solve and check [3x + 10] = 5x +6 
Solution: The given equation is equivalent to 
+(3x+10) =5x+6 


i.e. 3x + 10=5x+6 or 3x+10=—-(5x +6) 
—2x=-4 or &x =— 16 
x=2 or x=-2 


On checking in the original equation we see that x = - 2 does not satisfy it. 
Hence the only solution is x = 2. 


Solved Exercise 7.2 jf 


1. Identify the following statements as True or False. 

(i) |x| =0 has only one solution. 

(ii) All absolute value equations have two solutions, 

(iii) The equation |x| = 2 is equivalent to x = 2 or x =—2. 

(iv) The equation |x — 4| = = 4 has no solution. 

(v) The equation \2x — 3| = 5 is equivalent to 2x -3=Sor2x +3=5. 
Solution: (i) T (ii) F (iii) T (ivy) T () F 
2. Solve for x 
(i)  |3x-5|/=4 
Solution: (3x -—5|=4 

By definition, the given equation is equivalent to 


(3x-S)=+4 or (3x—5)=-4 
3x-5=4 or 3x-5=-4 
=> 
x=3 or x= 2 
Check: Substituting x = 3 in the original equation, we get 
(3 (3)-S|=4 => |9-S|\=4 => 4=4 (whichis truc) 
Substituting x = 3 in the original equation, we get 
13(4]-se4 => |l-5S|=4 > |-4|=4 
4=4 (which is true) 


Hence, solution set = { 33 } 
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(ii) 3]3x+2)-4=11 
Solution: 5|3x+2|—4=11 


Lace? 44 
2 


Ly 3x+2/=15 
2 
|3x +2 |= 30 
By definition, the given equation is equivalent to 
3x +2=+30 or 3x+2=-30 
3x =30- 2 3x =-—30-—2 
3x = 28 3x = —32 
28 32 
a x e-- oo 
3 3 


Check: Substituting x = = in the original equation, we get 
s13{2}+21-4-1 => 5|2842|-4=11 


a 
1 30)-4=11 oJ) 1 i30;-4211 
3! |-4= 5 = 
1S-4=1] => l= 11 (which is true) 
2 
Substituting x = -= in the original equation, we get 
| 32 I 
—|3) -— |+2}]-4=11 => —|-32+2|-4=11 
2 3 2 
] 1 
Biel 4=ll= reed Mada 
I5-4=ll= 11=11 (which is true) 
Hence, solution set = {22.-2I 
(iii) |2x+5|=11 


Solution: [2x + 5|= 11 
By definition, the given equation is equivalent to 
x+$=+11 or 2x+S5=-11 


2x=11-5 2x =—11-5 
2x =6 2x = - 16 
x=3 x=-8 


Check: Substituting x = 3 in the original equation, we get 
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2 (3)+5|=11 => |6+5/=11 
11j=11 —— 1l=1] (which is true) 
Substituting x = — 8 in the original equation, we get 
\2(-8)+5J=11 = [-16+5/=11 
-llj=11 => 11=11 (which is true) 
Hence, solution set = {—8, 3} 
(iv) |3+2x|=|6x-7| 
Solution: |3 + 2x| = |6 x -7| 
By definition, the given equation is equivalent to 
(3+2x)=+(6x-—7) or (3+2x)=—(6x-7) 


3+ 2x =6x-7 3+2x=-6x+7 
2x —-6x =-7-3 2x + 6x =-—3+7 
—4x =-10 8x =4 
_ 4 
t= — x=— 
4 2 

oe 

a 


Check: Substituting x = 2 in the original equation, we get 


3+2(3)- 6(3)-7 =>. B+5=[15-7| 


\3| = \3| — 8=8 (which is true) 
Substituting x = ; in the original equation, we get 


342(z)= (5-7 = [3+1)/=B-7| 


|4| = |-4| > 4=4 (which is true) 
meen ht 
Hence, solution set = 3? | 


(v) |x+2)-3=5-|x+2| 
Solution: |x + 2|—3=5-—|x +2) 
x +2) + \x+2/=5+3 
2\x+2)=8 
=> Ix +2|=4 
By definition, the given equation is equivalent to 
x+2=+4or x+2=-4 
x=4-2 x=-—4-2 
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x=2 =—6 
Check: Substituting x = 2 in the original equation, we get 
j2+2)-3=5-[2+2| > (4|-3=5-(|4 
4-3=5-4 = =1 (which is true) 

Substituting x = — 6 in the original equation, we get 

|-6+2|-3=54+6+2) => [|4|-3=5-|4| 
4-3=5-4 = 1=1 (which is truc) 
Hence, solution set = {2, — 6} 


1 
(vi) Ux+3|+21-9 
Solution: sk +3]+21=9 


l l 
ahk+3]=9-21 = sh +3)=-12 


This is not possible. Hence solution set = > 


3-5x|_1_2 
ivi “s 373 
3—5Sx 3—5x 
=—+ => =] 
4 3 4 


By definition, the given equation is equivalent to 


3—5x 3-—5x 
= +] or =-! 
4 4 
3-5x=4 3-Sx=-4 
-5x=4-3 —5x =-3-4 
—-5x='1 —Sx =-7 
5 ' 5 
Check: Substituting x = — in the original equation, we get 
1 341} 1 2 
K -— => a 
( ;) i 4| 3 3 
4 3 
4|-2=2 = ;-1.2 = 224 (which is true) 
4.3 3 s 2 a 3 
7 
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7 
a ee 3-7; 1 2 
- 1 2 ‘areca Weta 
--=- 73 3 
3 3 
Lah jd — 2_2 (which is true) 
Ss =; a 3 3 2 


meee 


Hence solution set = = it 
sy | 45 
wily |F*FI~6 


Solution: a =6 
By definition, the given equation is equivalent to 
x+5 x+5 
= or =-6 
2-x 2—x 
x+5=6(2-—x) x+5=-6(2—x) 
x+5=12-—6x x+5=-12+ 6x 
x+6x= 12-5 x-—6x=-12-5 
7x=7 -S5x=-]7 
17 
x= 1 Os 
5 
Check: “ra 1 inthe original equation, we get 
: =6 => i => 6=6 (which is true) 


Substituting x = : in the original equation, we get 


|-6|=6 => 6=6 (which is true) 
7 


Hence, solution set = we] 


LINEAR INEQUALITIES: 


We discussed an important comparing property called ordering real numbers 
stating that one number is less than or greater than another number. This order 
relation helps us to compare two real numbers ‘a’ and “b’ when a + b. This 
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comparability is of primary importance in many applications, We may compare 
prices, heights, weights, temperatures, distances, costs of manufacturing, distances, 
time etc. The inequality symbols ‘<" and ‘>’ for # were introduced by an English 
mathematician Thomas Harriot (1560 — 1621). 

Defining Inequalities: 

Let a, b be real numbers. Then ‘a’ is greater than ‘b’ if the difference a — b is 
positive and we denote this order relation by the inequality a > b. An equivalent 
statement is that b is less than a, symbolized by b < a. Similarly, if a — b is negative, 
then ‘a’ is less than ‘b’ and expressed in symbols as a <b. 

Sometimes we know that one number is either less than another number or 
equal to it. But we do not know which one is the case. In such a situation we use the 
symbol “<” which is read as “less than or equal to”. Likewise, the symbol “>” is 
used to mean “greater than or equal to”. The symbols <, >, < and > are also called 
inequality signs. The inequalities x > y and y < x are known as strict (or strong) 
whereas the inequalities x > y and y < x are called non- strict (or weak). 

If we combine a < b and b < c we get a double inequality written in a compact 
form as a < b < ¢ which means “b lies between a and c” and read as “a is less than b 
less than c’. Similarly, “a < b < c” is read as “bis between a and c, inclusive.” 

A linear inequality in one variable x s an inequality in which the variable x 
occurs Only to the first power and is of the form. 

ax+b<O0,az0 
Where a and b are real numbers. We may replace the symbol < by >, < or 2 also. 
Properties of Inequalities: 

The properties of inequalities which we are going to use in solving inequalities 
in one variable are as under. 
1. Lawof Trichotomy: 

For any a, b & R, one and only one of the following statements is true. 

a<bora=b,ora>b 

An important special case of this property is the case for b = 0; namely, 
a<0ora=Oora>0OforanyaeR. 

2. Transitive property: 


Leta, b,c € R. 
(i) Ifa>bandb>c,thena>c (ii) Ifa<band b<c, thena<c, 
3. Additive Closure Property: 
For a, b,c € R, 
(i) Ifa>Oandb>O,thena+b>0O Ifa<Oandb<0O,thena+b<0 
(ii) Ifa>b, thena+c>bt+e Ifa<b, thena+c<b+c. 


4. Multiplicative Property: 
Leta, b,c,de R. 
(i) Ifa>Oand b> 0, thenab>0 whereas a< 0 and b< 0 = ab> 0. 
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(ii) Ifa>bandc> 0, then ac > be or ifa<bandc>0O, then ac < be. 
(iii) Ifa>bandc<0,thenac<be. or ifa<bandc<0, then ac > be. 
The above property (iii) states that the sign of inequality is reversed if cach 
side is multiplied by a negative real number. 
(iv) Ifa>b and c>d, then ac > bd. 
! i riable: 
The method of solving an algebraic inequality in one variable is explained with 
the help of following examples. 
Example-1: Solve 9 - 7x > 19 - 2x, where x « R. 
Solution: 9— 7x > 19 —2x 
9-5x>19 
—5x > 10 
x<-2 
Hence, solution set = {x |x <— 2} 
Example-2: Solve} x-2< x+1, wherex eR. 
Solution: Laer. 
a 2 3 
To clear fractions we multiply each side by 6, the L.C.M. of 2 and 3 and get. 


olin -2| <6|x +3] 
x 3 


or 3x-4<6x+2 


or 3x <6x +6 
or —3x <6 
or x>-2 


Hence, solution set = {x |x > — 2}. 
Example-3: Solve the double inequality - 2 < V2a <1, where x eR. 
Solution: The given inequality is a double inequality and represents two separate 


inequalities. 
2S wis 1-2x U, 
1-2x 
—2 <——-<] 
3 < 
-6<]-2x<j3 
-7<-2x<2 
i, x >-1 
2 
ie, —1<x<35 


——— 
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Hence, solution set = {x | -— 1 <x < 3.5}. 
Example-4: Solve the inequality 4x — 1< 3 <7 + 2x, where xe R. 
Solution: The given inequality holds if and only if both the separate inequalities 
4x —1 <3 and 3 <7 + 2x hold, We solve each of these inequalities separately. 
4x-1<3 


Now 357+2x 


eS re (ii) 
Combining (i) and (ii), we have 

-2sxs] 
Hence, solution set = {x | —2 <x < ]}. 


1. Solve the following inequalities. 
(i) 3x+1<5x-4 


Solution: 3x + 1<5x-4 =>. 3x-—5x<-4-1 
-2x <-§ => 2x>5 
5 
> x>= 
2 


Hence, solution set = {x | x > : } 


(ii) 4x-10.3<21x-18 
Solution: 4x-—10.3 <21x-1.8 
4x —-21x< 103-18 
-17xs8.5 
x2-0.5 
Hence, solution set = { x | x 2- 0.5} 


(iii) 4-jx2T+}x 


2 
: ] ] 1 1 
Solution: 4-—x>-7+—x => -—x--—x2-7-4 
2 4 - © 
~L_Ligs— es 
ar x2-I1 => 4*2 1] 
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exlix > xs 
3 44 3 
Hence, solution set = {x | x sz} 


(iv) x-2(5-2x)26x-3} 
Solution: x —2 (5 ~2x) 2 6x-35 -_ x~ 10+ 4x2 6x -2 


5x — 102 6x 5 => Sx— 6x2 10-2 


-x2— => x S-6.5 
Hence, solution set = {x | x <—6.5} 
3x+2_ 2x+1__ 
(v) es aa 
3x+2_ 2x+1 


Solution: >-l 
- — 


9x 2X +2 _9, 2x+1 
9 3 
(3x +2)—(6x +3)>-9 


3x+2-6x-—3>-9 


>-9 


Hence, solution set = {x x <=} 
(vi) 3 (2x+1)—2 (2x+5) < 5 (3x - 2) 
Solution: 3 (2x+1) — 2 (2x+5) < 5 (3x — 2) 
6x+3-4x-10<15x-10 
2x —-7< 15x—10 
2x-15x<-10+7 
—13x <-3 
3 
73 , 
Hence, solution at {x|x> >} 
(wii) 3 (x-1) —(x-2) > -2 (x+4) 
Solution: 3 (x—1)—(x-2) >-2 (x+4) 
3x-3-x+2>-2x-8 
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2x-—1>-2x-8 
2x+2x>1-8 
4x>-—7 
7 


x>-— 


Hence, solution set = {x | x > why 
(vill) 22.x+2(5x-4)>-3 (8x+7) 


Solution: 2x +5 (5x ~4) > (8x +7) 
x + =(5x -4)> ~F(8x+ 7) 


3x5x-+3x2(Sx—4)>-2 (8K +7)x3 


8x + 2 (Sx—4) > — (8x +7) 
8x + 10x —8 >—8x -—7 
8x + 8x +10x>—-7+8 
26x > 1 
1 


i — 
26 


Hence, solution set = x x> x] 
26 


2. Solve the following inequalities. 
(i) -4<3x+5<8 
Solution: —4<3x+5<8 
—-4-5< 3m <8-5 
-9< 3x <3 
-3< x <1 
Hence, solution set = {x |—3 <x <1} 
i) 5s 43% <1 


4-—3x 


Solution: 5s——<! 
—-10<4-3x<2 
-10-4< -3x<2-4 
-14< -3x<-2 
14< _33x._2 
3% 35 < 
14 2 
tp zx >F 
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Or Zing lt 
as ve 
Hence, solution set = {x | =** $=} 


x-2 
Solution: -6<*= <6 
—24<x-2<24 
—24+2< x <24+2 
-22< x <26 
Hence, solution set = {x |—22 <x <26} 
(iv) 327 Ket 
Solution: 32S %at 
6>7-—x2>2 
6-7> -x2>2-7 
-1> -x2-5 
= 14 x3 
Hence, solution set = {x|1< x <5} 
(v) 3x-10<5<x+3 
Solution: 3x — 10<5<x+3 


=>3x-10<5 or 5<x+3 
3x<5+10 or x+325 
3x $15 x<5§-3 


© ee £2 wna 
Combining (i) and (ii), we have 
2<x<5§ 
Hence, solution set = {x | 2 <x < 5} 


(vi) 3st Aca 


Solution: -3<4-3 <4 
-15s—(x—4)<20 
~I15s -x+4<20 

-15-4< -x <20-4 
-19< -x <16 
or 19> x >-—16 
or —16< x <19 
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Z2SSe2ee2e22S2 2222222 S22 S22 22 SR2SESE2 SSE S22 SE SESE SSE S22 ER SEBS S2ES2 SSE SSE SSE 2222 2222 
Hence, solution set = {x |— 16 <x < 19} 
‘(viil) 1-2x<5-x<25-6x 
Solution: | -—2x <5-x<25-6x 


=>1-2x<5-x or 5-xs25-6x 
—2x+x<5§-1 —-x+6x < 25-5 
—~x<4 5x < 20 
x>-4 0... (i) CES cases (ii) 
Combining (i) and (ii), we have 
4<x<4 


Hence, solution set = {x |—4<x <4} 
(viii) 3x-2<2x+1<4x+17 
Solution: 3x—2<2x+1<4x+17 


=> 3x-2<2x+1 or 2x+] <4x+17 
* 3x-—2x<2+1 2x —4x < 17-1 
x<3.... (i) —-2x<16 
x>—-8.... (ii) 


Combining (i) and (ii), we have 
~8<x<3 
Hence, solution set = {x |- 8 <x <3} 


Solved Review Exercise 7 


1. Choose the correct answer. 
{i) Which of the following is the solution of the inequality 3 — 4x < 11 ?..... 

(a) -8 (b) -2 (c) a (d) None of these 
(ii) A statement involving any of the symbols <, > < or 2 is called..... 

(a) equation (b) identity (c) inequality (d) linear equation 
(iii) x=...... is a solution of the inequality -2<x <>. 3 

(a) —5 (b) 3 (c) 0 (d) 2 
(iv) Ifx is no larger than 10, then.... 

(a) x28 (b) xs 10 (c) x <10 (d) x>10 
(v) If the capacity ¢ of an elevator is at most 1600 pounds, then.... 

(a) ¢ < 1600 (b) c= 1600 (c) ¢< 1600 (d) c> 1600 
(vi) x =0 is a solution of the inequality...... 

(a) x>0 (b) 3x +5<0 (c) x+2<0 (d) x-2<0 


Solution: (i) b (ii) c (iii) c (iv) b (vc (vi) ad 
2. Identify the following statements as True or False. 
(i) The equation 3x — 5 = 7? — x isa linear equation. 
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(vi) 


(vii) To solve =x = 12, we should multiply each side by . 


MATHEMATICS (EM) NOTES FOR 9" CLASS (PUNJAB) 
The equation x — 0.3x = 0.7x is an identity. 
The equation — 2x + 3 = 8 is equivalent to ~ 2x = 11. 
To eliminate fractions, we multiply cach side of an equation by the L.C.M. of 
denominators. 
4 (x + 3)=x +3 isa conditional equation. 
The equation 2(3x + 5) = 6x + 12 is an inconsistent equation. 


PL 8 


(viii) Equations having exactly the same solution are called equivalent equations. 


() _A solution that does not satisfy the original equation is called extraneous 
solution. a 
Solution: (i) T (ii) T (iii) F (iv) T (v) T 

(vi) T (vii) F (viii) T (ix) T 
3. Answer the following short questions. 


(i) 


Define a linear inequality in one variable. 


Solution: Linear inequality i in one variable: 


A linear inequality in one variable x is an inequality in which the variable x 


occurs only to the first power and is of the form, ax +b <0 


Where ‘a’ and ‘b’ are real numbers: we may replace the symbol ‘*<’ by ‘>’ , ‘<’ 


or ‘>", etc. 


(ii) 


State the trichotomy and transitive properties of inequalities. 


Solution: Law of trichotomy of inequalities: 


For any a, b € R, one and only one of the following statements is true. 
a<bora=bora>b. 


Transitive property of inequalities: 


(iii) 


Leta, b,c € R. 

(i) Ifa> band b> c, thena>c. 

(ii) Ifa < band b> c, thena<c, 
The formula relating degrees Fahrenheit to degrees Celsius isF = 2 C +32. For 
what value of Cif F < 0? 


Solution; F = 2c +32 


Given F <0 
Subtracting 32 both sides, we get 


=C+32-32<0-32 


9 
—-C<-—32 
5 


Multiplying : both sides, we get 
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(iv) Seven times the sum of an Integer and 12 is at least 50 and at most 60, Write 
and solve the inequality that expresses this relationship. 
Solution: 7(x+12)2>50 and 7(x+12)<60 


7x + 84> 50 7x+84<60 
7x => 50-84 7x s 60-84 
7x 2-34 7x <-—24 
ne—e <= 
7 7 


4. Solve each of the following and check for extraneous solution, if any. 
(i) J2t+4=-Jt-1 
Sol: V2t+4=V1-1 => (V2r+4) =(vi—) 

2+4=t-1l1 => 21-t=-—1-4 => t=-5 
Check: Substituting t = — 5S in the original equation, we get 


J2(-5)+4 = (-5)-1 =>. J-104+4= V6 
¥-6=J-6 (whichisnottrue) 
Since, t= —5 does not makes the original statement true, therefore the solution is not 
correct, 
Hence, solution set = © 
(ii) V3x-1 ~2/8-2¥ =0 
Solution: 


V3x-1=2V8—2x =0 <5 V3x—1 =2V8—2x 
(V3x=1) =(2/8—2x) => 3x-1 =4(8-2x) 
3x —1 = 32-—8x —— 3x +8x = 32+] 
lIx=33 =~ | x=3 
Check: Substituting x = 3 in the original equation, we get 
/3(3)-1-2 8—2(3)=0 => V9-1-2V8-6 =0 
¥8-2¥2=0 = £22-2J/2=0 
0=0 (which is true) 
Since, x = 3 makes the original statement true, therefore the solution is correct. 
Hence, solution set = {3} 
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5. Solve forx 
(i) |3x+14|-2=5x 
Solution: |3x + 14| - 2 = 5x 


[3x + 14/=S5x +2 
By definition, the given equation is equivalent to 
3x + 14=+(5x + 2) or 3x+14=-(5x +2) 
3x +14=+5x +2 or 3x+14=-5x-2 
3x — 5x=2-—14 or 3x+5x=-2-14 
-—2x=-12 or 8x =— 16 
x=6 or x=-2 


Check: Substituting x = — 2 in the original equation, we get 
[3(-2) + 14-2 =5(-2) => |6+14|-2=-10 


\8| -2=— 10 => 8-2=-10 
624-10 (which is not true) 
Since, x = —2 does not makes the original statement true, therefore the solution is not 


correct. 
Substituting x = 6 in the original equation, we get 
13(6) + 14| -2 = 5(6) => |18414|-2=30 
|32| -2 = 30 => 32—2=30 
30 =30 (whichis true) 
Since, x = 6 makes the original statement true, therefore the solution is correct. 
Hence, solution set = {6} 


1 
(ii) f)x-3|-p) 442 


Solution: s[x—3|=5[x+2| 
By definition, the given equation is equivalent to 


1 1 1 1 

3% 3)=+5(x+2) or glx -3)=-5(x +2) 

l l ] 1 

6x5 (x-3)=6x>(x +2) 6x5 (x-3)=—>(x+2)x6 
2(x-3)=3(x+2) 2(x-3)=-3(x+2) 
2x -6=3x+6 2x ~6=-—3x-6 

2x - 3x =6+6 2x + 3x =-6+6 
-x=12 5x =0 
x=-—12 x=0 


Check: Substituting x = 0 in the original equation, we get 
l I l ] 
3 | | 5 | +2| => 5! 3| 5!2I 
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59-50) = l=! (whichis true) 


Since, x = 0 makes the original statement true, therefore the solution is correct. 
Substituting x = —12 in the original equation, we get 


1 pg 3jety-1242] =. 44-15}=-2)-10) 
3 2 3 2 


( 5) == (10) - 5=5 (whichistrue) 


Since, x = — 12 makes the original statement true, therefore the solution is correct, 
Hence, solution sect = {— 12, 0} 
6. Solve the following inequality. 


1 
(i) 3 x+5<1 
Solution: 
l l 
-=x+5<1 => —~x<1-§ 
a 3 
~=x <—4 => -x<-12 
x212 
ii) -3<b2% <4 
Solution: 
jee => -15<l-2x<5 
—15-1<-2x <5-] => -16<-2x<4 
16 2x 4 
-— < —-— <— => —8<-x<2 
2 z\2 
8> x >2 
| SUMMARY | 
* — Linear equation in one variable x is ax + b = 0 where a, b € R, a ¢ 0. 
* — Solution to an equation is that value of x which makes it a true statement. 
% Two linear equations are called equivalent if they have exactly the same 
solution, 
* An inconsistent equation is that whose solution set is $- 
% Additive property of equality: 


Ifa=b, thena+c=b+canda—c=b-—c. Va,b,ceR 
Multiplicative property of equality: If a = b, then ac = be. 


te 
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+ 


+ 


te 


* + + 


Cancellation property: Ifa +c =b+c, then a=b. 
Ifac = be,c #0 thena=b,V a,b,c eR 
To solve an equation we find a sequence of equivalent equations to isolate the 
variable x on one side of the equality to get solution. 
A radical equation is that in which the variable occurs under the radical. It 
must be checked for any extraneous solution (s). 
Absolute value of a rea) number a is defined as 
_ a, ifa>0 

al -a, ifa<0 
Properties of Absolute value: 
Ifa, b € R, then 

(i) jal>0 

(ii) }-aj =a, 

(iii) Jab| = aj . |b} 


iv) [© afl be 0 
(wy la 
(v) |x| = ais equivalent to x = a or x = —a. 
Inequality symbols are <, >, <, > 
A linear inequality in one variable x is ax + b < 0, a #0. 
Properties of Inequality: 
(a) Law of Trichotomy 
Ifa,be Rthena<bora=bora>b 
(b) Transitive law Ifa>b and b>c, thena>c, 
(c) Multiplication and division: 
a_b 


(i) Ifa>b,c>0, thenac > be and aes 
c 


i) ifa>th.c <0. thenec<toand “<2, 
Cc Cc 


a he TO ate a 
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PUNIT ESE 


LINEAR GRAPHS & THEIR 
APPLICATION 


Unit Outlines 
8.1 Introduction 8.2 Cartesian plane 
8.3. Conversion Graphs 
8.4 Graphical Solution of Equations in two variables 


@- STUDENTS LEARNING OUTCOMES 


After studying this unit, the students will be able to: 
identify pair of real numbers as an ordered pair. 
recognize an ordered pair through different examples 
describe rectangular or Cartesian plane consisting of two number lines 
interesting at right angles at the point O. 
identify origin (0) and coordinate axes (horizontal and vertical axes or x-axis 
and y-axis) in the rectangular plane. 
locate an ordered pair (a, b) as a point in the rectangular plane and 
recognize. 
* ‘a’ as the x-coordinate (or abscissa) 
* ‘b’ as the y-coordinate (or ordinate) 
draw different geometrical shapes (¢.g., line segment, triangle and rectangle 
etc.) by joining a set of given points. 
construct a table for pairs of values satisfying a linear equation in two 
variables, 
plot the pairs of points to obtain the graph of a given expression. 
choose an appropriate scale to draw a graph. 
draw a graph of 

* an equation ofthe form y=c 
| 
/ 


* & 82% 


oon 8 #& 


* an equation ofthe form x= a 

* an equation of the form y = mx 

* an equation ofthe form y = mx +c 

draw a graph from a given table of (discrete) values. 

solve appropriate real life problems. 

interpret conversion graph as a linear graph relating to two quantities which 
are in direct proportion, 

read a given graph to know one quantity corresponding to another. 

read the graph for conversions of the form. 

* miles and kilometers 


*% 846% 
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* acres and hectares 
* degrees Celsius and degrees Fahrenheit 

* Pakistani currency and another currency, etc 
# Solve simultaneous linear equations in two variables using gre 


An Ordered Pair of Real Numbers: 

An ordered pair of real numbers x and y is a pair (x, y) in which elements are 
written in specific order. e.g., (x, y) is an ordered pair in which first element is x and 
second is y and (x, y) # (y, x). e.g., (2, 3) and (3, 2) are two different ordered pairs. 

(x, y) = (m, n) only if x = m and y =n. 


Recognizing an Ordered Palr: 

In the class room the seat of a student is the example of an ordered pair. For 
example, the seat of the student A is 5" place in the 3“ row, so it corresponds to the 
ordered pair (3, 5). Here ‘3’ show the number of the row and ‘5’ shows its seat 
number in this row. 

Similarly an ordered pair (4, 3) represents a seat located to a student A in the 
examination hall is at the 4" row and 3" column ie. 3 place in the 4" row. 
Cartesian Piane: 

The Cartesian plane establishes one-to-one correspondence between the set of 
ordered pairs R x R = {(x, y) \x, y € R) and the points of the Cartesian plane. 

In plane two perpendicular straight lines are drawn. The lines are called the 
coordinate axes. The point O, where the two lines meet is called origin. This plane is 
called the coordinate plane or the Cartesian plane. 


Kdentification of Origin and Co-ordinate Yt tt weldaidt 
Axes: 

The horizontal line XOX’ is called the 
x-axis and the vertical line YOY’ is called the 
y-axis, The point O where the x-axis and y- 
axis meet is called the origin and it jis denoted 
by O (0, 0). 


We have noted that each point in the plane either lies on the axes of the 
coordinate plane or in any one of quadrants of the plane namely XOY, YOX’, X/OY’ 
and Y’OX called the first, second, third and the fourth quadrants of the plane 
subdivided by the coordinate axes of the plane. They are denoted by Q-I, Q-II, Q-III 
and Q-IV respectively. 

The signs of the coordinates of the points (x, y) are shown below; 
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For Example: 
(1) The point (—3, —1) lies in Q-III. SESR8: 38e508 
(2) The point (2, ~3) lies in Q-IV. 
(3) The point (2, 5) lies in Q-I. 

(4) The point (2, 0) lies on x-axis. 


Location of the Point P(a , b) in the Plane Coresponding to the Ordered 
Pair (a, b): 
Let (a, b) be an ordered pair of RxR. 

In the reference system, the real 
number ‘a’ is measured along x-axis, ‘a’ 
units away from the origin along OX (if a> 
0) and the real number ‘b’ along y-axis, “b’ 
units away from the origin along OY (if b> 
0). From ‘b’ on OY, draw the line parallel to 

x-axis and from ‘a’ on OX draw line 
parallel to y-axis. Both the lines meet at the 
point P. Then the point P corresponds to the 
ordered pair (a, b). 

In the graph shown above 2 is the 
X-coordinate and 3 is the y-coordinate of 
the point P which is denoted by P (2, 3). 

In this way coordinates of each point in the plane are obtained. 

The X-coordinate of the point is called abscissa of the point P(x, y) and the Y- 
coordinate js called its ordinate. 

1. | Each point P of the plane can be identified by the coordinates of the pair (x, y) 

and is represented by P(x, y). 

2. All the points of the plane have y-coordinate, y = 0 if they lie on the x-axis. 

i.e., 

P (—2, 0) lies on the axis. 

3. All the points of the plane have x-coordinate x = 0 if they lie on the y-axis, i.e., 

Q (0, 3) lies on the y-axis, 

Drawing different Geometrical Shapes of Cartesian Piane: 

We define first the idea of collinear points before going to form geometrical 

shapes. 
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{a)_ Line-Segment: 
1: 
Let P (2,2) and Q(6, 6) are two points. 
1. Plot points P and Q. 
2. Join the points P and Q, we get the line 
segment PQ. It is represented by PQ. 


Example 2: 

Plot points P(2, 2) and Q(6, 2). By 
joining them, we get a line segment PQ 
parallel to x-axis. 

Where ordinate of both points is equal. 


Example-3: 

Plot points P(3, 2) and Q(3, 7). By 
joining them, we get a line segment PQ 
parallel to y-axis. 

In this graph abscissa of both the points 
are equal. 


(b) Triangle 
Example-1: TCT ee 
Plot the points P(3, 2), Q(6, 7) and R.(9, SEES: 122 
3). By joining them, we get a triangle PQR. . 

Y ! 
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Example 2: 
For points O(0, 0), P(3, 0) and ga SERRE 
R(3, 3). The triangle OPR is constructed as sf A | 
shown by the side. Tt 
SEeeeteZaus HH 
(c) Rectangle 
Example: 


Plot the points P(2, 3), Q(2, 0), R(-2, 3) 
and S (-2, 0). Joining the points P, Q, R and S, 
we get a rectangle PORS. 

Along y-axis, 2(length of square) =1 unit 


ae 
=e 
ae 
an 
ae 
me 
=e 
as 
| 


Construction of a Table for Pairs of Values Satisfying a Linear Equation in 
Two Variables: 

Let 2x+y=1 _« 4 fi) 

be a linear equation in two variables x and y. 

The ordered pair (x, y) satisfies the equation and by varying x, corresponding y 


is obtained. 
We express eq. (i) in the form, we get 
=—2x +1 (ii) 
The which satisfy (ii) are tabulated below, 


At x=-I y=(-2)(-I)+1=2+1 =3 
At x=0 y=(-2)(0)+1 =O0+1 =1 
At x=] y=(-2)(I)+1 =-2+1= 
At x=3 y=-6+1=-5 
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Similarly all the points can be computed, the ordered pairs of which do satisfy 
the equation (i). 

Plotting the points to get the 
graph: 

Now we plot the points 
obtained in the table. Joining these 
points we get the graph of the 
equation. The graph of y = —2x + 1 
is shown in the following figure. 


Scale of Graph: 

To draw the graph of an equation we choose a scale e.g, 1 cm represents 5 
meters or ] small square represents 10 or 5 meters. It is selected by keeping in mind 
the size of the paper. Sometimes the same scale is used for both x and y coordinates 
and some times we use different scales for x and y-coordinate depending on the 
values of the coordinates. 

Drawing Graphs of the following Equations: 

(a) y=c, wherecisconstant. 

(b) x=a, where ais constant. 

(c) y=mx, where m is constant. 

(d) y=mx~+c, where m and c both are constants. 

By drawing the graph of an equation is meant to plot those points in the plane, 
which form the graph of the equation (by joining the plotted points). 

(a) The equation y = c is formed in the plane by the set. 
S = {(x, c): x lies on the x-axis} c R x R. 
The procedure is explained with the help of following examples. 
Consider the equation y = 2 
The set S is tabulated as; 
CAcews BE ACA aS SF Reem 
Cie MESSE BS ae Oe a 
The points of S are plotted in the plane, 
Similarly graph of y = ~4 is shown as: 
So, the graph of the equation of the type y = is obtained as: 
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(i) the straight line 
(ii) _ the line is parallel to x-axis 
(iii) the line is above the x-axis at a distance c units if c > 0. 
(iv) _ the line (shown as y = - 4) is below the x-axis at the distance c units as ¢ < 0. 
(v) the line is that of x-axis at the distance c units if c = 0, 
(b) The equotion, x = ais drawn In the plane by the points of the set 
S={(ay):y € R} 
The points of S are tabulated as follows: 
Lx [ad@yalalalalals ... | 
LY | lee -1] © [i213 4] C | 


The points of S are plotted in the plane as,..... (a,—2), (a, —1), (a, 0), (a, 1), (a, 2),.... 


etc. 
eens es eee 


The point (a, 0) on the graph of the 
equation x = a, lies on the x-axis while (a, y) 
is above the x-axis if y > 0 and below the x- 
axis if y < 0. By joining the points, we get 
the line, 

The procedure is explained with the help of 
following examples. 
Consider the equation x = 2. 


Table for the points of equation is as under 
ie lZIZ I ZI 212) 2) W.2. | 
fy |. [-2}-1fo7Ti[2]q .. | 


Thus, graph of the equation x = 2 is 
shown as: 


‘ 
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; a aie 
So, the graph of the equation of the type y = a is canes 
obtained as: coh a 
(i) straight line ett 


distance “a” units if a> 0. 
(iv) the line x = — 2 is on the left side of y-axis 
at the distance a units as a < 0. 
(v) the line is y-axis ifa=0. nen +s see 
(c) The equation y= mx, (fora fixedm c« R) is formed by the points of the set 
W = {(x, mx): x € R} 
ie., W = {..., (—2, -2m), (—1, —m), (0, 0), (1, m), (2,2m),....}. 
The points corresponding to the ordered pairs of the set W are tabulated 


below: 
Pes EE eka 
LY | wesece | 2m | pf /O | m | 2m | ...... | 
The procedure is explained with the help of following examples. 
Consider the equation y = x, where m = 1 


Table of points for equation is as under: 
Era) Cee aes 
Ly | AL sZt -1[ of ti] 2] . | 


By joining the plotted points the graph of the equation of the type y = mx is, 
(i) _ the straight line 
(ii) it passes through the origin 
(iii) +m is the slope of the line 
(iv) the graph of line splits the plane 
into two equal parts. If m = 1 
then the line becomes the graph 
of the equation y = x. 
(v) Ifm =-1 then line is the graph 
of the equation y = — x. 
(vi) the line meets both the axes at ~ 
the origin and no other point. 
(d) Now we move to a generalized — 
form of the equation, i.e., 
y=mx+c, where m,c70. 
The points corresponding to the ordered pairs of the set 


slat Shed ee 
MESAED SHE CS 


0 te 
4 
#1. 
Raph 
Lad 
i 
SE 
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S = {(x, mx +c): m, c (4 0) € R} are tabulated below 
CI ae Se eon re 
Ly Le [m+cl2m+e[3m+c]...... |mx+e] ...... | 


The procedure is explained with the help of following examples. 
Consider the equation 
y =x+1, wherem=1,c=1 
We get the table 


EiMP ieee £2 Ps Ps 
Le wd | 2 jd | 4 fe Te, eee 
These points are plotted in plane as below: 
We see that 
(i) y=mx+c represents the graph ofa 
line. 
(ii) It does not pass through the origin 
O (0, 0). 
(iii) It has intercept c units along the y- 
axis away from the origin. 
(iv) m is the slope of the line whose 
equation is y= mx +c. 


In particular if, 

(i) c=0 then y = mx passes through 
the origin. 

(ii) If m = 0, then the line y = ¢c is 
parallel to x-axis. 


Drawing Graph from a given Table of Discrete Values: 
If the points are discrete the graph isjust —~] ase 
rear 
ro 


the set of points. The points are not joined. 
For example, the following table of 


discrete values is plotted as: 
EZEuUEZEIJES 
elo etal itd 
So, the dotted square shows the graph of |" | 7-7-2 
discrete values. | 
Solving Real Life Problems: 7 


We often use the graph to solve the real 
life problems. With the help of graph, we can 
determine the relation or trend between the SARA aE 
both quantities. PRERER” SERRE 

' We learn the procedure of drawing graph of real life problems with the help of 
following examples. 
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Example: Equation y = x + 16 shows the relationship between the age of father and 
soni.e. if the age of son |s x, then the father’s age is y. Draw the graph. 
Solution: 
We know that 
y=x+16 


Table of points for equation is given as: 
1 Of ) a 78 eT 6 | ce | 
Se BE BE BE 2: aes 


By plotting the points we get the graph of a straight 
line as shown in the figure. 


Solved Exercise 8.1 


1. Determine the quadrant o' coordinate plane in the following points 
lie: P(-4, 3), Q{-5, -2), R(2, 2) and S(2, -6). 
Solution: P (—4, 3) is in II quadrant. Q (-5, -2) is in II) quadrant. 
R (2, 2) is in I quadrant. S (2, -6) is in IV quadrant. 
2. Draw the graph of each of the following. 
() x=2 (li) x=-3 
Solution: x = 2 i 


y, 
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(v) y=0 (vi) x=0 
Solution: y = 0 . Solution: x = 0 
Y 


x’ Xx 
y" 
(vii) y=3x (viii) -y = 2x 
Solution: y = 3x Solution: -y = 2x 


=-2x 


(x) 3y=5x 


x 
Solution: 3- x Solution: 3y = 5x 


Visit www. .downloadclassnotes.com for Notes, Old Papers, Home Tutors, Jobs, IT Courses & more. 
(Page 264 of 419) 


For more notes & academic material visit our Website or nstall our Mobile App 
Website: www.downloadclassnotes.com Mobile App: bit.ly/DCNApp 


MATHEMATICS (EM) NOTES FOR 9" CLASS (PUNJAB) 


(xi) 2x-y=0 
Solution: 2x-y = 0 
BR Bes 2x 


(xiii) x-3y+1=0 (xlv) 3x-2y+1=0 
Solution: x -3y+1=0 Solution: 3x-2y+1=0 
3y=x+l 2y =3x+1 
y= 4Gx+1) 
| x [3] -1] 1 [3 
y|-4}-1[ 215 


3. Are the following lines (i) parallel to x-axis (ii) parallel to y-axis? 


(i) 2x-1=3 (ii) x+2=-1 (ili) 2y+3=2 
(iv) x+y=0 (v) 2x-2y=0 

(i) Solution: 
2x-1=3 => 2x=3+1 > 2x=4 => x22 
The above line is parallel to y-axis. 

(ii) Solution: 
x+2=-1=> =-2-1> x=-3 
The above line is parallel to y-axis. 
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(iii) Solution: 


2y+3=2 => 2y=-34+2> =-1 => y=-—- 
The above line is parallel to x-axis. : 
(iv) Solution: 
x+y=0 > x=-y 
The above line is neither parallel to x-axis nor parallel to y-axis. 
(v) Solution: 
2x-2y=O0=> 2x=2y > x=y 


The above line is neither parallel to x-axis nor parallel to y-axis. 
4. Find the value of m and c of the following lines by expressing them in the form 


y=mx+c. 


(a) 2x+3y-1=0 


(d) 2x-y=7 
Solution: 
2x + 3y-1=0 
Compare it with 
y-mxtc 
Solution: 
x-2y=-2 
Compare it with 
y=mx+e 
(c) Solution: 
3x+y-1=0 
Compare it with 
y=mx+c 
Solution: 
2x-y=7 
Compare it with 
y=mx+e 
(e) Solution: 
3-2x+y=0 
Compare it with 
y=mx+c 
(f) Solution: 
2x=y+3 
Compare it with 
y=mxtc 


(a) 


(b) 


(d) 


> 


=> 


=> 


(b) x-2y=-2 (c) 3x+y-l=0 

(e) 3-2x+y=0 (f) 2x=y+3 
2.1 

3y = -2x +] = ea 

m=-— and c=— 

=> -—dy=-x>+2 => y=5x+l 

m=> and c=] 

= =—-3x +1 

m=-3 and c=1 

—y=-2x+7 => y =2x-7 

m=2 and c=-7 

y=2x-3 

m =2 and c=-3 

y=2x-3 

m=2 and c=-3 


5. Verify whether the following point lies on the line 2x - y+1 = 0 or not. 


(i) (2,3) 
(i) Solution: 
2x-—y+1=0 


(ii) 


(0, 0) (iii) (-1,1) (iv) (2,5) (v) (5,3) 
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(i) 


(ili) 


{v) 


To Interpret Conversion Graph: 


Put (2, 3) in the above equation, we get 
2(2)-(3)+1=0=> 4-3+1=0 = 5-3=0 

> 2#0 (Which is not true) 

Hence, (2, 3) does not lie on the given line. 

Solution: 

2x-y+1=0 

Put (0, 0) in the above equation, we get 

2(0)-(0)+1=0=> O0-0+1=0 => 0+1=0 

> 1#0 (Which is not true) 

Hence, (0, 0) does not lie on the given line. 

Solution: 

2x-y+1=0 

Put (—1, 1) in the above equation, we get 

2(-1)-—(1) +1 =0 => -2-1+1=0 => -3+1=0 
=> -2 + 0 (Which is not true) - 4 

Hence, (—1, 1) does not lie on the given line. 

Solution: 

2x-y+1=0 

Put (2, 5) in the above equation, we get 

2(2)-—(5)+1=O= 4-5+1=0 => 5-5=0 

= 0=0 (Which is true) 

Hence, (2, 5) lies on the given line. 

Solution: 

2x-y+1=0 

Put (5, 3) in the above equation, we get 

2(5)-(3)+}=0=— 10-3+1=0 = 11-3=0 

=> 8#0 (Which is not truc) 
Hence, (5, 3) does not lie on the given line. 


CONVERSION GRAPHS 


In this section we shall consider conversion graph as a linear graph relating to two 
quantities which are in direct proportion. 


Let y = (x) be an equation in two variables x and y. 


» We demonstrate the ordered pairs which lie on the graph of the equation y = 3x+3 
and are tabulated below: 


=— = ie 
es a ee 
| & y) |... 3) | 1,0) | (-2,-3)... 


By plotting the points in the plane corresponding to the ordered pairs (0, 3), (-1,0) 
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and (—2, -3) etc. we form the graph of 
the equation y = 3x + 3. 


From the graph of y = 3x +°3 as 
shown above. 

(i) for a given value of x we can read 
the corresponding value of y with 
the help of equation y = 3x + 3, and 

(ii) for a given value of y we can read 
the corresponding value of x, by 
converting equation y = 3x + 3 to 


equation x=ay-l and drew the 


corresponding conversion graph. 
In the conversion graph we express x in terms of y as explained below. 
y=3x+3 
=> y-—3=3x+3-3 
=> y-3=3x or3x=y-3 


=> x =y~1, where x is expressed in terms of y. 
We tabulate the values of the dependent variable x at the values of y. 


Reading the Graphs of Conversion: 
(a) Example: (Kilometer (Km) and Mile (M) Graphs): 

To draw the graph between kilometer (Km) and Miles (M), we use the 
following —— 


kilometer = 0.62 miles  etconec meer 
one mile = 1.6 km approximately) 
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(i) | The relation of mile against kilometer is given by the linear equation, 
y = 0.62x 
If y is a mile and x, a kilometer, 
then we tabulate the ordered pairs (x, y) 
as below; 
imiGl 1 £2 | 3 | A | 
yy] 0 | 0.62 | 1.24 | 1.86 | 2.48... 
The ordered pairs (x,y) 
corresponding to y = 062x are 
represented in the Cartesian plane, By 


joining them we get’ the desired 
following graph of miles against iagasiiis sisiaitiit 


kilometers. case Ssenencae 
For each quantity of kilometer x along x-axis there corresponds mile along y — 
axis. 


(ii) The conversion graph of kilometer against mile is given by 
y = 1.6x (approximately) 
If y represents kilometers and x a mile, then the values x and y are tabulated 


We plot the points in the xy-plane corresponding to the ordered pairs. 
(0, 0), (1, 1.6), (2, 3.2), (3, 4.8) and (4, 6,4) as shown in figure. 


Se ‘lm 


aea5 
on iccosceeee 
By joining the points we actually find the conversion graph of kilometres 
against miles, 
(6) Conversion Graph of Hectares and Acres: 
(i) The relation between Hectare and Acre is defined as: 


Hectare = “ Acres = 2.5 Acres (approximately) 
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In case when hectare = y and acre = x, then y = 2.5x 
If x is represented as hectare along the horizontal axis and y as Acre along y-axis, the 
values are tabulated below: 


Serre vpevwre are 
Ly | 0 | 25 | 50 | 75 | 10... | 
The ordered pairs (0, 0), (1, 2.5), (2, 5) etc., are plotted as points in the xy- 
plane as below and by joining the points the required graph is obtained: 


(ii) Now the conversion graph Acre = = 
Hectare is simplified as, 
Acre = = Hectare = 0.4 Hectare 
(approximately) 
If Acre is measured along x-axis and hectare 
along y-axis then 
y = 0.4x 


Peer, 
The ordered pairs are tabulated in the following 
table: SPOR: 


The corresponding ordered pairs (0, 0), (1, 0.4), (2, 0.8) etc.., are plotted in the xy- 
plane, join of which will form the graph of (b) as a conversion Dm graph of (a): 


(c) Conversion Graph of Degrees Celsius and Degrees Fahrenheit: 
(i) The relation between degree Celsius (C) and degree Fahrenheit (F) is given by 


F==C+32 
The values of F at C = 0 is obtained as 
-2 x 0+32=0432=32 Similarly F = 2 x 10+32=18+32=50 
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F= 2 x20+32=36+32=68 = 2 x 100+32=180+32=212 
We tabulate the values of C and F. 

| Cc | Oo | 10° | | 100.6 

| | oe | Se) oe ie 


Note from the graph that the value of C 

corresponding to 

(i) F=86°is C=30° and 

(ii) F=1]04°is C=40°. 

(iii) Now we express C in terms of F for 
the conversion graph of C with respect 
to F as below: 

C= P (F - 32) 
The values for F = 68° and F =176° are 
C= 2 (68-32)=% x36=20° and 


C= 5 (176- 32) = 3 (144) = 5x16 = 80° 


two readings be same? 
ie, F=2C+32 


= [g-1)cx-2 =~ ton-32 = Com. 
9 5 4 


To verify at C = —40, we have 
F-= 2x (40) + 32 =9 (-8) +32 =-72-+ 32 =— 40" 


(d) a... Graph of US$ and Pakistan! : 
The Daily News, on a particular day informed the conversion rate of Pakistani 
currency to the US$ currency as, 
If the Pakistani currency y is an expression of US$ x, expressed under the rule 
y = 66.46 x = 66x (approximately) 
Then draw the conversion graph. 
We tabulate the values as below. 
a tae a a a a ee 
[66 | 132 | 198 | 264. 
Plotting the points corresponding to the ordered pairs (x, y) from the above 
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table and joining them provides the currency linear graph of rupees against dollars as 
shown in the figure. 


fn Aa 
CEH et 4 
SG a one 


1. Draw the conversion graph between og: 
litres = 2 gallons (approximately), and taking litres along horizontal axis and 
gallons along vertical axis. From the graph, read 
(i) the number of gallons in 18 litres (ii) the number of litres in 8 gallons 

Solution: As 9 litres = 2 gallons 

(i) 18 litres = 4 gallons 
(ii) 36 a. = 8 gallons 


(Litres) 

2. On 15.03.2008 the exchange rate of Pakistani currency and Saudi Riyal was as 
under: 
1S. Riyal = 16.70 Rupees 
if Pakistani currency y is an expression of S. Riyal x, expressed under the rule 
y=16.70x, then draw the conversion graph between these two currencies by 
taking S. Riyal along x-axis. 

Solution: “i 1 S. riyal = 16.70 rupees 
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y =16.70x 
Pakistani Currency = y, S. Riyal =x 
We tabulate the values as below. 


3. Sketch the graph of each of the following lines. 


(a) x-3y+2=0 (b) 3x-2y-1=0 
Solution: x-jy+2=0 Solution: 3x-2y-1=0 
—ly =-3x+1 
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(c) 2y-x+2=0 (dq) y-2x=0 
Solution: 2y-x+2=0 Solution: y - 2x = 0 
2y=x-2 : thea. 
|X | 2] -1] 0 | 2 
ria fepetete 


(e) 3y-1=0 (f) y+3x=0 
Solution: 3y—1=0 Solution: y + 3x=0 


3y=1 => y- = -3x 
EIJI 
y EvEWES | -3 | -6 | 


(g) 2x+6=0 
Solution: 2x+6=0 
. 2x =-6 
x=-3 
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¥: 


2x+6=0 
y' 
4. Draw the graph for following relations. 
() Onemile=1.6km 
Solution: One mile = 1.6 km 


Let, miles = x and kilometer = y 
So, x = L.6y 
Tx [0 [16]32 ; 
Ly J Of 1] 2 | AE OE BE BE 
BERBER "SRRees 


(ii) One Acre =0.4 Hectare 
Solution: One Acre =0.4 Hectare 
Let, Acre = x and Hectare = y 


So, x =0.4 
|x | 0 | 0.4) 0.8] 1.2) 
iy |] O| t LAPS | 


(ill) F=2 C+32 
Solution: F=2 +32 


RRRMREEKET 
Sae888 58 
a e 


Teli rimirirte | 3 
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¥_ Seeeeeeeeen 


(lv) OneRupee = —sS 
Solution: Given Rs.1= --$ 
We tabulate the values as below. 
EE: BESE SESERER 
| y (Rs.) | 86 | 172 | 258 | 344 } 430 | 


| jo} | 4 
Pooh AEE 


We aw here diteliawoee linear eaten in two variables by graphical 


method. 
Let the system of equations be, 
BE FD ia iicsincenrin ) et Sy=3 ccicccgertyss (ii) 
Table. of Values 
rE = 2x —3 y=-jxtl 
pas ge qe 


By plotting the points we get the following graph. 


The solution of the nee is the point R whet the ines é and /‘ meet at, R(I.7, 04) 
such that x = 1.7 and y = 0.4. 
Example: Solve graphically, the following linear system of two equations in two 
variables x and y; 

K+ 2 =3 veceve(i) K-Y=2 —servee( il) 
Solution: The equations (i) and (ii) are represented graphically with the help of their 
points of intersection with the coordinate axes of the same co-ordinate plane. 

The points of intersections of the lines representing equation (i) and (ii) are 
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given in the following table: 
-1. 3 
y=>RtsS 
tii = 
Ly | se 19 | 
The points P (0, 1.5) and Q (3, 0) 
of equation (i) are plotted in the plane 
and the corresponding line é : x + 2y =3 
is traced by joining P and Q. 
Similarly, the line #’ :x — y = 2 of 
(ii) is obtained by plotting the points P’ 
(0, —2) and Q’ (2, 0) in the plane and 
joining them to trace the line ¢’ as 
below: 
The common point § (2.3, 0.3) 
lies on both the lines, which is the 
required solution of the system. 


Solved Exercise 8.3 


Solve the following pair of equations in x and y graphically. 
1, x“+y=0 and 2x-y+3=0 
Solution: x+y =0 


The common point (-1, 1) which is the solution of the system. 

2. x-y+1=0 and x-2y=-l 

Solution: x-y+1=0 x—2y=-] 
y=x+l 2y=x+l 


= 4+) 
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xj -2) 1 0] 1] 2 EAEsEERRRERED 


The common point is (-1, 0) which is the solution of the system. 
3. 22x+y=0 and x+2y=2 


Solution: 2x+y =0 x+2y=2 
= -2x 2y=-x+2 => y=+¢-x+2) 
Lx] 2p-afo} i 2) Px | 41-2] 0/1244 | 
Ly 1412/0 | 2] -4) EAE EES EQERETE 
% 
x 


Da 
4. x+y-1=0 and eyt1=0 
Solution: x+y-1 =0 x-y+1=0 


=-x+1 =x+1 
ESE IRI Bees px | 2 fl] O] 1) 2 | 
Ly 13 | 271) 6] -t) PAC e See Tes 
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The common point is (0,1) which is the solution of the system. 
2x+y-1=0 and x=-y 


no 2x+y-1 =0 x=-y 
=-2x+1 = —X 
Lx] 2) 1] oO] 1 / 2 | EVEVT CARRS 
Ly 1S 1 3 [1 | -1 | 3 | Ly Je 21 | O | -2 | 22 | 


(i) Pa uae (0,0), ae 7 is 
a - | 1,1] d -1,-1 
(li) If (x, 0) = (0, y), then (x, y) is oe all 
(a) (0, 1) (b) (1,0) (c) (0,0) (d) (1,1) 
(iii) ie (2, -3) lies in _—— 


(b) (c) Wl (d) IV 
(iv) Point (-3, -3) lies in sehen 


(a) I (b) (c) Il (d) IV 
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(v) Ify=2x+1,x=2 then y is 


(a) 2 (b) 3 (c) 4 (d) 5 
(vi) Which ordered pair satisfies the equation y = 2x? 
(a) (1,2) (b) (2,1) (c) (2,2) (d) (0,1) 


Solution: (i) a (ii) c (iii) ds (iv) c (v) d (vi) a 
2. Identify the following statements as True or False. 
(i) The point O (0, 0) is in quadrant II. 
(ii) The point P(2, 0) lies on x-axis. 
(iii) The graph of x = -2 isa vertical line. 
(iv) 3-y=0 isa horizontal line. 
(v) The point Q (-1, 2) is in quadrant III. 
(vi) The point R (-l, -2) is in quadrant IV. 
(vii) y =x isa line on which origin lies. 
(viii) The point P (I, 1) lies on the line x + y = 0, 
(ix) The point S (1,-3) lies in quadrant III. 
(x) The point R (0, 1) lies on the x-axis. 
Solution: (i) F (ii) T (iii) T (iv) T ( F 
(vi) F (vii) T (viii) F (ix) F (x) F 
3. Draw the following points on the graph paper. 
(-3, -3), (-6, 4), (4, -5), (5, 3) 
Solution: 
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4. Draw the graph of the following. 
(i) x=-6 (ii) y=7 
Solution: x = - * Solution: y = 7 


(ili) x =5 
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(vi) y=-2x+1 


Solution: y = -2x + 1 an re Cat ra 
ERIC TE AER RS aX Ed ke 
fy | 5] 3] 1 | -1 | -3 | anpeue 
pot 
ae 


5. Draw the following graph. 
(i) y=0.62x 


Solution: y = 0.62x | 
ele) a ie tt 2 
| y | -1.24 | -0.62 | 0 | 0.62 | 1.24 | 


(ii) y=2,5x 


Solution: y = 2.5x 
x | 2 [eed [OO] 1 {2 | 
py | 5 | -25 [0] 25] 5 | 
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6. Solve the following pair of equations graphically. 

fi) x-y=1, K+Y=5 

Solution: x-y=1 xty=4 
y= x-1 y=-x+ - 


EIEICIE RSE S Farina Lo] 1 ey 
eS ee ae ee 


stastcseeset 
pS TAT aN" 


‘ 
The common point is 2.7) which is the solution of the system. 
\ 
(ii) x=3y,2x-3y=-4 
Solution: x = jy 2x - 3y = -6 
or y= ix 3y=2x+6 => y= 42x +6) 


ae ERE VEIL IRSED 
SEE 
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The common point is (-6, -2), which is the solution of the system. 
(iii) y+ y)=2, +(x -y)=-1 
Solution: Hx+y)=2 4(x-y)=-1 


or xt+y=6 x-y=-2 
y=x+2 


Le t-te] i] 2 Ay 
PARSE BE SE Wi.) 
v2 wea e 


The common point is (2, 4) which is the solution of the system. 


SUMMARY 


e An ordered pair is a pair of elements in which elements are written in specific 
order. 

e The plane formed by two straight lines perpendicular to each other is called 
Cartesian plane and the lines are called coordinate axes. 

¢ The point of intersection of two coordinate axes is called origin. 

e There is a one-to-one correspondence between ordered pair and a point in 

Cartesian plane and vice versa. 

Cartesian plane is also known as coordinate plane. 

Cartesian plane is divided into four quadrants. 

The x-coordinate of a point is called abcissa and y-coordinate is called ordinate. 

The set of points which lie on the same line are called collinear points. 


ie EE tee 
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SSSSSeSsSsSeSSsSSsSsSSSSsSSSSSSSeSsSSSsSeSSeSSsSesxsSeeseeseeoocseeeoeoocococooocz 


INTRODUCTION TO 
COORDINATE GEOMETRY 


Unit Outlines 
9.1 Introduction 92 The Distance Formula 
9.3  Collinear Points 9.4 Mid Point Formula 


@W STUDENTS LEARNING OUTCOMES 


After studying this unit, the students will be able to: 
define coordinate geometry. 
derive distance formula to calculate distance between two points given in 
Cartesian plane. 

use distance formula to find distance between two given points. 

define collinear points. Distinguish between collinear and non-collinear 
points. 

use distance formula to show that given three (or more) points are collinear. 
use distance formula to show that the given three non-collinear points form. 
* an equilateral triangle, * an isosceles triangle, 

* aright angled triangle, * a-scalene triangle. 

use distance formula to show that given four non-collinear points form. 

* asquare, * arectangle, * aparallelogram. 
recognize the formula to find the midpoint of the line joining two given 
points. 

apply distance and mid point formulae to solve/verify different standard 
results related to geome 


DISTANCE FORMULA 
Coordinate Geometry: 


The study of geometrical shapes in a plane is called plane geometry. 
Coordinate geometry is the study of geometrical shapes in the Cartesian plane 
(coordinate plane). 

We know that a plane is divided into four quadrants by two perpendicular lines 
called the axes intersecting at origin. We have also seen that there is one to one 
correspondence between the points of the plane and the ordered pairs in RxR. 

Finding Distance between two points: 


Let P(x;, y:) and Q(x2, y2) be two points in the coordinate plane where d is 


Se Ge &% 


% 
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the length of the line segment PQ. i.e., |PQ| =d. 

The line segments MQ and LP parallel to y-axis meet x-axis at points M and L 
respectively with coordinates M (x2, 0) and Y 
L(x;, 0). 

The line-segment PN is parallel to x-axis. 
In the right triangle PNQ, 
INQ ly2-yil 
And |PN| = |x2— xi], 
Using Pythagoras Theorem 
PQ), = (PN) + (QNY 


= ly2- yil + x2— mi? 
=> d= =+Jly,- —y, |? +|x,—x, P 


d= y¥,-y, | +|x,-x, l Y 


xi M(x,,0)  -X 


\eo"—— 


The use of distance formula is explained in the following examples. 
Example-1: Using the distance formula, find the distance between the points. 


(i)  P(l,2) and Q (0,3) (ii) S$ (-1,3) and R (3, -2) 
(i) =U (0, 2) and V(-3, 0) (iv) P' (1, 1) and Q' (2, 2) 
Solution: 


@ PQ) = (0-1 +(3-2) = Yay +() = viv =V2 

Gi |SR| = y(3-(-1))' +(-2-3)' = (G41) +(-s)' = Vi6+25 = Va 
Gi) JUV) = (3-0) (0-2! = (+2 - 94 =VB 
(vy PQ) = (2-14-17 = Vis =2 


1. Find the distance between the following pairs of points. 
(a) A(9,2), B(7, 2) 


Solution: patny= -9)' +(2-2)° =,(-2)' +(0)? = /440 


=V/4 =2 
(b) A(2,-6), Bi 3, -6) 


Solution: |AB|=,/(3-2)° +(-6+6)' = (1) +(0) =vi+0 =Vi=1 


(c) A(-8, 1), B(6, 1) 


Solution: |AB|=/(6-(-8)) +(1-1)' = y(6+8)' +(0)’ = (14) +0 = vi96 = 14 
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(d) A(-4,V2), B(-4,-3) 


Solution: |AB|=,)(-4)-(-4) +(-3-v2) = (444) +(3+v2) 
=/ 0)’ +(3+V2) = (3+02) =3+ 2 


(e) A(3,-11), B(3,-4) 


Solution: |AB| = J 3-3) +(-4-(-11))' = (0) +(-4411)) = 0+ (7) =V49=7 


(f) A(0,0), B(0,-5) 


Solution: |AB|=,/(0-0)' +(-5-0)' =/(0)' +(-5)’ = /0+25 =V35 =5 


2. Let P be the point on x-axis with x-coordinate a and Q be the point on y-axis 
with y-coordinate b as given below. Find the distance between P and Q. 

(i) a=9,b=7 

Solution: a=9,b=7 =P (a,o)=P (9,0) and Q (0, b) = Q (0, 7) 


|PQ| =,/(0-9)° +(7-0)° = -9)'+(7)° = V81+49 = 130 


(li) a=2,b=3 
Solution: a= 2,b=3 => P(a,0)=P(2,0) and Q(0,b)=Q(0, 3) 


\PQ|= (0-2) +(3-0) =,(-2) +) =v4+9 =v 


(iii) a=-8,b=6 
Solution: a=-8,b=6 =>P(a,0)=P(-8,0) and Q(0,b)=Q(0,6) 


|PQ|=/(0-(-8))' +(6-0)' = (8) +(6)' = 64436 = Vi00 =10 
(iv) a=-2,b=-3 
Solution: a=~—2,b=-3 =P (a,0)=P (-2,0) and Q(0,b)=Q(0, -3) 
|PQ|=/(0-(-2)) +(-3-0)' =,(2)' +(-3) = V4+9 =V3 
(v) a=V2,b=1 
Solution: Ce. b=1 =P(a,0)=P(V2,0) and Q(0,b)=Q(0,1) 


|PQ|= (o- (0-2) +(1-0 Sah ft 2° +(1)° 


2+1 law 
(vi) stile 
Solution: a=—9,b=-4 =>P(a,0)=P(-9,0) and Q(0,b)=Q(0,-4) 


|PQ|=,/(0-(-9))' +(-4-0)' = J 9) +(-4) 
= V81+16 =/97 
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| COLLINEAR POINTS | 


Colli - r Points in the 

Two or more than two points which lie on the same straight line are called 
collinear points with respect to that line; otherwise they are called non-collinear. 

Let ‘m* be a line, then all the points on line m are collinear. 

In the given figure the points P and Q are R 
collinear with respect to the line m and the points P and «———————_+—_->m 
R are not collinear with respect to it. P 4 
Use of Distance Formula to show the Collinearity of Three or more Points 
in the Piane: 

Let P, Q and R be three points in the plane. They are called collinear, if 
|PQ| + |QR| = |PR}, otherwise they are non-collincar. 
Example: Using distance formula show that the points 

(i) P(-2,-1),Q (0,3) and R (1, 5) are collinear. 

(ii) |The above points P, Q, R and S (I, -1) are not collinear. 
Solution: (i) By using the distance formula, we find. 


\PQ| = f(0+2) +(3+1) =V4+16 =/20 = 2V5 
lQR|=,/ 1-0) +(5-3) =Vi+4 =V5 
|PR|=/(1+2)' +(5+1) =V9436 = V45 =3V5 


Since {PQ| + |QR| =2 V5 + VS =3 V5 ='PR| 
Therefore, the points P, Q and R are collinear 


(ii) |PS|= (-2-1)' + (A141) = -3)' +0=3 
Since.  |QS|= (1-0) +(-1-3) = Viv16=vi7 


And [PQ| + |QS| # |PS}, 
Therefore the points P, Q and S are not collinear and hence, the points P, Q, R 
and § are also not collinear. 
A closed figure in a plane obtained by < 
joining three non-collinear points is called a 
triangle. 
In the triangle ABC the non-collinear 
points A, B and C are the three vertices of 
the triangle ABC. The line segments AB, 
BC and CA are called sides of the triangle. B 
Use of Distance Formula to Different Shapes of a Triangle: 
We expand the idea of a triangle to its different kinds depending on the 
length of the three sides of the triangle as: 
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(f) Equilateral triangle (ii) Isosceles triangle 

(iii) Right angled triangle (iv) Scalene triangle 
() Equilateral Triangle: 

If the lengths of all the three sides of a triangle are same, then the triangle is 
called an equilateral triangle. 
Example: The triangle OPQ is an equilateral triangle since the points 0 (0,0), A+ ) 


and Aisa) are not collinear. 
2 


wna) FES 
Pa =e +) (e- -0) 


(BEF 


i.e., }OP|=|QO} = |PQ| = z a real number and the 


points © (0,0), Of a P( +] sisi tink 


collinear. Hence the triangle OPQ is equilateral. 
(li) An lsosceles Triangle: 

An isosceles triangle PQR is a triangle 
which has two of its sides with equal length 
while the third side has a different length. 
Example: 

The triangle PQR is an_ isosceles 
triangle as for the non-collinear points P (-l, 
0), Q (1, 0) and R (0, 1) shown in the 


following figure. Tt tT = 
toh tT 

= (i-(-1))' +(0-0) = (141) +0 =Va=2 

QR} = y(0-1)' +(1-0) = 4-1) +P = Viel = V2 


Visit www.downloadclassnotes.com for Notes, Old Papers, Home Tutors, Jobs, IT Courses & more. 
(Page 289 of 419) 


For more notes & academic material visit our Website or nstall our Mobile App 
Website: www.downloadclassnotes.com Mobile App: bit.ly/DCNApp 


MATHEMATICS (EM) NOTES FOR 9" CLASS (PUNJAB) 


PR} = (0-(-1))'+(1-0)' = y(-1)' +(-1' = viv = V2 

Since |QR| = |PR| = V2 and |PQ| = 2 V2 so the non-collincar points P, Q, R 
form an isosceles triangle PQR. 
(Ill) Right Angle Triangle: 

A triangle m which one of the angles has measure equal to 90° is called a right 
angle triangle. 
Example: Let O (0, 0), P (-3, 0) and 0 (0, 2) be three non-collinear points. Verify that 

triangle OPQ Is right-angled. 


Solution: |0Q| = /(0-0)' +(2-0)' = v2" =2 
loP| = (3) +0 = V9 =3 


IPQ) = J(-3)' +(-2)' =VJ9+4 =V13 


Here 1.5 square block = 1 unit length 
Now |OQ/ + |OP/? = (2)? + (3)? =13 and |PQ| = 13 
Since |OQ/’ + |OP}’ =|PQJ’, therefore 2 POQ = 90° 
Hence the given non-collinear points form a right triangle. 
(lv) Scalene Triangle: 
A triangle is called a scalene triangle if measures of all the three sides are different. 
Example: Show that the points P(I, 2), Q(-2, 1) and R(2, 1) in the plane form a 
scalene triangle. 


Solution: PQ|= (-2-1)' +(1-2)' = f(-3) +(-1' = V9+1= V0 
QR) = f(2+2)' +(1-1) = V4 +0? = V4? =4 


|PR| = (2-17 +(1-2)° =, +(-1)' =VP+P =/2 


Hence |PQ| = V10, |QR| =4 and |PR| = /2 
The points P, Q and R are non-collinear. Since, 
. PQ) + |QR| > |PR| 
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Thus the given points form a scalene triangle. 
Use of distance formula to show that four non-collinear points form a 


square, a rectangle and a parallelogram: 
We ¢ recognize aaa three figures as below. 


Ltt ff 


Square Rectangle Paraliclogram . 
(a) Using Distance Formula to show that given four Non-Collinear Points 
form a Square: 


A square is a closed figure in the plane formed by four non-collinear points 
such that lengths of all sides are equal and measure of each angle is 90°. 
Example: If A (2, 2), B (2, -2), C (-2, -2) and D (-2, 2) be four non-collinear points in 
Selutian: the plane, then verify that they form a square ABCD. 


|AB|= (2-2) +(-2-2)' = Jo? +(=a) = Vi6 =4 
IBC] = 2-2)" +(-2+2)' = (4) 0 = Vi6 =4 
ICD |= y(-2-(-2))' + (2-(-2))’ = f(-2+2)' +(2+2)' = V0rI6 = Vib =4 
IDA| = \(2+2)' + (2=2)' = y(+4)' +0 = V6 =4 

| crease nae 


BRSRGE CEE 


= 
id 
& 
e 
i. 
& 
ee 
Xx 
we 
ae 
% 
ead 


Hence |AB| = |BC| = |CD] = |DA| = 4. 


Also |AC|* (-2-2)' +(-2-2)' = (4) +(-4)' = Vids 16 = V2 = 42 


Now |AB/? + |BC/? = (4)? + (4)? as and |JAC/* = (4./2 y = 32 
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Since |AB} + [BC/’ = |AC/’, therefore Z ABC = 90° 
Hence the given four non collinear points form a square. 
(b) Using Distance Formula to show that given four Non-Collinear Points 

form a Rectangle: 

A figure formed in the plane by four non-collinear points is called a rectangle if, 
(i) _ its opposite sides are equal in length; 
(ii) the angle at each vertex is of measure 90°. 
Example: Show that the points A (-2, 0), B (-2, 3), C (2, 3) and D (2, 0) form a rectangle. 


Solution: |AB|~= (-2+2)' +(3-0)' =0+9 = 9 =3 
Ipc|= (2-2) +G-0) = W049 = V9 =3 
|AD|= (2+2)' +(0-0)' = Vi6+0 =4 

IBC] ~ J(2+2)' +(3-3) = vis+0 =Vi6 =4 


Since |AB| = |DC| = 3 and |AD| = |BC| = 4 
Therefore, opposite sides are equal. 


Also |AC| = Ve+2) +@- 0) =V16+9 = 25 =5 


Now |ADF + |DC? = (49° + (3) = 25 

And = |AC/* = (5)? = 25 

Since 3 + {DCP = |AcP 

Therefore 2 ADC = 90° 

Hence the given points form a rectangle. 

(c) Use of Distance Formula to show that given four Non-Collinear Points 
Form a Parallelogram: 

Definition: A figure formed by four non-collinear points in the plane is called a 

parallelogram if: 

(i) its opposite sides are of equal length (ii) its opposite sides are parallel 

(iii) measure of none of the angles is 90°. 

Example: Show that the points a ) Ba), c(3, 3) x Phe wig a parallelogram. 

Solution: “ 
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By distance formula, 


\AB| = \(2+2y +(1-1) =V4? +0 = i6 =4 


(CD| = J(3+1) +(3-3) =v4?+0=vi6 =4 
|AD| = J(-14+2) +(3-1) =? +2? =Vi+4 = V5 | 
IBC} = (3-2)' +(3-1) =VF +2? = 5 


Since |AB| = |CD] = 4 and |AD| = [BC] =J5 
So opposite sides of the quadrilateral ABCD are equal. 


Also |AC| = /(3+2)' + (3-1) = (5) +2? = V25+4 = 29 
Now |AB/ + [BCP = 16 + 5 =21 and |AC/ = 29 
Since in triangle ABC, |ABF + |BC? + |AC? 
Therefore measure of angle at B # 90°, 
Hence the given points form a parallelogram. 


Solved Exercise 9.2 


1. Show whether the points with vertices (5, -2), (5, 4) and (-4, 1) are vertices of an 
equilateral triangle or an isosceles triangle? 
Solution: Let the vertices are A (5, - 2), B (5, 4), C (-4, 1) 


|AB| = (5-5) +(4-(-2))° =,(0y' +(4+2)" ' 
=J0+(6) =V0+36 = 36 =6 
IBC} = (4-5) +(1-4) =(-9) +(-3) =v81+9 =/90=3Vi0 
IAC| =| ~4~5*)+[1-(-2)} =,(-9y + (3) = v81+9 = /90=310 


Since |BC|= |AC|= 310 and |AB|= 6 # 310. 
So the given points form an isosceles triangle. 
2. Show whether or not the points with vertices (-1, 1), (5, 4), (2, -2) and (-4, 1) 
form a square? 
Solution: Let the vertices are A (—1,1), B (5, 4), C (2, -2) and D (-4, 1). 


BC] =J(2~5)'+(-2-4) = (3) + (6) = V0436 = V45 = V5 
(CD] = y(-4-2)' +[1-(-2) = y(-6)" +(3)" = 5649 = V5 = 5 
pal =yf-4-(-)T +01) = (y+? =v940 = vo-3 
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Since |BC| = |BC| = |CD} = |DA| 4 3V5 
So the given points do not form a square. 
3. | Show whether or not the points with coordinates (1, 3), (4, 2) and (-2, 6) are 
vertices of a right triangle? 
Solution: Let the vertices are A (1, 3), B (4, 2), and C (-2, 6). 


|AB|=,/(4-1)' +(2-3)' = (3) +(-1) -v941 =vi0 
IBC|=,/(-2-4)' +(6-2)' = (6) +(4)° =v36+16 = /52 =2Vi3 
|AC|=(-2-1) +(6-3)' = (3) +3)’ =v9+9 =Vi8=3y2 


As |ABP+|BCP=|AC? => (i0) +(V52) =(vi8) 
=> 10 + 52=18 
=> 62 + 18 

Or |ABP+\Ac=|Bc? => (Vid) +(vi8) =(V52) 
=> 10+ 18 = §2 


=> Wes 352 
So the given points do not form a right angle triangle. 
4. Use the distance formula to prove whether or not the points (1, 1), (-2, -8) and 
(4, 10) lie on a straight line. 
Solution: Let the vertices are A (1, 1), B (-2, -8) and C (4, 10) 


AB) = f(-2=1) +(-8-1) = (3) +9) = 4987 = 90 ~3vi0 
Be} | =yf4—(-2)] +[10-(-8)] = (442) +(10+8) 


= (6) +(18) = V36+324 = 360 = 610 
|Acl- (4-1) +(10-1)° = J(3)'+(9)) =/9+81 = 90 -3Vi0 


Since |AB) +|/AC|=|BC| 
310 +310 = 6V10 
6vi0 = 6V10 
Therefore, the points A, B and C are collinear or the given points lie on a 
straight line. 
5. Find k, given that the point (2, k) is equidistant from (3, 7) and (9, 1). 
Solution: Let the vertices are A (2, k), B (3, 7), and C (9, 1). 
As the point A is equidistant from B and C, So 
|AB] = |AC| 


\G-2y +(7-k)’ = (9-2) +(1-k)y’ 
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v 1)’ +(7-k) =, 7) +(1-k)’ 
Squaring both sides, we get 
1+49-14k+k =49+1-2k+k 
50 - 14k =50-2K 
-14k+2k=-50+50 


=>-12k=0 
=> k=0 
6. Use distance formula to verify that the points A(0, 7), B(3, -5), C(-2, 15) are 
collinear. 


Solution: Let the vertices are A (0, 7), B (3, -5), and C (-2, 15) 


|ABI=/(3—0)' +(-5-7)° = /(3)' +(-12)° =V94144 = vi53 =3V17 
IBC|=,/(-2-3)' +(15+5)* = y(-5)' +(20)" =V25+400 = 425 =5i7 
|ACl= (2-0) + (15-7) = (-2)' +(8)) =W4+64 = V8 =2V17 


Since |AB| + |AC|=|BC| 


3V17 +217 =5V17 
=>  5Vi7=5VI7 


Therefore, the points A, B and C are collinear. 


7. Verify whether or not the points 0(0, 0), A(/3 , 1), B(/3, -1) are the vertices 
of an equilateral triangle. 

Solution: Let the vertices are O (0, 0), A (V3,1), B (v3,-1 te 
joa} = (V3= 0) +(1-0)' =,(V3) +() =v341 =V4=2 
lop} =, \(¥3-0) +(-1-0)' =/3+1=v4 =2 


=\(v3-s3) +(-1-1) =,(0)' +(-2)) =J0+4 =V4=2 
Since |OA| = |OB} = |AB} = 2 
Therefore the given vertices form an equilateral triangle 
8. 


Show that the points A (-6, -5), B(5, -5), C(5, -8) and D (-6, -8) are vertices of a 
rectangle. Find the lengths of its diagonals. Are they equal? 


Solution: Let the vertices are A (-6, - 5), B (5, -5), C (5, -8) and D (-6, -8) 
IAB] = [5-(-6)} +[-5-(-5) = yf + 6) +(-5+5) 
= ((1y+(0" =Viat =11 
|BC|= is —5)'+[-8-(-5)} = yoy +(-8+5)° 
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= J(0) +(-3) -J0+9=v9 = -=3 
ICD] = \(6-5y +[-8-(-8)} = (11) +(0)' =vi2i+0 = Viat=11 
IDA} = [-6-(-6)} +[-8-(-5)]° = (-6+6) +(-8+5) 

= ¥(0)' +(-3) =V0+9= 9 =3 
Since |AB|=|CD[=11 and  [BC|=|DA|=3 


Therefore, opposite sides are equal. 
Now the diagonals are 


IAC} = i 5—(-6)} +[-8-(-5)] =,/(5+6)' +(-8+5) 
= (11) +(-3) =Vi2i1+9 = Vi30 
IBD} = i (-6-s) +(-8-(-5))] = J 11)’ +(-3)' = Vi21+9 = Vi130 


As |AC|=|BD| = 7130 
Hence the diagonals are equal. 
Now  |DA?+|CD?=|AC/ 
(3)° +(11)° =(Vi30) 
9+121=130 
130 =130 
Therefore, ZADC = 90° 
Hence the given points form a rectangle. 


9. Show that the points M (-1, 4), N(-5, 3), P(1, - 3) and Q(5, -2) are the vertices of a 
parallelogram. 
Solution: Let the vertices are M (—1, 4), N (—5, 3), P (1, —3) and Q (5, —2) 


MNI = of-s-(-] +0-4) = (541 46-4) 
= (4) +(-1f = Vi6+1=V17 

NPL =yf1-(-5)]+(-3-3) = (+5) +(3-37 
~ (OP +f = V36536 = V7 = 642 

PQ =y(5-1)'+[2--a)f =O ay 

jam) =yf5-(-)} +(-2-4)' = (S41) +2-ay 
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=/ 6) +(-6) =36+36 
=/72 =6V2 
Since [MN| = |PQ|= Vi7_ and [NP| =|QM| = 6V2 
So opposite sides of the quadrilateral MNPQ are equal. 


Also [MP|= y[1~(-1)] +(-3-4)' =y(1+1)'+(-3-4) 


= ¥(2) +(-77 =v4e49 
= J53 
Now [MNP + |NP? = (vi7) +(V72) =17+72=89and |MPf = 53 


Since in triangle MNP, |MNj’ + |NP/? [MP/? 

Therefore, measure of angle at N 4 90° 

Hence the given points form a parallelogram. 

10. Find the length of the diameter of the circle having centre at C(-3, 6) and 
passing through P(I, 3), 


Solution: Radius=r =|CP|= ./(-3—-1)' +(6-3)° 


= (4 +) = Vie+9 
~ ¥25 = 5 


Diameter=d =2r=2(5)=10 


| MID POINT FORMULA | 


Recognition of the Mid-Point: 

Let P (—2, 0) and Q (2, 0) are two points on 
the x-axis. Then the origin O (0, 0) is the mid 
point of P and Q. 

Since |OP| = |OQ|= 2 and the point P, O 
and Q are collinear. 

Similarly the origin is the mid-point of the 
points P; (0, 3) and Q; (0, -3). 

Since |OP,| = |OQ\|= 3 and the points P;, O 
and Q, are collinear. 
Recognition of the Mid-Point Formula for any two Points In the Plane: 

Let P)(x;, y1) and P2 (xz, y2) be any two points in the plane and R(x, y) be a 
mid-point of points P; and P; on the line-segment P,P, as shown in the figure below. 

If line-segment MN, paralle] to x-axis, has its mid point R(x, y), then, 
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+ 2% % § f f § } | > f+ | | § } | Ff } | F f } |} fF } | F | fF § Ff fF f fF F FF fF fF fF } } fF fF fF Ff fF } fF Ff fF fF fF § fF Ff fF fj; 
Xz2-X=X-—X; 
X+X=X, +X2 


=> 2x = x; + x2 
> %- 7a 
Similarly, y = a 
z +x, y¥,+ 
Thus the point Roxy) (3%, 12) Yo RK ee YK 


a hae ~~ — P, trea ay ag P; (x3,¥2)- 


ee coe x) = 2%) +(e 


=x, -x,)' ut po 


x, +x 2 + : 
And |P,R[= me) Arana 


Geren 7) (2 Babies =? Ro 


— — 
x,-x,) +(y)- yi) 


si Bil 


Thus it verifies that R Nah is the mid-point of the line segment 


P;P2 which lies on the line segment. Since |P,R| + |P2R| = |P,P2 
If P (x), y;) and (x2, y2) are two points in the plane, then the mid-point R(x, 
y) of the line segment 


R(x,y)=R bc i | uty 
2 2 


Example-1: Find the mid-point of the line oining A(2, 5) and B(-l, 1 
Solution: If R(x, y) ase deared wid poison hing AZ, 5) ond BEL 1 


2-1 | 5+1 6 
= T= — and = =— =3 
22 -<_ -_ 
Hence Row y=R(43] 
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Example-2: Let P(2, 3) and Q(x, y) be two points in the plane such that R(I, -1) is the 
mid-point of the points P and Q, Find x and y. 
Solution: Since R (1, —1) is the mid point of P (2, 3) and Q(x, y) then, 


1a Xt? and = atts 

2 2 
2=x+2 ~2£" 943 
x=0 y=-5 


Example-3; Let ABC be a triangle as shown below. If M,, M, and M, are the middle 
points of the line-segments AB, BC and CA respectively, find the coordinates of 
M,, M, and M;. Also determine the type of the triangle M, M, M,. 

Solution: 


B (5,8) 
Mid point of AB = M, (335, 234). M,(1,5) 
Mid point of BC = M {2, <2). M, (5,5) “ P 
Mid point of AC ~ M3 & 2). M3 (1, 2) 
The triangle M;M2M3 has sides with length A (-3,2) M, C (8.2) 


JM; M)| = y(5-1) +(5-5)' =¥4? +0 = 
[MzMg| = y(1~5)’ +(2-5)' =4(-4*)+(-3)' = Vi6+9=~25 =5 
[MiM3! = ((-1) +(2-5)’ = fo? +(-3) =3 


All the lengths of the three sides are different. Hence the triangle M;M2M; is a 
scalene triangle. 
Example-4: Let 0 (0, 0), A (3, 0) and B(3, 5) be three points in the plane. If M, is the 


mid point of AB and M, of OB, then show that [M,M,|=2| 04]. 
Solution: By the distance formula the distance 


|OA| = (3-0) +(0-0)' = V3? =3 


Themid-point of ABis M)=M, (72.3}-(3.2) 
The mid-point of OB is | M:=M, (242, 242) (2.3) 


Hence 
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2 
“BY -9- e-F-fion = 


Let P (xj, yi) and Q (x2, y2) be any 
two points and their midpoint be 


m( 24%, 232) Then M 


(i) is at equal distance from P and Q 
i.e., [PM] = |MQ| 


(ii) is an interior point of the line segment 


(3/2,5/2) 


M,(3,5/2) 


PQ. . 
(iii) every point R in the plane at equal 
distance from P and Q is not their mid y! 
point. 
For example, the point R (0,1) is at equal distance from P(—3, 0) and Q(3, 0) 
but is not their mid-point 


ie, [RQ= J(0-3) +(1-0)' = (3) +17 =(V9-1)=~10 
IRP|= /(0+3)' +(1-0) = V3? +P? =V10 
And mid-point of P (-3, 0) and Q (3, 0) is 
Where x= =9 and y= 22 =o 


The point (0, 1) # (0, 0) 
(iv) There is a unique midpoint of any two points in the plane. 


Solved Exercise 9.3 


1. Find the mid-point of the line segment joining each of the following pairs of 


(a) A(9, 2), B(7,2) 
Solution: If R (x, y) is the mid point then: 
Xi +X. Yi+¥2)_ pf 9+7 2+2)_,/16 4)_ 
R(x,y)= p( 2% Yeh). p(2e? 222 i R{ 5) 3 2) = R(8,2) 
(b) A(2,-6), B(3,-6) 
Solution: If R (x, y) is the mid point then: 
2+3 a 


R(x )=R S755 Tite = R | —,—— 
»y 2 ’ 2 » 
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(c) A(-8, 1),B (6,1) 
Solution: If R (x, y) is the mid point then: 


X,+X, Y +Y, -8+6 1+] 
R(xy)=R{ 2 > = }=-R( 2 Ma 
—2 2 
=R|—,=| =R(-1, 
R(S 4 R( 1) 


(d) A (-4, 9), B (-4, -3) 
Solution: If R (x, y) is the mid point then: 
p(X t%; zal. _ = 
R(xy)=R{ SSS Hs “""s °3 
8 6. 
=R/--,— =R(-4,3 
[-$.$) =R(-4,3) 
(e) A (3, -11), B (3, -4) 
Solution: If R (x, y) is the mid point then: 
R(xy)=R( 2%, MAM). e( 383, =o) 
2 2 2 2 


(f) AO, 0), B(0,-5) 
Solution: If R (x, y) is the mid point then: 
J x28 Et | os °= | 
R(x,y) R{ aw Js 2 


-($-) -n0-29 
2. The and part P of a line segment PQ Is {-3, 6) and Its mid-point is (5, 8). Find 


the coordinates of the end point Q. 
Solution: Since R (5, 8) is the mid point of P (—3, 6) and Q (x, y), then 


to ng gu 248 
2 2 
x-3=10 y +6=16 
x=10+3 y= 16-6 
x=13 y=10 


=> Q(x y) = (13,10) 
Hence the coordinates of the end point Q (x, y) = (13,10) 

3. Prove that mid-point of the hypotenuse of a right triangle is equidistant from 
its three vertices P (-2, 5), Q (I, 3) and R{-i, 0). 

Solution: Let P (—2, 5), Q(1, 3) and R (-1, 0) are the vertices of right triangle. 


PQ] = V(1+2)' +(3-5) = (Gy +(2) = Vor4 = V3 
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QR} = 4-1-1) (0-3) = (2) +(-3)' = V499 = vi 
PR} = y(-1+2)+(0-s = y(1)' +(-5)° == Vi 25 = 26 
Since PQ’? + |QR/ =|PRP 
(vis) +(vi3) = (26) 
13 + 13 = 26 


26 = 26 
Hence PQR is a right triangle with PR as hypotenuse. 


Mid point of |PR| = L (4) = uf =a <)- L(-1.5,2.5) 


Now iLP|=,/ -2-(-1.5)] +(5-2.5)' = (-2+1.5)' +(5=2.5) 


= 0.5) +(2.5) =J0.25+6.25=6.50 =2.55 


(LQ| = H| 1-(-1.5)] +(3-2.5) = (141.5) +(0.5) 


= (2.5) +(0.5)' = J625+025 =V6.50 =2.55 


|LR| = y[-1-(-1.5)] +(0-25) = (-1+1.5) +(-2.57 
= (0.5) +(-2.5 =J025+625 = J650 =2.55 


Since |LP| = |LQ} = |LR| = 2.55 
Hence the mid point of the hypotenuse of a right triangle is equidistant from 
its three vertices. 
4. if 0 (0, 0), A (3, 0) and B (3, 5) are three points in the plane, find M, and M, as 
mid-points of the line segments AB and OB respectively. Find |M, M,|. 
Solution: As O (0, 0), A (3, 0) and B (3, 5) are three points in the plane. 


Mid-point of AB = M, Ga os). M,(35] =M, (3,2.5) 


2° 3 2 
Mid-point of OB = M {e. ors) M (5. 5). M, (1.5, 2.5) 


|M,M, (1.53) +(2.5-2.5) 


=(-1.5) +(0) 


= y(-1.5)' = 2.25 =1.5=5 
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"5, Show that the diagonals ofthe parallelogram having vertices A(l, 2),B (4,2), 
C(-l, -3) and D (-4, -3) bisect each other. 
{Hint: The mid-points of the diagonals coincide} 


Solution: Mid point of diagonal AC = (21.29) 
-»(2.) = P(0,-05) 
Mid point ofdiagonalBD = of 423) 
-0{2, -3}- Q(0,-0.5) 
As mid point of diagonal AC and mid point of diagonal BC coincide. Hence 


they bisect each other. 
6. The vertices of a triangle are P(4, 6), Q(-2, -4) and R(-8, 2), Show that the length 


of the line segment joining the mid-points of the line segments PR, QR is ; PQ. 


Solution: (PQ|=(-2-4)' +(-4-6)° = /(-6)' +(-10)° 
= ¥36+100 = 136 = 234 


Mid Point of QR =M (4 > AS) -m,[-2 2) -m(-5,-1) 


Mid Point of PR=M ‘os wad 2). M, (=. ]=M,(-24) 
2° 2 2°2 


/M.M;|=yf-2-(-)} +[4-(-)] 
={~2 ~5)'+(4+1) = JG) +(5)' 
= W945 = V34 = 1(2V34) =} PQ| 
Hence proved 


Solved Review Exercise 9 


1, Choose the correct answer. 
{i) Distance between points (0, 0) and (1, 1) is 


0 b) 1 2 d) ¥2 
{ii) Ditance Scbaiaats * points (1, 0) ae (0, 1) is ie a 
(a) 0 (b) 1 (c) V2 (d) 2 
(iii) Mid point of the points (2, 2) and (0, 0) is 
(a) (1,1) (b) (1,0) {c) (0,1) (d) (-1, -1) 
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(iv) Mid point of the points (2, -2) and (-2, 2) is 


(a) (2,2) (b) (-2,-2) (c) (0, 0) (d) (1, 1) 
(v) A triangle having all sides equal is called: 
(a) Isosceles (b) Scalene (c) Equilateral (d) None of these 


(vi) A triangle having all sides different is called: 
(a) Isosceles (b) Scalene (c) Equilateral (d) None of these 
Solution: (i) d (ii) c (iii) a (iv) c (v) c (vi) b 
2. Answer the following, which is true and which is false. 
(i) A line has two end points. 
(ii) A line segment has one end point. 
(iii) A triangle is formed by three collinear points. 
(iv) Each side of a triangle has two collinear vertices. 
(v) The end points of each side of a rectangle are collinear. 
(vi) All the points that lie on the x-axis are collinear. 
(vii) Origin is the only point collinear with the points of both the axes separately. 


Answers: (i) F (ii) F (iii) F (iv) T = (v)T (vi) T (vidT 
3. Find the distance between the following pairs of points. 
(i) (6,3), (3, -3) 
Solution: 
Let A(6,3),B(3,—3), then 


|AB} = (3-6) +(-3-3)' = y(-3)' +(-6)° 


= 49 +36 =/45 
(I) (7,5),(1,-1) 
Solution: 
Let A(7,5),B(1,—1), then 
| AB] = (1-7) +(-1-5)" mish -6)' +(-6)" 
= /36+36 = J72 =6V2 
(iil) (0,0), (-4,-3) 
Solution: 


Let A(0,0),B(—4,—3), then 


| AB| = y(-4-0)' +(-3-0)' = ,(-4)' +(-3)' =Vi6+ 9 = 25 =5 
4. Find the mid-point between following pairs of points. 
(i) (6,6), (4,-2) 
Solution: 
If R(x,y)is the mid point, then 
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X, +X, ¥, +y 6+4 6-2 
a Gre oe 


(li) (-5, -7), (-7, -5) 
Solution: 


If R(x,y)is the mid point then 


R(x,y)=R %+% Nt) p( =? 7-5 
y 2 ; 2 ’ 


(li) (8, 0),(0, -1 2) 
Solution: 
If R(x, y)is the mid point, then 


R(xy)=R( 22% 2th |ap(St2 2-12) 
2 2 2 2 
-r(5, -2) =R(4,-6) 
a (2 

5. Define the following 
(i) Co-ordinateGeometry (li) Collinear points 
(iii) Non-collinear points (iv) Equilateral Triangle 
(v) Scalene Triangle (vi) lsosceles Triangle 
(vii) Right Triangle (vill) Squafe 

Solution: (I) Co-ordinate Geometry: 
Coordinate geometry is the study of geometrical shapes in the Cartesian plane 
(coordinate plane). 

(ii) Collinear points: 
Two or more than two points which lie on the same straight line are called 
collinear points. 

(iii) Non-collinear points: 
Two or more than two points which do not lie on the same straight line are 
called non-collinear points. 

(iv) Equilateral Triangle: 
If the lengths of all the three sides of a triangle are same, then the triangle i is 
called an equilateral triangle. 
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(v) Scalene Triangle: 
A triangle is called a scalene triangle if measures of all the three sides are 
different. 

(vi) lsosceles Triangle: 
An isosceles triangle is a triangle which has two of its sides with equal length 
while the third side has a different length. 

(vii) Right Triangle: 
A triangle in which one of the angles has measure equal to 90° is called a right 
angle triangle. 

(vill) Square: 
A square is a closed figure formed by four non-collinear points such that 
lengths of all sides are equal and measure of each angle is 90°. 


SUMMARY 


* «If P (x, y;) and Q(x, y2) are two points and d is the distance between them, 


then 


d=,|x,-x; P+ly,-y.! 


* The concept of non-Collinearity supports formation of the three-sided and 

four-sided shapes of the geometrical figures. 

The points P, Q and F are collinear if |PQ| + |QR| = |PR| 

The three points P, Q and R form a triangle if and only if they are non-collinear 

i.e., [PQ| + |QR| > [PRI 

* — If |PQ| + |QR| <|PR] then no unique triangle can be formed by the points P, Q 
and R, 


+ + 


* Different forms of a triangle i.e., equilateral, isosceles, right angled and scalene 
are discussed in this unit. 

* Similarly, the four-sided figures, square, rectangle and parallelogram are also 
discussed. 


me Re dete 
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\. CONGRUENT TRIANGLES _@e Prag 


Unit Outlines 


10.1 Congruent Triangles 


@- STUDENTS LEARNING OUTCOMES 


After studying this unit, the students will be able to: 

# = = prove that in any correspondence of two triangles, if one side and any two 
angles of one triangle are congruent to the corresponding side and angles of 
the other, then the triangles are congruent. 

# prove that if two angles of a triangle are congruent, then the sides opposite to 
them are also congruent. 

* prove that in a correspondence of two triangles, if three sides of one triangle 
are congruent to the corresponding three sides of the other, the two triangles 
are congruent. 

% prove that if in the correspondence of two right-angled triangles, the 

hypotenuse and one side of one triangle are congruent to the hypotenuse and 


Introduction: 
Before proving the theorems, we will explain what is meant by 1-1! 
correspondence and congruency of triangles. We shall also state S.A.S. postulate. 
A D 


8 Cc E F 
Let there be two triangles ABC and DEF, the following six (1 — 1) 


correspondences can be established between AABC and ADEF, 
In the correspondence AABC <> ADEF it means 


ZA@ZD (2A corresponds to 7D) 
ZBeZE (2B corresponds to ZE) 
iéCe ZF (ZC corresponds to ZF) 
AB <> DE ( AB corresponds toDE ) 
BC «+ EF (BC corresponds toEF ) 
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CA «+ FD (CA corresponds to FD ) 


Two triangles are said to be congruent written symbolically as,=, if there exists 
a correspondence between them such that all the corresponding sides and angles are 
congruente.g., 
If AB = DE, BC = EF,CA = FD and ZA=2ZD,2B=ZE,ZC= ZF 
Then AABC = A DEF 


A D 
Note:(i) | These triangles are congruent w.r.t. the above mentioned choice of the 
(1-1) correspondence. 
(ii) AABC=AABC (iii) AABC=ADEF ¢ ADEF=AABC 
(iv) If AABC=ADEF and AABC = APQR, then ADEF = APQR 
In any correspondence of two triangles, if two sides and their included angle 
of one triangle are congruent to the corresponding two sides and their included angle 
of the other, then the triangles are congruent. 
In the following figure, in AABC <> ADEF 


If AB = DE, ZA=ZD, AC= DF 
Then SABC # ADEP (S.A. S. Postulate) 


ZR 2X 


Theorem 10.1 a In any correspondence of two triangles, if one side and any two 
angles of one triangle are congruent to the corresponding side and angles of 
the other, then the triangles are congruent. 

(A.S.A=A.S.A. J 


L™» £S 


Solution: Given: — 
In AABC 4 ADEF, ZB= ZE, BC=EF, ZC = ZF 
To Prove: 
AABC = ADEF 
Construction: ee 
Suppose AB # DE , take a point M on DE such that AB = ME. Join M to F 
Proof: 
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Statements ews 


In AABC «+ AMEF 
AB = ME 
BC = EF 
ZB=ZE iii) | Given 
, AABC = AMEF S.A.S. postulate 
So, 2ZC=2ZMFE (Corresponding angles of congruent 


But 2C=2ZDFE 
‘. ZDFE = ZMFE 
This is possible only if D and M are the 
same points and ME = DE 
So, AB=DE 


Thus from (ii), (iii) and (iv), we have 
AABC = ADEF 
Corollary: 

In any correspondence of two triangles, if one side and any two angles of one 
triangle are congruent to the correspondence side and angles of the other, then the 
triangles are congruent. (S.A.A, =S.A.A.) 

Solution: Given: Li. 2 
In AABC <> ADEF, BC=EF, ZA=2ZD, ZB=ZE 


JA A 


AABC = ADEF 


Proof: 


Statements Reasons 
In AABC <+ADEF 
ZB=ZE Given 


BC =EF Given 


ZC=ZF ZA =ZD, 2B = ZE, (Given) 
AABC = ADEF A.S.A. = A.S.A. 
A ES TS a eT TH 
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~ Example: Hf AABC and ADCB are onthe opposite sides of common base BC such that 
AL 1. BC, DM1.B8C andAL=DM, then BC bisects AD. 


Solution: Given: 
AABC and ADCB are on the opposite sides of BC 
such that AL 1 BC 


Licht =~ eLY> i — — | Cc 
DM L BC, AL=DM, and AD iscut by BC atN. 

To Prove: __ 
AN = DN 


Proof: D 
Stiutements Reasons 


AALN «> ADMN 
AL =DM Given 
ZALN = ZDMN Each angle is right angle 


ZANL = ZDNM Vertical or 
i AALN = ADMN _ 
Hence AN = DN i = 


| Solved Exercise 10.1 "] 


1. Inthe given figure, AB=CB , 21=22. Prove that AABD = ACBE. 


Solution: 
Given: 
AB=CB and /1=22 
To prove: 
A ABD = A CBE 
Proof: 


In 


A ABD < A CBE 


AB=CB Given 

41222 Given 
ZADB = CEB Right angles (90°) 
AABD = A CBE A.S.A postulates 


2. From a point on the bisector of an angle, perpendiculars are drawn to the arms 
of the angle. Prove that these perpendiculars are equal in measure. 
Solution: Given: 
AD bisects of an angle ZBAC from point E, draw 
EC 1 AM and EBLAL. 
To prove: 
mEB = mEC 
Construction: 
ZBAC is bisected by AD. Let E is a point on AD. 
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Perpendicular to angle arm are drawn on EB and EC. 
Proof: 
Statements Reusons 
A AEB © A AEC 
mZBAE = mZCAE Bisection of ZBAC 
mZEBA = mZECA Both right angles 
m AE =mAE Common 
AAEB = AAEC ASAZ=AS.A 
mBE =mEC Corresponding sides of cong : 
3. Ina triangle ABC, the bisectors of 7B and <C meet in a point I. “see that I Is 
equidistant from the three sides of AABC. A 
Solution: Given: 
In A ABC 
IF 1 AB ,IE 1 AC, IDL BC j ‘ 


To prove; ID=IE=IF 
Construction: Join I with A, B and C, 
Proof: 
Statements Reasons 
In A BDI < A BFI 
BI = BI Common 
ZBFI = ZBDI Right angles (90°) 


BD = BF Perpendicular bisector of sides 
ABDI = A BFI S.A.S Postulates 
Similarly, AIFA=AIEA Corresponding sides of congruent triangles 
and __ AIBD = AICD 
So, ID = 1E=IF 


Theorem 10.1.2: If two angles of a triangle are congruent, then the sides cia to 
them are also congruent. 
Solution: Given: In AABC, Z2B= ZC 
To Prove; AB=AC 
Construction: a 
Draw the bisector of ZA, meeting BC at the point D. 
Proof: 


Statements 
AABD <> AACD 
AD = AD 
ZB=ZC 
ZBAD = ZCAD 
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Example-1: If one angle of a right angled triangle is of 30°, the hypotenuse Is twice as 
long as the side opposite to the angle. A 
Solution: Given: 
In AABC, mZB = 90°, m Z C = 30° 


To Prove: 
mAC =2mAB % as 
Construction: oe B c 
At B, construct ZCBD of 30°. Let BD cut AC at the poirt D. 
Proof: 


Statements Reusons 
In AABD, mZA = 60° mZABC = 90°, mZC = 30° 
mZABD = mZABC —- mZCBD = 60° | mZABC = 90°, mZCBD = 30° 
., MZABD = 60° Sum of measures of Zs of a A is 180° 
.. AABD is equilateral Each of its angles is equal to 60° 
AB = BD=AD Sides of equilateral A 
In ABCD, _BD= cD ZC = ZCBD (each of 30°), 
Thus mAC=mAD+mCD 
mAB+mAB= 2(mAB) AD = AB and CD=BD=AB 
Example-2: If the bisector of an angle of a triangle bisects the side opposite to it, the 
triangle is isosceles. 
Solution: Given: 
In AABC, AD bisects ZA and BD = CD 
To Prove: 
AB = AC 
Construction: _ ——— 7 
Produce AD to E, and take ED= AD Joint C to E. jf 
Proof: 


e o. e 


Statements Reusans 


AADB & AEDC 


In 


AD =ED Construction 
ZADB= 4EDC Vertical angles 
BD=CD Given 
AADB = AEDC S.A.S. Postulate 
Pe er (i) Correspondence sides of =As 
ZBAD=ZE Correspondence angles of =As 
But ZBAD=Z CAD Given 
ZE=2ZCAD Each = Z BAD 
In AACE, AC=CE ......... (ii) ZE=ZCAD (proved) 


Hence AB = AC From (i) and (ii 
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Solved Exercise 10.2 


1. Prove that any two medians of an equilateral triangle are equal in measure. 
Solution: Given: 
A ABC is an equilateral triangle. 

AB = AC = BC , f. 

BE and i CF are its medians. 
To prove: BE = CF 
Proof: B c 

Statements Rowseoms 


In ABCE | ras ACBF 
BC = BC Common 


ZFBC = ZECB Angles of equilateral triangles 
BF = CE Half of equal sides 
ABCE = ACBF S.A.S.=S.AS. 
Hence CF = BE 

2. Prove that a point, which Is equidistant from the end points of a line segment, 

is on the right bisector of the line segment. 
Solution: Given: 

AB isa line segment. Point P is such that PA=PB 
To prove: 

Point P is on the right bisector of AB. 
Construction: 

Join P to C, the mid point of AB. 

Proof: 


zo 


Statements Reasons 
In AACP ¢> ABCP 
PA = PB Given 
‘PC=PC Common 
AC =BC Construction 
AACP = ABCP §.S.S. =8.S.S 
ZACP = ZBCP ind Corresponding angles 


congruent triangles. 
But m ZACP +m ZBCP = 180° .... (ii) Supplementary angles 
m ZACP = mZBCP= 90° From (i) and (ii) 
m Z ACP = 90° (Proved) 
Construction 
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Theorem 10.1.3: In a correspondence of two triangles, if three sides of one triangle 
are congruent to the corresponding three sides of the other, then the two 
triangles are congruent (S.S.S = $.5.S). 
Solution: Given: 


In A ABC <3_A DEF p 


Dd 
> 


Construction: 
Suppose that in ADEF an 
the side EF is not smaller than any of the h oeening two sides. On EF construct a 
AMEF in which, ZFEM =Z2B and ME = AB . Join D and M. As shown in the 
above figures we label some of the angles as 1, 2, 3 and 4, 
Proof: 
Statements Rewusons 
In 4 ABC <> AMEF 
BC = EF Given 
£B= FEM Construction 
AB= ME Construction 
5 AABC = =A MEF S.A.S postulate 
and CA= FM .se» (i) | (corresponding sides of congruent triangles) 
Also CA= FD_ .-- Gi) | Given 
mA FM = FD “< ) {From (i) and (ii)} 
-| In AFDM 


42=24 iii FM =FD (proved) 


Similarly 21 = 23 
mZ2+m Z2l=m2Z4+mZ3 | {from (iii) and (iv)} 
mZEDF =m ZEMF 
Now, in ADEF «+ A MEF 
FD=FM Proved 
ZEDF = ZEMF Proved — 
DE = ME Each one = AB 
ADEF = AMEF S.A.S. postulate 
AABC = AMEF 
AABC = A DEF 


If two isosceles triangles are formed on the same side of their common base, 
the line through their vertices would be the right bisector of their common base. 
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Solution: Given: 
AABC and ADBC are formed on the same side of BC 


i —_ 

AB = AC,DB= DC, AD meets BC at E. 
To Prove: 

BE=CE,.AE.BC 
Proof: 


Statements | Reasons 
In AADB «¢ 4 ADC 
AB=AC Given 
Given 
Common 
§.S.8 =S8.5S.S8. 
Corresponding angles of = As 


Given 
Proved 
Common 
4 ABE = 4 ACE S.A.S. postulate 
BE=CE Corresponding sides of = As 
Z23=24 om Corresponding angles of = As 
mZ3 + mZ4 = 180° ... (ii) | Supplementary angles Postulate 
mZ3 = mZ4 = 90° From (i) and (ii) 
Hence AE 1 BC 
Corollary 
An equilateral triangle is an equiangular triangle. 


1. Inthe figure, 
AB = DCAD = BC. 
Prove that ZA= ZC, 
ZABC= ZADC, ‘4 
Solution: Given: 
In quadrilateral ABCD, 
AB = DC,AD=BC 
To prove: 
ZA ZCand Z ABC z= Z ADC. 
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Proof: 
Stutements Keusons 
In AABD< ABCD 
AB= Given 
AD Given 
BD Common 
ABCD = §.S.S =S.S.S 
ZA Due to congruency of triangles 
mZ1 
mZ2 
mZ1+m 242=mZ3+mZ4 Adding (i) and (ii) 
mZ ADC =mZ ABC 
or ZABC = Z ADC 
2. Inthe figure, N P 
LN=MP,MN=LP 
Prove that 2N = 2P, 
ZNML = ZPLM. 
Solution: Given: : - 
LN = MPand LP = MN 
To Prove: ZN= ZP and ZNML=2ZPLM 


Proof: 
: Statements Reasons 
In ALMP<+A MLN 
LM = LM Common 
LP = MN Given 


LN = MP Given 
ALMP = AMLN 8.8.8. =S8.S.S8. 


ZN = ZP Congruent angles of congruent triangles 
ZNML = Z PLM Congruent angles of congruent triangles 


3. Prove that the median bisecting the base of an isosceles triangle bisects the 
vertex angle and it is perpendicular to the base. 
Solution: Given: 


In AABC, AB=BC 
BD bisects of base AC 
. AD=CD 
To Prove: ZCBD = ZABD and BD 1 AC, 


ZABD = ZCBD = 90° 
Cc 
Proof: “ ” 
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Stutenients Roasans 
In AABD © ACBD 
AB = BC Given 
BD=BD Common 
AD =CD Given 


AABD = ACBD S.8.S. = S.S.S. 


ZABD = ZCBD Corresponding angles of = AS 
ZADB = ZCDB Corresponding angles of = AS 
mZADB + mZCDB = 180° Supplementary angles 
2mZADB = 180° mZADB = mZCDB 
mZADB = 90° Divide by 2 
So, BDLAC 
Theorem 10.1.4: If in the correspondence of the two right-angled triangles, the 
hypotenuse and @ne side of one triangle are congruent to the hypotenuse and 
the corresponding side of the other, then the triangles are congruent. (H.S=H.S). 


# 
Solution: Given: 
In AABC < ADEF 
ZB = ZE (right angles), CA=FD , AB=DE 
To Prove: AABC = ADEF 
Construction: 
Produce FE to a point M such that EM = BCand join the points D and M. 
Proof: 
Statements Reusons 
m2ZDEF + m2ZDEM = 180° ...(i) | (Supplementary angles) 
Now mZDEF =90° ....(ii) | Given 
3 mZDEM * 90° From (i) and (ii) 
In AABC «ADEM 
BC=EM (construction) 


ZABC = ZDEM (Each Z equal to 90°) 
AB = DE (Given) 
AABC = ADEM S.A.S. postulate 
and £C=2ZM ahd 8 angles of Seay i er 
CA = MD “ Corresp i : gles 
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Statements Reasons 
But CA=FD_ (Given) =—_ 
fi MD =FD Each is congruent to CA 
In ADMF Payauey: 
ZF=ZM FD=MD (proved) 
But ZC=ZM (Proved) 


ZC=ZF (Each is congruent to 2M) 
In. AABC <> ADEF 
AB = DE (Given) 
ZABC = ZDEF (Given) 
ZC = ZF 
Hence AABC = ADEF 


Example: If perpendiculars from two vertices of a triangle to the opposite : sides are 
congruent, then the triangle is isosceles. 
Solution: Given: 
In AABC, BD LAC, CE LAB, such that BD = CE 
To Prove: 
AB = AC 


Proof: 8 C 


Reasons 


Stutements 


iin. ABCD <+ ACBE 


ZBDC = ZBEC BD.LAC,CELAB (given) >each angle => 90° 
BC =BC Common hypotenuse 
| BD =CE 
ABCD = ACBE 
2 BCD = ZCBE Corresponding angles of = As. 
Thus ZBCA= ZCBA 


AB=AC In AABC, ZBCA = ZCBA 


Solved Exercise 10.4 
1. In APAB of figure, 


PQ | AB and PA=PB, prove that 
AQ=BQ and ZAPQ= 2BPQ. 
Solution: Given: 
In APAB, PQ | AB and PA= PB 
To Prove: 
AQ = BO and ZAPQ = 2 BPQ A Q 8 


Hence 
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Statcments Reasons 


In APAQ © A PBQ 


PA=PB . Given 
mZAQP = mZBQP Given 
PQ= PQ Q Common 
APAQ = APBQ H.S. = HS. 
AQ=BQ a alte of tee yflaggies 
ZAPQ = Z BPQ 
2. Inthe figure, D Cc 


m2C=m2ZD=90° and BC= AD. Prove that 
AC=BD, and 2BAC = ZABD. 

Solution: Given; _— _ 
mZC = mZD = 90° and BC = AD 


To Prove: AC=BD and ZBAC=ZABD 4 B 
Statements Reasons 
AABC < A ABD 
mZC = mZD = 90° Given 
BC= ‘AD Given 
AB= AB Common 
AABC = AABD AS.S.=AS.S 
AC=BD am ini whee of congeneta — 
ZBAC = ZABD 
3. Inthe figure, 
m2ZB=m2ZD=90" andAD=BC. 
Prove that ABCD is a rectangle. 
Solution: Given: 
In rectangle ABCD 


mZB = mZD= 90° and AD = BC 
To prove: ABCD is a rectangle. 


Construction: Join A to C. 
roof: . 


Statements Keune 
In AABC <> A ACD 
mZB = mZD = 90° Given 
AD=BC Given 


AC=AC Common 
AABC = AACD A.S.S. =A.S.8 
mZA =mZC = 90° Right angle (90°) 
Hence, ABCD is a rectangle. 
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Soived Review Exercise 10 


1. Which of the following statements are true and which are false? 

(i) A ray has two end points. 

(ii) Ina triangle, there can be only one right angle. 

(iii) Three points are said to be collinear, if they lie on same line. 

(iv) Two parallel lines intersect at a point. 

{v) Two lines can intersect only at one point. 

(vi) A triangle of congruent sides has non-congruent angles. . 
Answers: (i) F (ii) T (iii) T (ww) F (vy) T (vi) F 

2. If AABC=ALMN, then 
(i) mZMz 

(i) = mZN=————— 


(iii) mZA= 

Solution: 

(i) mZB (ii)mZC (iii) mZL 
3. If AABC = ALMN, then find the unknown x. 


2vV 


Solution: As, mZA=m2ZL = 40° and mZB=mZN=80° 
So, mZN=mZC 
x= 60° 
4. Find the value of unknowns for the given congruent triangles. 
Solution: As triangles are congruent, so A 
mZC =mZB 
=> 5x°+5°=55° 
5x° = 55°-5° 
5x° = §0° 
x° = 10° 
And mBD=mDC 
5m -3 =2m +6 
5m -2m=6+3 
3m=9 
m=3 


~ 
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5. If APQR=AABC, thenfind the unknowns. 


Solution: As triangles are congruent, so 
QP = AB 
x=3cm 
And BC=OR 
z=4cm 
And AC = PR 
y-1=5 
y=5+1 
y=6cm 


| SUMMARY | 


We stated and proved the following theorems: 

* In any correspondence of two triangles, if one side and any two angles of one 
triangle are congruent to the corresponding side and angles of the other, the 
two triangles are congruent. (A.S.A = A.S,A.) 

* = If two angles of a triangle are congruent, then the sides opposite to them are 
also congruent. 

* In a correspondence of two triangles, if three sides of one triangle are 
congruent to the corresponding three sides of the other, then the two aca 
are congruent (S.S.S = 8.8.8). 

* — If in the correspondence of the two right-angled triangles, the hypotenuse and 
one side of one triangle are congruent to the hypotenuse and the corresponding 
side of the other, then the triangles are congruent. 

(H.S = HLS). 

# Two triangles are said to the congruent, if there exists a correspondence 

between them such that all the corresponding sides and angles are congruent. 


RE 
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| 11.1 cee and 11.2 —a = | 


After studying this unit, the students will be able to: 

prove that in a parallelogram 
* the opposite sides are congruent, 
*% the opposite angles are congruent, 
* the diagonals bisect each other. 
prove that if two opposite sides of a quadrilateral are congruent and parallel, 
it is a parallelogram. 
prove that the line segment, joining the midpoints of two sides of a triangle, 
is parallel to the third side and is equal to one half of its length. 
prove that the medians of a triangle are concurrent and their point of 
concurrency is the point of trisection of each median. 
prove that if three or more paralle] lines make congruent segments on a 
transversal they also intercept congruent segments on any other line that cuts 
them 

Introduction: 

Before proceeding to prove the theorems in this unit the students are advised to 
recall definitions of polygons like parallelogram, rectangle, square, rhombus, 
trapezium etc. and in particular triangles and their congruency. 

Theorem 11.1.1: In a parallelogram 

(i) Opposite sides are congruent. 

(iil) Opposite angles are congruent. 

(iii) The diagonals bisect each other. 

Solution: Given: Minti’ eon athe 

In a quadrilateral ABCD, AB || DC , BC || AD 
and the diagonals AC , BD meet cach other at point O. 
To Preve: (i) AB =DC,AD =BC 

(ii) ZADC = ZABC, “BAD = BCD 
(iii) OA =OC, OB =OD 
Construction: 
In the figure as shown, we label the angles as 21, 22, 23, 24, Z5 and 26. 
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Proof: 


Reasons 


Stitements 


(i) InAABD + ACDB 


Alternate angles 

Common 

Alternate angles 

AS.A.=A5S.A. 

(Corresponding sides of congruent triangles) 
(Corresponding angles of congruent triangles) 


Proved 
Proved 
from (a) and (b) 


And CARES} cms (b) 
m/l +mZ2=mZ4+mZ3 

Or mZADC=mZABC 

Or ZADC=ZABC 

And ZBAD = ZBCD 

(iii) In ABOC & ADOA 


Proved in (i) 


BC = AD Proved in (i) 
Z5= 26 vertical angles 
43=42 Proved 
__ ABOC=ADOA | (A.A.S. =A.AS.) 
Hence OC =OA, OB =0D (Corresponding sides of congruent triangles 


Corollary: 
Each diagonal of a parallelogram bisects it into two congruent triangles. 
Example: The bisectors of two angles on the same side of a parallelogram cut each 
other at right angles. 
Solution: Given: y ¢ 
A parallelogram ABCD, in which 
AB || DC, AD || BC. The bisectors of 
ZA and 2B cut each other at E. 
To Prove: mZE = 90° 
Construction: Name the angles 2] and 22 as shown in the figure. 
Proof: 


A B 


Statements 
mZi->m<BAD, 


m22=—mZABC 
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Statements Reasons 


zi I (80°) Int. angles on the same side of AB 
2 


= 90° which cuts || segments AD and BCare 
supplementary. 
Hence in AABE, mZE = 90° mZl + mZ2 = 90° (proved) 


Solved Exercise 11.1 


1. One angle of a parallelogram is 130°. Find the measures of its remaining angles. 
Solution: Given: A D 


In parallelogram ABCD, m ZA = 130° ai 
To prove: 
mZB=?,mZC=?,mZD=-?, 
Proof: , . 


Statements Keasons 
ZA=130° Given 
ZAzZC Opposite angles are equal 
So, ZC=130° 
m ZA+m ZB=180° Angle formed with same side of parallelogram 
130° + m Z B=180° 


Opposite angles are equal. 


2. One exterior angle formed on producing one side of a parallelogram is 40° , 
Find the measures of its interior angles. A D 

Solution: Given: 
In parallelogram ABCD, m ZABL = 40° 

To prove: 
mZA=?7?,mZB=?,mZC=?7,mZD=?, 

Proof: 


Reasons 


Supplementary angles 


Stutements 
'm ZABC + m Z ABL = 180° 
| m ZABC + 40° = 180° 


mZ ABC = 180° - 40° 


| mZ B = 140° 
| As mZB=mZD Opposite angles are equal 
| So, mZD = 140° 


mZA +m ZB= 180° 
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Statements 
m ZA + 140° = 180° Opposite angles are equal 
m Z A= 180° — 140° 


m ZA=40° Opposite angles are equal. 
mZC=mZA 
mZC = 40° 
Theorem 11.1.2: If two opposite sides of a quadrilateral are congruent and parallel, it 
is a parallelogram. D c 
Solution: Given: ee ae 
__In a quadrilateral ABCD, AB = DC 
and AB || DC 
To Prove: 
ABCD is a parallelogram. A B 
Construction: 
Join the point B to D and in the figure, name the angles as indicated: 21, 22, 
23 and 24 
Proof: 


Statements Rewsens 
In AABD & ACDB 
AB = DC Given 

Alternate angles 
Common 
S.A.S. postulate 
(Corresponding angles of congruent triangles) 
From (i) 
Corresponding sides of congruent As 
Given 

Hence ABCD is a parallelcgra 


Solved Exercise 11.2 


1, Prove that a quadrilateral is a parallelogram if its 
(a) opposite angles are congruent. 
(b) diagonals bisect each other. 
(a) Solution: Given: 
In a quadrilateral ABCD, ZA = ZC 
and ZB=ZD 
To Prove: 
Quadrilateral ABCD is a parallelogram. A 
Proof: 
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Stafements Reasons 
Given 
mZB=mZD ii) | Proved 
mZA+mZB=mZC +mZD Common 
mZA+mZB+mZC + mZD = 360° (Corresponding angles of congruent 
mZA+m2ZB+ mZA + mZB = 360° triangles.) 


2(mZA + mZB) = 360° 
mZA + mZB = 180° 
So, BC || AD 
mZB + mZC = 180° 
So, AB || DC 
Hence, quadrilateral ABCD is a 
arallelogram. 
(b) Solution: D c 
Given; The diagonal AC and BD intersect each other 
at point P. So, PA=PC, PB= PD. 


To Prove: 
Quadrilateral ABC is a parallelogram. ‘ 8 
Proof: 
Stutenients Reasons 
4 PAB <> APCD 
PA=PC Given 
< APB= Z CPD Vertical angles 
PB= PD Given 
APAB = A PCD S.A.S. Postulate 
AB=DC (Corresponding sides of congruent triangles.) 
Z PAB=2Z PCD (Corresponding angles of congruent triangles.) 
AB|| DC 
Hence, quadrilateral ABCD is a 
arallelogram. 
2. Prove that a quadrilateral is a parallelogram if its opposite sides are congruent. 
Solution: aes D— c 
Given: In a quadrilateral ABCD. AB=DC ri 
and AB || DC 
To Prove: 
ABCD is a parallelogram. S/ 
Construction: A B 
Join B to D and name the angles Z 1, 22, 23, 24, as shown in the figure. 
Proof: 
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Statements eusons 


In 4 ABD © A CDB 
AB=DC Given 
42221 Vertical angles 
BD=BD Common 


AABD = ACDB S.A.S. Postulate 
£4=23 ...... (i) (Corresponding angles of congruent triangles.) 
(ii) From (i) 
AB | DC (iii) Given 
arallelogram. | From (ii) and (iii 
Theorem 11.1.3; The line segment, joining the 
mid-points of two sides of a triangle, is 
parallel to the third side and Is equal to w.. 
one half of its length. 
Solution: 
Given: In AABC, the mid-points of AB and AC are L and M respectively. 
To Prove: LM || BC andmLM = %mBC 
Construction: Join M to L and produce ML to N such that LM = LN. JoinNtoB 
and in the figure, name the angles as 21, 22 and 23 as shown. 
Proof: 


Statements Reasons 


Given 

Vertical angles 

Construction 

S.A. S. postulate 

(Corresponding angles of congruent triangles) 
(Corresponding sides of congruent triangles) 
From (i), alternate Zs_ 


(iii) | (M is mid-point of AC) 
Given 
{From (ii) and (iv)} 
:. BCMN i is a parallelogram from (iii) and (Vv) 
BC Hl LM M_or BC tI NL (Opposite sides of a parallelogram BCMN) 
= (Opposite sides of a parallelogram) 


Construction 


{from (vi) and (vii)} 
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Note: that instead of producing ML to N, we can take N on LM produced. 
Example: The line segments, joining the mid-points of the sides of a quadrilateral, 
taken in order, form a parallelogram. 
Solution: Given: 

A quadrilateral ABCD, in which P is the mid-point 
of AB, Q is the mid-point of BC, R is the mid-point of 
CD, S is the mid-point of DA. P is joined to Q, Q is 
joined to R, R is joined to S and S is joined to P. 

To Prove: 

PQRS is a parallelogram, 
Construction: Join A to C. 
Proof: 


Statements 
S is the mid-point of DA 
R is the mid-point of cD 


In ABAC, _ 
P is the mid-point of AB 
Q is the mid-point of BC 


Each || AC 
Fach = 5 mAC 
SR || PQ, mSR =m PQ (proved) 


Solved Exercise 11.3 


1. Prove that the line-segments joining the mid-points of the opposite sides of a 
quadrilateral bisect each other, 

Solution: 

Given: 

A quadrilateral ABCD, the midpoints of the 
opposite sides of which are joined together. 
Toprove: __ Pane 

NP = PO and LP = PM 
Construction: 

Join L, M, N and O in order. 

Proof: 
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Statements Reasons 


In AABC 


N is the mid Point of AB 
M is the mid point of BC 


L is the mid point of AD 
O is the mid point of DC 
Each || - 

Each = = + mAC 


NP || a m NP =mPO 
Diagonals of parallelogra 


2. Prove that the line-segments joining the - al ints of the site sides of a 
rectangle are the right sents Jol One Sach oth oth aie ee 
[Hint: Diagonals of a rectangle are cunaresthd 

Solution: Given: A l D 


ABCD is rectangle having L, M, N and O 
midpoints. 
To prove: 

MO and LN intersect each other at right 
angle. 
Construction: 

Join L to M and O and N, 
Proof: 


Reusons 


Stutements 
In A NPM + ALPO 


41=22 Vertical angles 

4£5=26 Corresponding angles 

MP = LO Diagonals of rectangles are congruent 
ANPM =A LPO A.ASS. postulate 

MP = PO .... (1) | (Corresponding sides of congruent triangles) 

LP = PN eave (ii) 

41=22 

43=24 Complementary postulate 


mZ1 + mZ3 = 180° 
mZ2 + mZ3 = 180° 
mZ1 + mZ2 = 180° 
mZ1 =mZ2 = 90° 
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3, Prove that the line-segment passing through the mid-point of one side and 
parallel to another side of a triangle also bisects the third side. 


Solution: Given: c 
__Trapezium ABCD having mid-points, E, F 
on AD and BC respectively. e F 
OO) 
AB || DC || EF 4 B G 
Construction: — __ 
Join F and D take G intersecting point of AB and DF. 
Proof: 


Statements Reasons 
In ADCF <A GBF i 
BF = FC Mid points on BC 
Z1=22 Vertical angles 
ZDCF = ZFBG Corresponding angles 


ADCF = AGBI S.A.A. Postulates. 
AF = FG 
In AABG _ 


Theorem 11.1.4: The medians of a triangle are concurrent and their point of 
concurrency |s the point of trisection of each median. 

Solution: Given: AABC 

To Prove: The medians of the AABC are 

concurrent and the point of concurrency is the 

point of trisection of each median. 

Construction: __ —_ 
Draw two medians BE and CF of the 

AABC which intersect each other at point G, 

Join A to G and produce it to point H such 

that AG = GH. Join H to the points B and C. 
AH intersects BC at the point D. 


Proof: 
Statements Reasons 
InAACH, __ a 
GE || HC G and E are mid-points of sides AH 
and AC respectively 


or BE|| HC i G is a point of BE 
Similarly CF || HB ii 
, BHCG is a parallelogram From (i) and (ii 
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Statements hlousans 


and mGD = 4 mGH. ..... (iii) 


(Diagonals BC and GHof a}: 
parallelogram BHCG intersect each 
es tamale other at point D) 

BD = CD 

AD is a median of AABC = 
MediansAD, BEand CF pass through | (G is the intersecting point of BE and 
thepointG CF and AD pass through it ) 
Now GH=AG i Construction 

mGD = 5 mAG From (iii) and (iv) 


And G is the point of trisection of AD 

ee 
Similarly it can be proved that G is also 
the point of trisection of CF and BE 


Solved Exercise 11.4 


1. The distances of the point of concurrency of the medians of a triangle from its 
vertices are respectively 1.2 cm, 1.4 cm and 1.6 cm. Find the lengths of its 


medians. A 
Solution: 
LG = 4 AG = 5 (1.2) = 0.6 cm 
AL = AG + LG =1.2+06=1.8cm ‘ 
— M 
MG = 5 (1.4)=0.7 cm 
BM = 1.4+0.7=2.1 cm 
NG = 5 CG = 5 (1.5) =0.75 em : 
CN=CG + NG =1.5+0.75 ‘ L 
= 2.25 cm 
2. Prove that the point of concurrency of the medians of a triangle and the 
triangle which is made by joining the mid-points of A 
its sides Is the same. 
Solution: 
Given: 
| The mid points of AB, BC and AC are D, E and 
F respectively. 
To prove: 
Centroid of ABC and DEF is same. " 
Proof: 
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Statements Reasons 
DF || BE 
BE= EC Mid points of BC 
BE= DF Construction 
DB || FE Construction 
DB = FE 


A BME <> ADMF 
BE = DF Proved 
41222 Vertical angies 
ZDEB = ZFDE Corresponding angles 
ABMF = ABME S.A.A Postulates 
DM= ME (Corresp p 
Theorem 11.1.5: If three or more parallel lines make 
congruent segments on a transversal, they also 
intercept congruent segments on any other line that 
cuts them. 
Given: AB||CD|| EF «I 
The transversal LX intersects AB, CD and EF at the 
points M, N and P respectively, such that MN=NP. The 
transversal QY intersects them at points R, S and T 
respectively. _ 
To Prove: RS = ST 
Construction: From R, draw RU. i LX , which meets CD at U. From S, draw SV 
|| LX which meeis EF at V. As shown in the figure let the angles be 
labelled as 21, 2, 23 and 24. 


RU || LX (construction) 
AB || CD (given) 
(Opposite sides of a parallelogram) 


MNUR is a parallelogram 


MN = Rv ....(i) 
Similarly, NP =SV .... (ii) 
But MN= NP ..... (iii) 


Given 


M RU= SV {From (i), (ii) and (iii)} 
Also RU || SV Each is || LX (constructian.) 
a Z1=22 


Corresponding angles 
and 43224 Corresponding angles 


In ARUS « ASVT 


RU = SV Proved 
41822 Proved 
Z23=24 Proved 
ARUS = ASVT S.A.A. =S.A.A. 


Hence RS=ST (Corresponding sides of congruent trian gles) 
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COROLLARIES: Aline, through the mid-point of one side, parallel - enother side ofa 
triangle, bisects the third side. 
Given: _In AABC, D is the mid-point of AB. DE \| 

BC which cuts AC at E. 

To Prove: AE = EC ce ts 
Construction: Through A. draw LM || BC. 
Proof: 


Statodietiits hieusons 


Intercepts cut by LM, DM, BC on AC Intercepts cut by parallels LM, DE, 
1 abaee BC on AB are congruent (given) 
Corollaries: 


(1) The parallel line from the mid-point of one non-parallel side of a trapezium to 
the parallel! sides bisects the other non-parallel side. 

(2) If one side of a triangle is divided into congruent segments, the line drawn 
from the point of division parallel to the other side will make congruent 
segments on third side. 


Solved Exercise 11.5 
1. Inthe given figure, 


AX || BY || CZ [{_DU [| EV and 
AB = BC = CD =DE. 
if mMN = 1m, then find the length of LNandLQ. 
Solution: 
LM = MN = NP = PQ= | cm; 
LN = LM + MN =1+1=2cm 
LQ =LM + MN + NP + PQ = 1+1+1+1 =4cm 
2. Take aline segment of length 5.5 cm and divide It into five congruent parts. 
[Hint: Draw an acute angle 2BAX. On AX take 
AP = PQ = QR =RS=ST. 
Join T to B. Draw lines parallel to TB from the 
points P, Q, R and S.) 
Solution: Construction: —_ 
{i) Drawaline segment AB of length 5.5 cm. 
(ii) Draw an acute angle 2 BAX. 
(ili) Draw arcs on AX of proper radius which intersects “ © ° §E F 8B 
at point P, Q, R, S and T. 
(iv) Join T and B. saan ieee nis - —_ 
(v) With the help of set square, draw lines PC , QD, RE and SF parallel toTB. 
(vi) The point C, D, E and F divide AB into 5 equivalent parts each of length 1.1cm. 
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Solved Review Exercise 1] 


1. Fillin the blanks, 

(i) Ina parallclogram opposite sides are —_—__——-. 

(ii) Ina parallelogram opposite angles are———————. 

(iii) Diagonals of a parallelogram———————each other at a point. 

(iv) Medians of a triangle are --—-——, 

(v) Diagonal of a parallelogram divides the parallelogram intotwo__ triangles. 


Solution: (i) parallel (ii) equal (iii) intersect 
(iv) concurrent (v) congruent 
2. In parallelogram ABCD B 


() mAB__ mDC 
(ii) mBC mAD 


(ii) ~mZl= 

(lv) m2Z2=_ c 
Solution: (i) = (fii) = (iii) mZ3 (iv) mZ4 
3. Find the unknowns inthe given figure. 
Solution: 


AsZC=ZA = n°=75° 
m° + 75° = 180° => m°= 180°-75° = 105° 
And ZB = ZD 
x°=m° 
x° = 105° 
And x° + y° = 180° 
y = 180°-x° 
y= 180° - 
y = 180° - 105° = 75° 
4. If the given figure ABCD Is a parallelogram, then 
find x, m. 
Solution: As ZC = ZA 
11x° = 55° 
x° = §° 
So ZC=11x°=11 (5) =55° 
Now ZD= ZB 
(Sm + 10)° =125° 
5m + 10 = 125° 
5m = 125°-— 10° 
5m = 115° 
m = 23° 
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So 2ZD=5m+10=5(23)+ 10=115+10=125° 
5. The given figure LMNP is a parallelogram. Find the value of m, n. 
Solution: > 4m+n=1).... (i) 
8m-4n=8..... (ii) 
By solving eq. (i) and eq. (ii), we get 


6n= 12 => n=2 

Put n = 2 in eq. (i), we get 
4m+2=10 
4m = 10-2 
4m =8 
m=2 
6. In the question 5, sum of the opposite angles eee Is ah 

find the remaining angles, 


Solution: We know that 
ZL +ZM + ZN+ ZP =360° 
255° + ZM + 255° + ZP = 360° 
As ZL = ZN = 55° and 2M = ZP 
22M + 110° = 360° 
22M = 360° — 110 = 250° 
=> ZM=125°=2P 


In this unit we discussed the following theorems and used them to solve some 
exercises. They are supplemented by unsolved exercises to enhance applicative skills 
of the students. 

* = Ina parallelogram 

(i) Opposite sides are congruent. 

(ii) Opposite angles are congruent. 

(iii) The diagonals bisect each other. 
If two opposite sides of a quadrilateral are congruent and parallel, it is a 
parallelogram. 
The line segment, joining the mid-points. of two sides of a triangle, is parallel 
to the third side and is equal to one half of its length. 
The medians of a triangle are concurrent and their point of concurrency is the 
point of trisection of each median. 
If three or more parallel lines make congruent segments on a transversal, they ° 
also intercept congruent segments on any other line that cuts them. 


2 att 0h ate a 
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Unit Outlines 
12.1 Bisector of a Line Segment and 12.2 Bisector of an Angle 


@ STUDENTS LEARNING OUTCOMES 


After studying this unit, the students will be able to: 
# = prove that any point on the right bisector of a line segment is equidistant 
from its end points. 

% = prove that any point equidistant from the end points of a line segment is on 
the right bisector of it. 

% — prove that the right bisectors of the sides of a triangle are concurrent. 

: prove that any point on the bisector of an angle is equidistant from its arms. 
9 


prove that any point inside an angle, equidistant from its arms, is on the 
bisector of it. 

prove that the bisectors of the angles of a triangle are concurrent. 
introduction 

In this unit we will prove theorems and their converses, if any, about right 
bisector of a line segment and bisector of an angle. But before that it will be useful to 
recall the following definitions. 

Right Bisector of a Line Segment: 

A line is called a right bisector of a line segment if it is perpendicular to the 
line segment and passes through its mid point, 
Bisector of an Angle: 

A ray is called a bisector of line segment if it divides the angle into two equal 
parts. A ray BP is called the bisector of ZABC if P is a point 
in the interior of the angle and 2 ABP = 2 PBC, 

Theorem 12.1.1: Any point on the right bisector of a line 
segment is equidistant from its end points. 
Solution: Given: 

A line LM intersects the line € segment AB at the > point 
C such that IMi ABand AC = BC. Pisa point on LM. 
To Prove: PA= PB 
Construction: 

Take a point P on LM. Join P to the points A and B. 
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Proof: 


Stuteurents 


AACP «> ABCP 
AC=BC Given 
ZACP = ZBCP Given PC 1 AB, so that each Zat C = 90° 
PC = PC common 
és AACP = ABCP S.A.S. postulate 
Hence PA= PB Corresponding sides of congruent tri 


Theorem 12.1.2: {Converse of Theorem 12.1.1} 
Any point equidistant from the end points of a line segment is on the right 
bisector of It. 
Solution: Given: 
AB is a line segment, Point P is such that PA=PB , 
To Prove: The point P is on the right bisector of AB. 
Construction; 
Joint P to C, the midpoint of AB. 4 2 
Proof: 


Statements 
In AACP «<—> ABCP 
PA= PB 
PC= PC 
AC= BC 
AACP = ABCP 
ZACP = ZBCP (i) |(Corresponding angles of congruent triangles) 


But mZACP + mZBCP = |80° ii) |Supplementary angles 

*. mZACP =mZBCP = 90° From (i) and (ii) 

ie, PC_l AB_ iii) |mZACP =90° (proved) 
Also. CA= CB — Construction 

“. PC isa right bisector of AB From (ii) and (iv) 

i.c., the point P is on the right bisector 


of AB. 
Solved Exercise 12.1] 


1. Prove that the centre of a circle is on the right bisectors of each of its chords, 
Solution: Given: A circle of radius ‘r’ with centre at ‘O’. 
AB is the chord of circle. 
To Prove: Point ‘O° lies an the perpendicular bisector of 
chord AB, 
Construction: Take point M as the mid point of AB. Join a « 
O with M, A and B. 
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Proof: 


Statements Reusons 
In AAMO+«+ABMO 
AO = BO Radius of same circle 
AM = BM Construction 
OM = OM Common 
AAMO = ABMO 8.S.S =S.8.S 
mZAMO =mZBMO ... (i) | Corresponding angle of congruent triangle 
mZAMO+mZBMO=180° ...(ii) | Supplementary angles f 
So, mZAMO = mZBMO =90° _| From (i) and (ii 
By this it is proved that the centre of a circle is on the right bisector of its chord. 
2. ~— ~~ be the centre of a circle passing through three non-collinear points? 
why 
Sol: Given: X,Y,Z are three non-collinear points. A circle is 
passing through these points. ¥ 
To Prove: To find outthe centreofthe circle. 
Construction: Draw 1 bisectorsLA and MB_ of line 
segments XY and XZ respectively which intersect each 
other at point “O”. Join “O” with X,Y and Z. 
roof: 
Statements Reasons 
mOX = m0OZ........ i Point “O” is on the right bisector of XZ . 
mOX = mOY .....:. (ii) Point “O” is on the right bisector of XY - 
mOX = mOY = mOZ From (i) & (ii) 
Since, Point “O” is a common point of points X, Y,Z therefore, point “O” is the 


center of the circle and points X,Y and Z are at equidistant from “O”. 

3. Three villages P, Q and Rare not on the same line. The people of these villages 
want to make a Children Park at such a place which is equidistant from 
three villages, After fixing the place of Children Park, prove that the Park is 
equidistant from the three villages. 

Solution: Given: 

Three points A, B, C are not on a line. 

To prove: mAD=mBD =mCD 

Construction: Draw perpendicular bisectors of AB and 

BC, Both of them intersect each other at D. With center at 

D Draw a circle passing through A, B and C, 

Proof: 


Statements Keusans 


If D is the place fixed for children park. 


Then, mAD =mBD Radius of Same Circle 
mBD=mCD —__ Radius of Same Circle 
mAD = mBD= mCD Radius of Same Circle 


Hence, D is equidistant from point A, B & C. 
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Theorem 12. 1.3: The right bisector of the sides of a rangle are concurrent 
Solution: Given: AABC 

To Prove: The right bisectors of AB, BC and CA are 
concurrent, aaa __ 
Construction: Draw the right bisectors of AB and BC 
which meet each other at the pvint O. Join O to A, B and C. 
Proof: 


Sti Hew intents 


(Each point on right To of a ——— is 
equidistant from its end points) 4 es 
as in (i) 

from (i) and (ii) 


CA cS  0”—~—~«é« il O is equidistant from A and C 
But Point O is On the right 
bisector of AB and of BC __... (v) Construction 
Hence the right bisectors of the three | From (iv) and (v) 
sides of a triangle are concurrent at O. 


Observe that: 
(a) The right bisectors of the sides of an acute triangle intersect cach other inside 
the triangle. 
(b) The right bisectors of the sides of a right triangle intersect each other on the 
hypotenuse. 
(c) The right bisectors of the sides of an obtuse triangle intersect cach other 
outside the triangle. 
Theorem 12.1.4: Any point on the bisector of an angie is equidistant from Rs arms. 
Solution: Given: 
A point P is on OM, the bisector of ZAOB. 
To Prove: PQ= PR 
i.c., P is equidistant from OA andOB. 
Construction: gol eee 
Draw PR 1 OA and PQ 1 OB 
Proof: 


Statcments Reasons 


APOQ «> APOR 


OP = OP Common 
ZPQO = ZPRO Construction 
ZPOQ = ZPOR Given 
“— APOR 


S.A.A. =S.A.A, 
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Theorem 12.1.5: (Converse of Theorem 12.1.4) 
Any point inside an angle, equidistant from its arms, is on the bisector of it. 
Solution: Given: A 


Any point P lies inside <AOB such that PQ=PR, 
where PQ1 OBand PR LOA. 
To Prove: Point P is on the bisector of ZAOB. 
Construction: 
‘'- Join P to O. 
Proof: 


Statements Ici serns 
In APOQ«¢ APOR 
ZPQO = Z<PRO Given (right angles) 
PO = PO Common 
PQ= PR Given 
APOQ = APOR H.S. = HS. 

Hence, ZPOQ = ZPOR Corresponding angels of congruent triangles 
i.e., P is on the bisector of ZAOB. 


Solved Exercise 12.2 


1. Ina quadrilateral ABCD, AB = BC and the right bisectors of AD, CD meet 
each other at point N. Prove that BN is a bisector of ZABC. 

Solution: Given: 2 = D 
A quadrilateral ABCD, AB= BC. A point N 

such that ZNED = 90° 

To Prove: 
ZABN = ZCBN 

Proof: 


Stitements Reasons 
Given 

Given 

From eq. (i) and (ii) 


91913! 


Common 

Given 

Proved 

S.S.S Postulate 

Z ABN = ZCBN Corresponding angles of Congruent triangles 


=BC 


are bist 


z 
2| 


: 
B Th 
g 
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2. The bisectors of ZA, 2B and ZC of a quadrilateral ABCP meet each other at 
point 0. Prove that the bisector of 2P will also pass neom the aa 0. 

Solution: Given: A quadrilateral ABCP and 
bisector of ZA, ZB and ZC passes through O 

To Prove: Bisector of ZP passes through ‘O’ 
Construction: Draw two perpendiculars of PC and 
AP from ‘O’ meet at D and E respectively. Draw 


the bisector of ZP. A B 
Proof: 


Statements Reusons 
In AEOP <> ADOP 
OP = OP Common 
ZPEO = ZPDO Construction 
ZEPO = ZDPO Construction 
AOEP = AODE S.A.S.=S.A.S 
So, EO=OD Corresponding sides of Congruent triangles. 
Ois on bisectorof ZP. | Any point on the bisector of an angle is 
equidistant from its arms. 
3. Prove that the right bisectors of congruent sides of an isosceles triangle 7” its 
altitude are concurrent. x 
Solution; Given: ABC is an isosceles triangle in which 
AB = AC. T and W are mid points of sides AB and y 
AC. XS and ZV are the right bisectors of two sides 


whereas AU is the altitude of triangle. 
To Prove: The right bisector of sides and altitude 


intersect each other at same point. . U 
Proof: 


Reasons 
The bisector of two sides. 
Altitude of isosceles triangle. 

Given 

Point A is equidistance from B and C. 


Statements 
XS and ZV intersect at point ‘O’ 

AU 1 BC 
But AB = AC _ 
. Point A is on the bisector of BC. 
*. AU_is the perpendicular bisector 

of BC. 

‘. AU also passes through O. 
4. Prove that the altitudes of a triangle are concurrent. 
Solution: Given: 

In AABC, AD, BE and CF are altitudes. 
To Prove: The altitudes of triangle are concurrent. 
Concurrent; __ 

Draw RP || AC, RQ || BC and PQ || AB. 


AU 1 BC 


jangle are concurrent. 
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Proof: 


Statements Rewsons 
ABCQ is a parallelogram QC\|AB, AQ||BC 
i Opposite sides of a parallelogram 


Opposite sides of a parallelogram 
From (i) and (ii) 


Construction _ 
As AD 1 BC 
_AD is the perpendicular a 
bisector of RQ ’. Ais the mid point of RQ. 
Similarly, it_can be _proved that BE is 
bisector of RP and CF is the bisector of 
PQ. 
. AD, BE and CF intersect each other, |“. The perpendicular bisector of 
POR bisect each other 
Theorem 12.1.6: The bisectors of the angles of a triangle are concurrent. 
Solution: Given: A 
AABC 
To Prove: 
The bisectors of ZA, ZB and ZC are F 
concurrent. 
Construction: hs =~ 
Draw the bisectors of ZB and @C whichintersect B D Cc 
at point I. From I, draw IF 1 AB, TE 1 CA and ID 1 BC. 
Proof: 


Statements Reasons 
(Any point on bisector of an 
angle is equidistant from its arms) 


Each = ID, proved. 


So, the point | is on the bisector of ZA 
Also the point I is on the bisectors of 
<ABC and ZBCA 


concurrent at I. 
Note: In practical geometry, by constructing angle bisectors of a triangle, we shall 
verify that they are concurrent. 
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Solve Exercise 12.3 


1. Prove that the bisectors of the — of base of an isosceles triangle intersect 
each other on its altitude. 
Solution: Given: 
A ABC and bisector of two external angles ABC and 
ACB intersect each other in point ‘O’. 
To Prove: 
The altitude of triangle ABC passes through ‘O’ 
Proof: B L Cc 


Statements Recsins 


In AAOB «> AAOC 
AO z=OA Common 
ZOBA = ZOCA Opposite angles of congruent sides 


AB=AC Given 
Hence, A. AAOB = AAOC S.A.S =S.A.8 
So, OB=0C Corresponding sides of congruent triangles 
So, it is athe that the altitude of 


2. rove that the ici of two exterior and third interior angle <4 a triangle 
are concurrent. 

Solution: Given: 
AABC is a triangle which produces side AB to 


point T and BC to point S. The bisectors of exterior 
angles 2 A and /£C intersects at point I. 

To Prove: The bisector of < B passes through I. 
Construction: Draw perpendiculars IL and 1O from 
point lon BT and BS. Join points | and B. 


Proof: 


In AILB <> AIOB — oie 
IL=!0O Point | is equidistance of from BT and BS. 
IB = IB Common 
ZLBI = Z OBI Construction 
AILB = AIOB SSA =SS.A 


Or mZLBI=mZ OBI Corresponding angles of congruent triangles. 
IB is the bisector of 2 B 
”. The bisector of two exterior | Due to congruency of angles. 
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1. Which of the following are true and which are false? 

(i)  Bisection means to divide into two equal parts ............ 

(ii) Right bisection of line segment means to draw cunneediiniies which passes 
through the mid-point of line segment. ...........00 

(iii) Any point on the right bisector of a line segment is not equidistant from its end 
0 

(iv) Any point equidistant from the end points of a line segment is on the right 
bisector of it. ook... 

(v) The right bisectors of the sides of a triangle are not concurrent. —............... 

(vi) The bisectors of the angles of a triangle are concurrent. —.............- 

(vii) Any point on the bisector of an angle is not equidistant from its arms. ......... 

(viii) Any point inside an angle, equidistant from its arms, is on the bisector of it. .... 

Solution: (i) T (ii) T (iii) F (iv) T (vy) F Wi) T 

(vii) F (viii) T 
2. If CD isright bisector of line segment AB, 


then 
() mOA= 
(i) mAQ=——— 
Solution; 
(i) mOB (i) mBQ 


3. Define the following 
(i) Bisector of aline segment 
{il) Bisector ofan angle 
Solution: (i) Bisector of a line segment: 
A line is called a right bisector of a line segment if ‘/’ is perpendicular to the 
line segment and passes through its mid points. 
(ii) Bisector of an angle: 
A tay BP is called the bisector of ZABC if P is a point in the interior of the 
angle and ZABP = 2 PBC, 
4. If the given triangle ABC is equilateral triangle and AD is 


i of angle A, then find the values of unknowns x” , 
andz’ . 


Solution; 
As ABC is an equilateral triangle, so 
ZA= ZB = ZC = 60° 
So, x° = 30°, y° = 30° 
and z° = 60° 
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5. In the given congruent triangles LMO and LNO, find 


the unknowns x and m. 
Solution: As ALMO and ALNO are congruent, so 
2x+6 18 
LM=LN 
2x+6=18 
2x = 18-6 
2x = 12 m O 12 WN 
=> x=6 
And MO = ON 
m= 12 


6. CD isright bisector of the line segment AB. 
(i) ifmAB = 6cm, then find the m AL andmLB, 
(i) ifmBD = =4cm, then find mAD. 

Solution: (i) m AB = 6m 
As point ‘L’ is the mid point of AB 


ao ek 
So mAL = > AB =5(6)=3em 
mLB= 748 =3(6)= = 3cm 


(ii) As mBD = 4cm 
But mAD= mBD 
So, mAD = 4cm 


SUMMARY 


We stated and proved the following theorems: 
Any point on the right bisector of a line segment is equidistant from its end 
points. 

Any point equidistant from the end points of a line segment is on the right 
bisector of it. 

The right bisectors of the sides of a triangle are concurrent. 

Any point on the bisector of an angle is equidistant from its arms. 

Any point inside an angle, equidistant from its arms, is on the bisector of it. 
The bisectors of the angles of a triangle are concurrent. 

Right bisection of a line segment means to draw a perpendicular at the 
midpoint of line segment. 

Bisection of an angle means to draw a ray to divide the given angle into two 
equal parts. 


+ @*¢4¢¢¢ + + 


He HE He ae 
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After studying this unit the students will be able to: 
he 


prove that if two sides of a triangle are unequal in length, the longer side has 
an angle of greater measure opposite to it. 

prove that if two angles of a triangle are unequal in measure, the side 
opposite to the greater angle is longer than the side opposite to the smaller 
angle. 

prove that the sum of the lengths of any two sides of a triangle is greater than 
the length of the third side. _ 

prove that from a point, out-side a line, the perpendicular is the shortest 
distance from the point to the line. 


Recall that if two sides of a triangle are equal then the angles apposite to them 


are also equal and vice-versa. But in this unit we shall study some interesting 
inequality relations among sides and angles of a triangle. 

Theorem 13.1.1: If two sides of a triangle are unequal in length, the longer side has 
an angle of greater measure opposite to it. A 

Solution: Given: 


In AABC, mAC >mAB 


To Prove: 


mZABC > mZACB D 


Construction: 


On AC take a point D such that AD = AB. JoinBto BY C 


D so that AADB is an isosceles triangle. Label 21 and 22 as shown in the given 
figure. 
Proof: 


In AABD 
m/1=mZ2 reve (i) 
In ABCD, mZACB < m 2 2 

i.ec..mZ2 >mZACB ii 


Statements Reasons 


Angles opposite to congruent sides, (construction) 


An exterior angle of a triangle is greater than a 
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Stulements Reasons 
non-adjacent interior angle 
mZI>mZACB iii) | By (i) and (ii) 


But 
mZABC = mZ] +mZDBC Postulate of addition of angles. 
mZABC >mZ1__..... (iv) 
. mZABC>mZl>mZACB | By (iii) and (iv) 
Hence mZABC > mZACB 
Example-1: Prove that in a scalene triangle, the angle opposite to the largest side is 
of measure greater than 60°. (i.e., two-third of a right-angle) 
Solution: Given: a 
In AABC, 
mAC > mAB, mAC >mBC 
To Prove: 
m2ZB > 60° B Cc 
Proof: 


Stitcments Heusons 
In AABC - __ 
mZB >mZC mAC > mAB (given) 
mZB>mZA mAC >mBC (given) 
But mZA + mZB + mZC = 180° ZA, ZB, ZC are the angles of AABC 
mZB +mZB +m2ZB> 180° mZB >mZC, mZB > mZA (proved) 
Hence mZB > 60° 180°/3 = 60° 
Example-2: in a quadrilateral ABCD, AB is the longest side and CD is a shortest 
side. Prove that mZBCD > mzBAD. 
Solution: Given: 
In quadrilateral ABCD, AB is the longest side and 
CD is the shortest side. 
To Prove: mZBCD > mZBAD 
Construction: . 


Joint A to C. Name the angles 21, 22, 23 and 24 as shown in the figure. 
Proof: 


Statements Rewasons 
In AABC, mZ4> 22 m AB > mBC (given) 
In AACD, mZ3 > mZ1 mAD >mCD (given) 


’mZ4+mZ3 >mZ2+mZ1 From | and II 
_ }mZ4+mZ3=mZBCD 
“tmZ2 +mZl =mZBAD 


Hence mZBCD > mZBAD 
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Theorem 13,1.2: (Converse of Theorem 13.1.1) 
If two angles of a triangle are unequal in measure, the side opposite to the 
greater angle is longer than the side opposite to the smaller =o. 
Solution: Given: 
In AABC, mZA >mZB 
To Prove: __ 
mBC >mAC 
Proof: B 
Statements Reuasans 
If mBC¥mAC,then_ 
either (i) mBC =mAC 


or (ii) mBC <mAC (Trichotomy property of real numbers) 
From (i) ifm BC = mAC, then 
mZA =mZB (Angles opposite to congruent sides are 
congruent) 
Which is not possible Contrary to the given. 
From (ii) ifmBC < m AC, then 
mZA <m2ZB , (The angle opposite to longer side is greater 
than angle opposite to smaller side) 
This is also not possible. Contrary to the given. 
mBC #mAC 
and mBC +mAC Trichotomy property of real numbers. 
Thus mBC >mAC 
Corollaries: 
(i) |The hypotenuse of a right angle triangle is longer than each of the other two 
sides, 
(ii) In an obtuse angled triangle, the side opposite- to the obtuse angle is longer 
than each of the other two sides. 


Example: ABC is an isosceles triangle with base BC. On BC a point D is taken away 
from C. A line segment through D cuts AC at L and AB at M. Prove that 
mAL >mAM. 

Solution; Given: 

In AABC, AB = AC. D is a point on BC 


away from C. 
oo <i? segment through D cuts AC at L and 


To —. 
mAL > mAM B Cc D 


Proof: 
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Stifenients 


, 
Reusons 


In AABC 


Ps. 5 eee AB = AC (given) 

In AMBD 
mZl>m2ZB Suse Ad (21 is an ext. Z and ZB is its internal opposite 2) 
mZ1]>mZ2 onde From | and II 

In ALCD, 
mZ2>mZ3 Sine dW (242 is an ext. Z and Z3 is its internal opposite 2) 
mZl>mZ3_....V From III and IV 

But 23=24 esd. OE Vertical angles 
mZl>mZ4 From V and VI 


Hence mAL >mAM In AALM, mZ] > mZ4 
Theorem 13.1.3: The sum of the lengths of any two sides of a triangle is greater than 


the length of the third side. 
Solution: Given: B 
To Prove Br. A 


(i) mAB +mAC >mBC 

(ii) mAB +mBC >mAC 

(iii) mBC +mCA >mAB ' 
Construction: 
___ Take a point D on CA such that 


AD = AB, Join B to D and name the angles 21, 22 as disown in the given fens. 
Proof: 
Statements Reasons 
In AABD, 
4122 AD = AB (construction) 

mZDBC > mZ] eee |: mZDBC = mZ] +mZABC 
*. mZDBC>mZ2 iii From (i) and (ii) 
In A DBC, 


mCD >mBC By (iii) 
ie, mAD +mAC >mBC mCD =mAD +mAC 
Hence mAB +mAC > mBC mAD =mAB (construction) ~ 
Similarly, 
mAB +mBC >mAC 
and mBC +mCA >mAB 


EE 
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Example-1: Which of the following sets of lengths can be the lengths of the sides of a 
triangle? 
(a) 2cm,3cm,5cm (b) 3cm,4cm,5cm, (c) 2cm,4cm,7cm, 
Solution: 
(a) As 2+3=5 
.. This set of lengths cannot be those of the Sides of a triangle. 
(b) As 3+4>5,3+5>4,4+5>3 
.. This set can form a triangle 
(c) As 2+4<7 
.. This set of lengths cannot be the sides of a triangle, 
Example-2; Prove that the sum of the measures of two sides of a triangle is greater 
than twice the measure of the median which bisects the third side. 


Solution: Given: or 

In AABC, median AD bisects side BC 
at D. 
To Prove:_ — _ 

mAB+mAC > 2mAD c 
Construction: > DZ / 
__ Qn AD, take a point E, such that % F 
DE=AD. Join C to E. Name the angles 21, 22 . £ 
as shown in the figure. x" 


Proof: e 
Statements Reasons 


AABD <> AECD 


In 


BD = CD Given 
41=22 Vertical angles 
AD= ED Construction 
AABD = AECD S.A.S. Postulate 
AB= EC ....(i) Corresponding sides of = As 


mAC + mEC > m AE ances (ii) 
mAC +mAB >mAE _ From (i) and (ii) 
Hence m AC +mAB > 2m AD m AE = 2m AD (construction 
Example-3: Prove that the difference of measures of two sides of a triangle is less 
than the measure of the third side. 
Solution: Given: A 
AABC 
To Prove: 
mAC - m AB < m BC 
mBC —mAB <mAC c 
mBC —mAC <mAB 


ACE is a triangle 
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SSSsSSesSsSseSsSsSSsSsSSeSSsSSSSSSSeSsSSsSsSeSsSeSsSseesseeoeooceooocseeeeeooocoeeoea 


Proof: 


Statements Reuenaenes 
mAB +mBC >mAC_ ABC is a triangle 
(m AB +mBC - ~mAB)>(mAC - mAB) Subtracting m AB from both sides 
mBC >(mAC - mAB) 
or mAC -mAB <mBC veal a>b=>b<a 


Similarly 
mBC — mAB < mAC 
mBC ~mAC < mAB 


Solved Exercise 13.1 


Two sides of a triangle measure 10 cm and 15 cm. Which of the following 
measure is possible for the third side? 
(a)5cm (b)20cm (c)25cm (d)}30cm 
Solution: As the sum of measures of any two sides of a triangle is greater than the 
measure of the third side. So, 
(a) 10+ 15<5 
(b) 10+15<20 
(c) 10+15<25 . ae 
(d) 10+15<30 
So, (d) 30 cm is correct. 
2. “0” is an interior point of the A ABC. Show that A 
mOA +mOB +mOC > 4 (mAB +mBC +mCA) 
Solution: Given: 
O is any point inside the triangle ABC. 
To prove: _ 
m OA+mOB+mOC > ¥, (mAB +mBC +mCA ). 
Proof: 


Reason similar to (i) 


1 


Statements 
In AAOB mOA +mOB >mAB . 
In A AOC mOA + mOC >m AC . aisles (ii) 
InABOC mOB+mOC>mBC....... (iii) 
a re 

mOA + mOB + mOA + mOC+ mOB+mOC > By adding (i), (ii) and 
mAB + mAC C +mBC__ iii 
2 mOA +2m OB +2m OC >m AB +mAC+ mBC 
2 (mOA+mOB +mOC)> mAB +mAC+mBC 


mOA+mOB+mOC> 4 (mAB+mAC +mBC ) 


Rouseans 
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3. Inthe AABC,mZB=70° and m2C=45° . Which of the sides of the triangle is 


longest and which js the shortest? 
Solution: Given: 

m ZB=70° and m ZC = 45° 

In AABC 

mZA = 180° — (mZB + mZC) 
= 180° — (70° + 45°) 
= 180°- 45° 
= 65° 


Longest side is AC, because the side opposite to the greater angle is longer 
than the other sides. Shortest side is AB, because the side opposite to the smaller 
angle is shortest then the other sides. 

4. Prove that in a right-angled triangle, the hypotenuse is longer than each of the 

other two sides. f 
Solution: Given: 

In A ABC,m ZA =90° 
To prove:_ __ oo aon 

mBC > mAB and mBC >mAC 
Proof: A B 

Statements Reasons 

If mBC is not greater than mAB 
Then either mBC=mAB 

or mBC <mAB 
From (i) mBC =mAC 
Then mZA=mZC 
and mZC=90° 
Which is impossible in a triangle because 
there is any one right angle in a triangle. 
If m BC is not greater than m AB 
Then mBC=mAC 


Trichotomy property 


roa eben Trichotomy property 
or mBC<mAC 
From (iii) mBC =mAC 
Then mZAz=m ZB 
So, m ZB = 90° 
Which is impossible in a triangle because 
there is any one right angle in a triangle. 
If mBC <m AB 
Then mZA <m ZC 
90° <m ZC 
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SSSSsSseSsSsSeSsSsSSSsSSSSSSSSSSSSSSSSsSseSsSSSeSsSessSesesSsesoococseeeeoeoeoocococcocoococ 


Which is impossible in a triangle. 


Hence mBC >mAB 
Similarly, we can prove _ 
mBC >m AC 


5. In the triangular figure, mAB > mAC. BD and CD are the bisectors of 28 
and ZC respectively. Prove that mBD >mDC. 


Solution: Given: . 
AB > AC_ 
BD and CD are the bisectors of 2 B and 
Z C respectively. 
To Prove: 
BD> DC = iii 
Proof: R AA cS c 


AABC <> ABDC 


BC = BC Common 
ZCBD = ZCBA Congruent angles 
ZBCD = ZBCA Congruent angels 
AABC = ABDC A.5.A postulate 
AS AB > AC 


BD > DC Corresponding sides of congruent angles, 
Theorem 13.1.4: From a point, outside a line, the perpendicular is the shortest 
distance from the point to the line. 
Solution: Given: 
A line AB and a point C (not lying on AB) and a 
point D on AB such that 
CD 1 AB. 
To Prover__ 
_., MED is the shortest distance from the point € 
to AB, 
Construction: _ 
Prooft Take a pint E en AB. Join € and E te farm a ACDE. 


fate nae iil 


In ACDE 

mZCDB > mZ€CED (An exterior angle of a triangle is greater 
than nen adjacent interier angle), 
—— ——= rn 
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Shitements Reasons 
But mZCDB=m2ZCDE Supplement of right angle. 
mZCDE > mZCED 
or mZCED<mZCDE a>b=> b<a 


or mCD <mCE Side opposite to greater angle is greater. 
But E is any point on AB 

Hence mCD is the shortest distance 

from C to AB, 


(i) The distance between a line and a point not on it, is the length of the 
perpendicular line segment from the point to the line. 
(ii) The distance between a line and a point lying on it is zero. 


Solve Exercise 13.2 


1. — In the figure, P is any point and AB 
is a line. Which of the following is 
the shortest distance between the 
point P and the line AB? 

(a) mPL (b) mPM 
(c) _ mPN (d) mPO 

Solution: 

(c) m PN ; because from a point outside a line, the perpendicular distance is 
the shortest distance. 


2. In the figure, P is any point lying away from the line : 
AB. Then mPL will be the shortest distance if 
(a) mzPLA=80° 
(b) m2ZPLB= 100° 
A L B 


(c) m2ZPLA=90° 
Solution; (c) m ZPLA = 90° because the perpendicular distance is the shortest 
distance from the point to the line. _ __ 

3. In the figure, PL is perpendicular to the line AB and mLN > mLM , Prove 

thatmPN >mPM. P 
Solution: 

Givens __ 

PL 1 AB andmLN >mLM 
To prove: 

mPN >mPM 
Proof; 
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APLM and APLN 
PL ~ PL 
(PL)? +(LNY>(PLY+(LMy 
(PNy’> (PM) 


mPN >mPM 
REVIEW EXERCISE 13 


SS 


1. | Which of the following are true and which are false? 


(i) The angle opposite to the longer side of atriangle is greater, ...--. es eee 

(ii) In aright-angled triangle greater angle isof60°.  —hanne en ene es 

(iii) In an isosceles right-angled triangle, angles other than right angle are each of 
he — ig yiiceittpeaaieitte 

(iv) A triangle having two congnicnt sides is called equilateral triangle ............. 

(v) Aperpendicular from apoint toaline is shortest distance, oe ee sce eeee 

(vi) Perpendiculartoline formanangle of 90° 0 han eccceneeee 

(vii) A point out side the linciscollincar with it, hacen eceveee 

(viii) Sum of two sides of triangle is greater than the third, sa caucueeenes 

{ix) The distance betweenalincandapoint onitiszero, hacen eceee ees 

(x) Triangle can be formed oflengths2cm,3cmandScm. ne vecsaceeuee 

Solution: (i) T (ii) F (iii) T (ivy) F ( T i) T 

(vii) F (viii) T (ix) T (x) F 

2. What will be angle for shortest distance from an outside point to the line? 

Solution: 

The angle for shortest distance from an outside point to the line is 90°. 

3. If 13 cm, 12 cm, and 5 cm are the lengths of a triangle, then verify that 
difference of measures of any two sides of a triangle is less than the measure of 
the third side. 

Solution: As the difference of measures of any two sides of a triangle is less than the 
measure of the third side. So, 

15-13<5 = 25 
12-—5<13 => 7<13, 
13-12<5 = }<9 

4. if 10 cm, 6 cmand 8 cmare the lengths of a triangle, then verify that sum of 
measures of two sides of a triangle is greater than the third side. 

Solution: As the sum of measure of any two sides of a triangle is greater than the 

measure of the third side. So, 


In 


Visit www.downloadclassnotes.com for Notes, Old Papers, Home Tutors, Jobs, IT Courses & more. 
(Page 355 of 419) 


For more notes & academic material visit our Website or nstall our Mobile App 


Website: www.downloadclassnotes.com Mobile App: bit.ly/DCNApp 
MATHEMATICS (EM) NOTES FOR 9% CLASS (PUNJAB) 


wh 6+8>10 => 14>10, 
10+6>8 => 16>8, 
10+8>6 => 18>6 


5. 3¢m,4cmand7 cmarenot the lengths of the triangle. Give the reason. 
Solution: As the sum of measure of any two sides of a triangle is greater than the 
measure of the third side. But 
34+47+7 
So, given measurements are not the lengths of a triangle. 
6. If 3 cm and 4 cm are lengths of two sides of a right angle triangle then what 
should be the third length of the triangle. 
Solution: Let a= 3,b=4,c=? 
=a +b? 
co = 3° +47 =9 + 16=25 
=>c=5 


SUMMARY 


We stated and proved the following theorems: 

* If two sides of a triangle are unequal in length,, the longer side has an angle of 
greater measure opposite to it, 

* — If two angles of a triangle are unequal in measure, the side opposite to the 
greater angle is longer than the side opposite to the smaller angle. 

* The sum of the lengths of any two sides of a triangle is greater than the length 

+ 


of the third side. 
From a point, outside a line, the perpendicular is the shortest distance from the 
point to the line. 

#7 Hehe 
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\_RATIO AND PROPORTION ett tae 


14.1 Ratio and Proportion 


_ studying this unit, the students will be able to: 


prove that a line parallel to one side of a triangle, intersecting the other two 
sides, divides them proportionally. 
prove that if a line segment intersects the two sides of a triangle in the same 
ratio, then it is parallel to the third side. 
prove that the internal bisector of an angle of a triangle divides the side 
opposite to it in the ratio of the lengths of the sides containing the angle. 
prove that if two triangles are similar, the measures of their corresponding 
sides are proportional. 

Introduction: 

We will prove some theorems and corollaries involving ratio and proportions 
of sides of triangle and similarity of triangles. Knowledge of ratio and proportion is 
necessary requirement of many occupations like food service occupation, 
medications in health, preparing maps for land survey and construction works, profit 
to cost ratios etc. 

Ratio: ‘ 

Ratio a : b = 7 is the comparison of two alike quantities a and b, called the 
elements of a ratio. 
Proportion: 

Equality of two ratios is defined as proportion. That is, ifa: b=c: d, then a, b, 
¢ and d are said to be in proportion. 


Equally impertant are the similar shapes. In particular the similar triangles that 
have many practical applications, Geametrical figures can alse be similar. e.g., if 

In AABC ¢ ADEF 

A= £0, ZA= ZE, £02 2F 

AB. BC _CA 

a BE EF FD 

Then AABC and ADEF are called similar 
triangles which is symbolically written as 

AABC ~ ADEF 

It means that corresponding angles of similar triangles are equal and measures 
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of their corresponding sides are proportional. 
APQR = ALMN means that in APQRe> ALMN 
4P=Z41, 40=2M, ZR=ZN, 


PQ=LM, QR=MN, RP=NL ff 
ne a: ee 

LM MN NL 
.. APQR ~ ALMN 


In other words, two congruent triangles” are similar also. ‘But two aivles 
triangles are not necessarily congruent, as congruerice of their sides is not necessary. 
Theorem 14.1.1: A line parallel to one side of a 

triangle and intersecting the other two sides 

divides them proportionally. 
Solution: Given: 

In AABC, the line / is intersecting the sides 
ACand ABat points E and D 
respectively such that ED || CB. 

To Prove: mAD:mDB=mAE:mEC 

Construction: ~ ish — 
Join B to E and C to D. From D draw DM 1 ACand from E draw EL | AB. 
f: 


Statements Rewsons 

In triangles BED and AED, ELis the 
common perpendicular. | 
. Area of ABED= 4 xmBDxmEL ...(j) | Area ofa A= 14 (base) (height) 
And area of AAED= 4 x mADxmEL .. (ii) | 
Thus Sof Aeee abt _ (iii) | Dividing (i) by Gi) 
Similarly 

Arcaof ACDE _mEC (iv) 

Areaof SADE mAE a 
But ABED=ACDE | (Areas of triangles with common 
base and same altitudes are equal. 
Given that ED|CB, so altitudes 
are equal. 


Taking reciprocal of both sides. 


From (iii) and (iv), we have 


From the above theorem we also have 
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mBD _mCE ,mAD mA 


<= and ss. 
mAB mAC mAB mAC 
Corollaries: 
» wed. me ,then DE || BC 
mAB mA 
AB aac 
if DO = ™ then DE|| BC 
(b) ,; mDB mEC y 
Points to be noted: 


(i) | Two points determine a line and three non-collinear points determine a plane. 
(ii) A line segment has exactly one midpoint. 
(iii) If two intersecting lines form equal adjacent angles, the lines are perpendicular. 
Theorem 14.1.2: (Converse of Theorem 14.1.1) 

If a line segment intersects the two sides of a triangle in the same ratio then it 
is parallel to the third side. A 
Solution: Given: 


In AABC, ED intersects AB andAC. Such that 


mAD : mDB = mAE :mEC D 
ToProve: 
ED || CB 
Construction: Cc ==> B 
If ED CB, then draw BF|} DE to meet AC / __-----~~~ 


produced at F. aa 
Proof: 
Statements Reasons 


Construction 

(A line parallel to one side of a 
triangle divides the other two sides 
proportionally) 

Given 


From (i) and (ii) 


or 
Which is possible only if point F is | (Property of real numbers.) 
coincident with C 

Our: supposition is wrong 
Hence ED || CB 
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Solved Exercise 14.1] 


1. In AABC, DE|| BC A 


(i) If MAD =1.5 cm, mBD = 3 cm, MAE =1.3cm, then find mCE. 
Solution: Given: D E 


mAD =1 Sem, mBD = 3em, mAE =1.3em 
To find: 
mCE =? 
We know that 
mAE_ mAD 
mCE mBD 


mCE(1.5) = (3)(1.3) 
mEC Ot) = 2.6cm 


(ii) if mAD=2.4 cm, mAE = 3.2 cm, mEC = 4.8cm, find mAB. 
Solution: Given: 


mAD = 2.4cm, mAE = 3.20m, 
mEC = 4.8cm, 
To find : 
mAB=? 24 32 
We know that D E 
mAE . mAD 
mEC mBD B Cc 
32 _ 24 
4a bo 
mDB (3.2) = (4.8)(2.4) 
mip = 4024) «5 bom 
mAB =mAD+mBD 


=2.4+1.6 
=60m 
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(iii) if AD-3 and mAC = 4.8cm, find mAE. 
mDB 5 
Solution: Given: 
DAD _ Sand mAC= 4.8cm 
mDB 
To find: ai - =? 
We know that: 
mAD _mAE 
mDB mEC 


5(mAE) =3(4.8-mAE) 
5(mAE)=14.4-3(mAE) 
Adding 3(mAE) both sides we get 
5(mAE)+3(mAE)=14.4—-3(mAE)+3(mAE) 
8(mAE)=14.4 
mAE =1.8cm 
(iv) If mAD=2.4cm, mAE =3.2cm, mDE =2cm, mBC =5cm, findmAB,mDB,mAC,mCE . 
Solution: Given: 
mAD =2.4cm,mAE = 3.2cm, 
mDE = 2cm,mBC = 5cem. 
To find: 
mAE = ?,mDB =? 
mAC =?,mCE =? 
We know w that 


mBD mCE 7 
> mCE =3.2 and mBD =2.4 
Now mAB=mAD+mDB =2.44+2.4=4.8cm 


4 
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And mAC=mAE+mCE=3.243.2=6.4em 

(v) IfAD=4x-3,AE=8x-7, BD = 3x -1, and CE = 5x — 3, find the value of x. 

Solution: Given: 
mAD = 4x -3,mAE =8x-7, 
mBD = 3x —1,mCE = 5x-3. 


Tofind: x=? 
We know that 
mAD _ mAE 
mBD  mCE 
4x-3 8x-7 
3x-1 5x3 


(3x —1)(8x -7) =(4x -—3)(Sx—3) 
24x? —21x -8x +7= 20x? -12x-15x+9 
24x? —29x +7 = 20x? —27x+9 
24x? —29x +7—20x? +27x-9=0 
24x? — 20x? -29x +27x+7-9=0 
4x?-2x-2 =9 
2(2x?-x-1) =0 
=> 2x? -2x+x=-1=0 
2x(x—1)+1(x-1)=0 
(x—1)(2x+1)=0 


= x-1l=0 or 2x+1=0 
x=1 2x =-] 
x =—4(notpossible) 


2. ry ZA is vertex angle and DE 
intersects the sides AB and AC as shown in the following 
figure so that D E 
mAD : mDB = mAE : mEC 
Prove that AADE is also an isosceles triangle. 

Solution: B c 
InAABC mAD:mDB=mAE:mEC 

To Prove: 
In AADE mAD = mAE 

Let mAD=a,mAE=b andmAB=mAC =x 
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Therefore _ 
BD=x~a_ end EBC=x-b 
Now mAD:mDB=mAE:mEC 


mAD mAE 
mDB mEC 
. oo 2 
x-a x-—b 
a(x—b)=b(x-a) 
ax —ab = bx —ab 
ax = bx 
—— a=b 
mAD = mAE 
Therefore, AADE is an isosceles triangle. ‘ 
3. Inaequilateral triangle ABC shown in the following figure. 
mAE : mAC = mAD : mAB D E 
Find all the three angles of AADE and name it also. 
Solution: Given: Cc 


ABC is an equilateral triangle, 
mBC = mCA = mAB 
=> mBC=mCA and mBC=mAB and mCA=mAB 


rh mZA=mZB (Opposite angles of equal sides) 
And mZB=mZC => mZA=mZC 
We know that 


mZA +mZB+mZC =180° 
mZA+mZA+mZA =180° 
3mZA = 180° 
mZA = 60° 
=> mZA =mZB =mZC =60° 
4. __ Prove that the line segment drawn through the mid-point of one side of a 
triangle and parallel to another side bisects the third side. 
Solution: 
Same as theorem 14.1.1 
5. Prove that the line segment joining the mid-points of any two sides of a 
triangle is parallel to the third side. 
Solution: 
Same as theorem 14.1.2 
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Theorem 14,1,3: The internal bisector of an angle of a 5” 
triangle divides the side opposite to it in the ratio , oy 
of the lengths of the sides containing the angle. A,¢ | 
Given ! 
In AABC internal angle bisector of Z A meets t 
CB at the point D. 4 
To Prove: mBD:mDC = mAB: mAC _ c 
Construction; Draw a line segment BE | DA to meet 
CA produced at E. 
Proof: 
Stutements Reusnns 
* AD|jEBand EC intersects them, Construction 
. mZl=mZ2 i Corresponding angles 
Again A AD || EB 
And AB intersects them, 
. mZ3=mZ4 ii) | Alternate angles 
ButmZ1 =m 23 Given 
From (i) and (ii) 
In a A, the sides opposite to 
congruent angles are also congruent. 
Construction 


By Theorem 141.1] 


mEA =mAB (proved) 


Thus mBD: mDC= mAB :mAC 
Theorem 14.1.4: If two triangles are similar, then 


A 
the measures of their corresponding sides Ar 
are proportional. 
Solution: Given 
AABC ~ ADEF L F 
B Cc 


ie., ZA= = 2D, <B= ZE and ZC = ZF 


mDE mDF  mEF 
Construction: (I) Suppose that mAB> mDE 


(I) mAB< mDE 
On AB take a point L such that mAL= = mDE. 
On ACtake a point M such that mAM=mDF. Join L and M by the line 
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segment LM. 
Proof: 
Statcments IR CuNONIS 
(I} In AALM «+ ADEF 
4£A22ZD Given 
AL =DE Construction 
AM = DF Construction 
Thus AALM = ADEF S.A.S. Postulate 
and <L=ZE,ZM= ZF (Corresponding angles of 
congruent triangles) 
Now ZE=2ZBand ZF=2C Given 
4L=2ZBZM=ZC Transitivity of congruence 
Thus LM]|| BC Corresponding angles are equal. 


By Theorem 14.1.1 
mAL=mDE and mAM=mDF | 
(construction) 


Similarly by intercepting segments on 
BA and BC, we can prove that 


»-enil) 


by (i) and (ii) 


mAB _ mAC_ mBC by taking treciprocals 
mDE mDF_ mEF 

(I) If mAB<mDE, it can similarly be 

proved by taking intercepts on the sides of 

ADEF. _ 

If _mAB=mDE, 

Then in AABC «+ A DEF 


Given 

Given 

A.S.A.=A.S.A 

AC = DF. BC = EF 
Hence the result is true for all the cases. 
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Solved Exercise 14.2 


1, In AABC as shown In the figure, CD bisects 2C and meets 
AB at D. mBD is equal to 
{a) 5 {(o) 16 (c)} 10 ({(d) 18 

Solution: We know that 


2. Im AABC shown in the figure, CD 
bisects ZC. If mAC= 3, mCB= 6 and 
mAB =7, then find mAD andmDB . 

Solution: mAD +mDB =mAB 

mDB = mAB-mAD 


6mAD =3(7-mAD) 
6mAD = 21—3mAD 
6mAD +3mAD = 21 
9mAD = 21 


mAD ==" = “units 
Put mAD =~ in eq, (1), we get 


mBD=7-2=21=7 


3 


a4 as 
= 3 units 
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3. Show that in any correspondence of two triangles, if two angles of one triangle 
are congruent to the corresponding angles of the oem, then the on are 


similar. 

Solution: Given: 
Two triangles ABC and DEP. 

Where, mZA=mZD and mZB=mZE 
To prove: AABC ~ ADEF 

Proof: 


Statements Keusons 


AABC 


mZA+mZB+mZC =180° __(i) Sum of al] the angles of a 

ADEF triangle is 180° 

mZD+mZE+mZE=180° __ (ii) Sum of al] the angles of a 
triangle is 180° 


mZA+mZB+mZC =mZD+mZE+mZF Combining eq. (i) and eq.(ii) 

mZA+mZB+mZC =mZA+mZB+mZF *.mZA=mZD and mZB=mZE 
mZC =m2F ; 

Because al] the angles of both triangles are same: 

Hence AABC and ADEF are similar. 


4. If line segments AB and CD are intersecting at point X and mmAX = mK then 


m 
show that AAXC and ABXD are similar. 
Solution: 
Given: 
Two lines ABandCD intersect each other at point x. 
To Prove: 
AAXC = ADXB ‘ 


D 


Proof: 
Stuftements Reasons 


AAXC@ADXB 
ZAXC = ZDXB Vertical angles 
AC =DB Opposite sides of similar angles 


ZXAC = ZXBD 
and ZXCA= ZXDB 
AAXC = ADXB A.S.A Postulate 


Sooscoecocooco 
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1. Which of the talicnton sn are true and which are false? 
(i) | Congruent triangles are ofsamesizeand shape, 9 caeveseseees 
(ii) Similar triangles are of same shape but different sizes. ............ 
(iii) Symbolusedforcongruentis‘=’, $= «dane nn evnees 
(iv) Symbolusedforsimilarityis*~’, ($= =§«-_— |» caveenev ese 
(v) Congruenttrianglesare similar, =n etvnne nee 
(vi) Similartrianglesarecongruent. == nnen eae eee re 
(vii) Alinesegmenthasonly onemid point © eeneecenceee 
(viii) One and only one line can be drawn through two points. ............ 
(ix) Proportionisnon-equality oftworatios, seen se rneees 
(x) Ratio has no unit. 
Solution: (i) T (ii) T (iti) T (iv) T Gr ft 
(vi) F (vii) T (viii) T (x) F @) T 
2. Define the following: 
() Ratio (li) Proportion 
(ili) Congruent Triangles (iv) Similar Triangles 
Solution: (i) Ratio: 
Comparison of two alike terms is called ratio. 
(li) Proportion: 
Equality of two ratios is called proportion. 
(iil) Congruent Triangles: 
If the measures of corresponding sides are proportional then the triangles are 
called congruent triangles. 
(iv) Similar Triangles: 
If the measure of corresponding sides are equiangular and proportional then the 
triangles are called similar triangles. L 
3. In ALMN shown in the figure, MN || PO 
() ifmim- |= Sem mL? = 2.5cm, mLQ=2.3cm, then 
find miN. P Q 
(i) If mLM=6cm,mLQ=2.5cm, mQN- Sem, then 
find miP . 
Solution: Given: M N 
mLM = Sem, mLP = 2.5cm,mLQ = 2.3cm. 
To find: (i) mLN =? 
We know that 
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2.5mLN =(5)(2.3) 


— (5)}(23 
mLN = = 4.6cm 
2.5 


(ii) =mLM =6cm,mLQ =2.5cm,mQN = Scm,mLP =? 
As, mLN = mLQ+mQN 


=2.5+5 ‘ ¢ 
mLN =7.5cm 
As we know that, _ é ., 
mLN _ mLN 
mLP = mLO. 
6 = 75 
mLP 25 
(7.5(mLP) =6~2.5 
mLP 6x25 
7.5 P 
mLP =2cm 
4. In the shown figure, let mPA=8x-7, mPB=4x-3, 
mAQ=5x-3, mBR=3x-1. Find the value of x if B 
AB||QR. 
Solution: Given: = 
mPA = 8x —7,mPB = 4x —3,mAQ = 5x —3, Q R 
. mBR = 3x1 
To find: 
We know that 
mPA _mPB 
mAQ mBR 
8x-7 = 4x -3 
5x-3 3x-1 


(8x —7)(3x -1) =(4x —3)(5x-3) 
24x? —8x —21x+7= 20x? -12x-15x +9 
24x? —29x +7 =20x? -27x +9 
' 24x? — 20x? -29x +27x+7-9=0 
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4x? -2x-2 =0 
2(2x?-x-1)=0 
=> 2x’ -x-1=0 
2x? -2x+x-1=0 
2x(x—-1)+1{x-1)=0 
(x-1}(2x+1) =0 
=> x~-1l=0 or 2x+1 =0 
x=] 2x =-1 


x= = (Not possible) 
Hence, =1, 


5. In ALMN niesia in the figure, LA bisects ZL. [ 
If mLN=4, mLM=6,mMN-=8, then find 4 
mMA and mAN. 2 

Solution: Given: 


N 
mLN =4,mLM=6, mMN=8cm 8 
To find: mMA= 2, mAN = ? 


mMA +mAN =mMN 
mAN =mMN-—mMA 
mAN =8-mMA (1) 
We know that mAN _ mMA 
LN | mLM 
8—mMA _mMA 
4 6 
4mMA = 6(8-mMA) 
4mMA = 48-6mMA 
4mMA + 6mMA = 48 


10mMA = 48 
mMA == = cm 
10 5 


Put mMA = Finca), we get 


' 
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mAN =g-2* = 40-24 win 
5 5 5 
6. In Isosceles APQR shown in the figure, find the value of xand y. 
Solution: As APQR is an isosceles triangle, so P 
mPR =mPQ 
x =10cm 
And mQS = mSR 
6cm =y 
=> y=6cem 


In this unit we stated and proved the following theorems and gave some necessary 


definitions: 
* A line parallel to one side of a triangle and intersecting the other two sides 
divides them proportionally. 


# — Ifa line segment intersects the two sides of a triangle in the same ratio then it 
is parallel to the third side. 

*%* — The internal bisector of an angle of a triangle divides the side opposite to it in 
the ratio of the lengths of the sides containing the angle. 

% — If two triangles are similar, then the measures of their corresponding sides are 
proportional, 


* The ratio between two alike quantities is defined as a: b = where a and b are 


the elements of the ratio. . 
# Proportion is defined as the equality of two ratios i.e. a: b=: d. 


* Two triangles are said to be similar if there are equiangular and corresponding 
sides are proportional, 


ath SE ath ae 
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SSSsSSesSsSeSsSsSSsSSsSeSSsSSSSSSSeseSsSSSsSeSsSSeSSseeesseeeseceseoeoocsseseeoeoococoooct 


\ PYTHAGORAS THEOREM F edhe ote 28s, | 


Unit Outlines 


* Pythagoras’ Theorem 


G STUDENTS LEARNING OUTCOMES 


After studying this unit the students will be able to: 
= Prove that in a right-angled triangle, the square of the length of hypotenuse 
is equal to the sum of the squares of the lengths of the other two sides. 


(Pythagoras’ theorem). 
Prove that if the square of one side of a triangle is equal to the sum of the 
squares of the tae two sides then the triangle is a right, angled triangle 


Introduction: 


Pythagoras, a Greek philosopher and mathematician discovered the simple but 
important relationship between the sides of a right-angled triangle. He formulated 
this relationship in the form of theorem called Pythagoras' Theorem. 

Pythagoras Theorem 15.1.1: In a right angled triangle, the square of the length of 
hypotenuse Is equal to the sum of the squares of the lengths of the other two sides. 


Solution: Given: _ — 

AACB is a right angled triangle in which mZC= 90° and mBC = a, mAC=b 
and mAB=c. 
To Prove: 

=a +b 
Construction: _ 
Draw Cl cD perpendicular from C on AB. 

Let mCD=h, mAD =x andmBD=y. Line segment CD splits AABC into 
two As ADC and BDC which are separately shown in the figures (ii) —a and (ii) —b 
respectively, 
Proof (Using similar As): 
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Statcoents 
Refer to figure (ii)-a and (i) 
common - self congruent 
Construction - given, each angle = 90° 
ZC and ZB, complements of ZA. 
Congruency of three angles 
(Measures of corresponding sides of 
similar triangles are proportional) 


Refer to figure (ii)-b and (i) 
Common-self congruent 


Construction - given, each angle = 90° 
ZC and ZA, complements of 2B 
Congruency of three angles. 
(Corresponding sides of similar 
triangles are proportional). 


Supposition. 
By (i) and (ii) 


Multiplying both sides by c. 


Corollary: 
In a right angled AABC, right angled at A, 

@) AB =BC -CA’ 

(ii) AC =BC -AB A 8 
Theorem 15.1.2: [Converse of Pythagoras’ Theorem 15.1.1] 

if the square of one side of a triangle is equal to the sum of the sum of the 
other two sides then the triangle is a right angled triangle. 
Given: Ina AABC, mAB=c, mBC =a B 

and mAC = b Such that a’ + b’ = c”, 

To Prove: ar 

AACB is a right angled triangle. / c 
Construction: ff 

Draw CDperpendicular to BC such 


—  —— . Se 
that CD= CA. Join the points B and D. e bt 


Cc b A 
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Proof: 
Statements Keasans 


ADCB is a right-angled triangle. Construction 
— - 
(mBD) =a’ +b? Pythagoras theorem 


But a’+b’? =c? Given 
( mBD) =¢? 
or mBD =c Taking square root of both sides. 
Now in 
ADCB <> AACB 


CD= CA 

BC= BC 

DB= AB 
ADCB = AACB 
ZDCB = ZACB 


Construction 

Common 

Each side = c. 

§.S.8.=S.8.8. 

(Corresponding angles of congrucnt triangles) 


But mZDCB=90° Construction 
mZACB = 90° 
Hence the AACB is a right-angled 
triangle. 
Corollary: 
Let c be the longest of the sides a, b and c of a triangle. 
* Ifa’ +b’ =c’, then the triangle is right. 
* Ifa’ +b?>c’, then the triangle is acute. 
* Ifa’ +b? <c*, then the triangle is obtuse. 


Solved Exercise 15 


1. Verify that the As having the following measures of sides are right-angled. 
(i) a=Sem, b=12cm, c=13cm 
Solution: a = 5cm, b=12cm, c=1l3cm 
We know that 
ce =a'+b? 
(13)° =(5)° +(12) 
169 =25+144 
169 =169 
Hence given sides represents right angle triangle. 


(i) a=15¢em,b=2cm, ¢=2.5cem 
Solution: a=1.5cm, b=2cm, ¢=2.5cm 
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We know that 
c=a'+b? 
(2.5) =(1.5) +(2) 
6.25 =2.25+4 
6.25 = 6.25 
Hence given sides represents right angle triangle. 
(iii) a=9cm, b=12cm, c=15cm 
Solution: a=9cm, b=12cm, c=15cm 
ce? =a"+b? 


(1s) =(9) +(12) 
225 =81+144 
225 = 225 
Hence given sides represents right angle triangle. 
(iv) a=16cm, b= 30cm, c=34cm 
Solution: a=16cm, b= 30cm, c=34cem 
ce =a’+b’ 
(34) =(16)" +(30)' 
1156 = 256 + 900 
11S6=1156 
Hence given sides represents right angle triangle. 
2. ‘Verify that a? + b’, a’ —- b? and 2ab are the measures of the sides of a right 
angled triangle where a and b are any two real numbers (a > b). 
Solution: Given: 
In AABC 
AC =a? +b’, AB = a? -b’, BC = 2ab 
To Prove: 
ABC is a right angle triangle. 
Proof: 
If ABC is a right angle triangle then 
Pythagoras theorem holds. ie., 
|AC?=| ABP +|BC/ , ' 
(a? +b?) =(a?—b*)' +40°b" 
(a? +b?) =a" +b! —2a"b? + 4a°b? 


(a +b’) =a! +b*+2a*b? 


c 
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(a+ b*) =(a’ +b’ y 
Hence, Pythagoras theorem holds, therefore AB is a right angle triangle. 


3. The three sides of a triangle are of measure 8, x and 17 respectively. For what 
value of x will it become base of a right angled triangle? 


Solution: Given: ¢ 
In AABC _ 
AB =x, BC =8, AC =17 
To Prove: = 
ABC is a right angle triangle then Pythagoras . 
theorem holds. ie; 
|AC/ = AB)’ +|BC/ 
(17) =(x)' +(8) ; ‘ 
289 =x’?+64 
x? =289-64 
x? =225 
Vx? =/225 
x I$ 
4. In an isosceles A, the base mBC = 28 cm, and mAB=mAC= 50 cm. If ADLBC, 
thenfind (i) length of AD (i) area of AABC 
Solution: —__ me! 
Base BC = 28cm, AB =AC = 50cm. 
and AP LBC 
() |ABP +ADP+|BDP N 
(so) = AD} +(14) 
"ea 2 2 
|ADP =(50) -(14) si 
|AD? =2500-196 
|ADP =2304 
AD =/2304 =48cm 
x 1 ‘ 
(ii) Area of AABC= r (Base) Altitude) 7 i 77 . 
1 
= 672cm’? 
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5, In a quadrilateral ABCD, the diagonals AC and BD are perpendicular to each 
other. Prove that mAb. +mCD =mAD +mBC . 

Solution: Given: D Cc 
In a quadrilateral ABCD, the 

diagonals AC and BDare perpendicular 


to each other. 
To Prove: 

mAB. + mCD = mAD- + mBC 
Proof: 


Statomeonts 


AOAD 
AD =0A +OD. (i) By Pythagoras Theorem 
AOAB 
AB =OA +OB° (ii) By Pythagoras Theorem 
AOBC 
BC =0B +0C_____ iii) By Pythagoras Theorem 
AOCD 
CD =0C +0D (iv) By Pythagoras Theorem 
- (04° +0D")-(0a" +08 ) Subtract (ii) from (i) 
=0A +0D -OA -OB 
= OD -OB —— 
- (0B +0¢"}-(Oc" +0D’} Subtract (iv) from (ii) 
=0B +0C -0C -OD 
=-0D'+0B8° 
ss OD’ OB’) 
-(BC" -CD')= OD _On 


CD -BC =-O0D -OB __(vi) Comparing (v) and (vi) 

AD -AB =CD -BC 

AD’ + BC @ AB’ + GD" Equating (v) and (vi) 
Or mAB- +mCD = mAD. +mBC 
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6.{i) In the AABC as shown in the ie figure, 

mZACB = 90° and CD 1 AB. Find the lengths a, h and 
b if mBD =5 units and mAD =7 units. 
Solution: (i) Given: 

mZACB = 90° and cD LAB. — —_ 

mBD =5, mAD=7, mAC=b, mCD=h,mBC =a 
To find: 

a=?, h=?, b=? 
In ABDC 

(BC) =(BD)' +(cD) 
(a)'=(5) +(hy 
a’ =25+h?* (i) 

In AADC 

(AC) =(AD) «(EF 

(by =(7)' +(hy’ 
b? =49+h’ ____{ii) 

Subtract eq. (i) from eq. (ii), we get 

b’ -a* =(49+h*)-(25+h’*) 

b? —a’ = 49+h’ -25-h? 

b’-a*=24 (iii) 
In right angle AABC 


(AB) =(AC) +(Bc) 
(7+5) =(b*)+(a)’ 
(12)? =b? +2? 
b’ +a’ =144 (iv) 
By adding eg. (iii) and (iv), we get 
(b° -~a*)+(b +a*) =244+144 
b’-a'+b’+a’ =168 


2b? =168 
b? =84 
b =2V21 
Put b* = 84 in eq. (iv), we get 
84+a7 =144 
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a’= 144- 84 = 60 
a = 60 = 4x15 = 2/15 
Put a’ =60 in eq, (i), we get 
a =25+h 
60=25+h 
h? = 60-25 =35 
h=35 
So, a= 1215, b= 2V21, h=+35 
(ii) Find the value of x In the shown figure. 
Solution: In night angle AACD 
—,2 —)\2 ——\2 
(AC) =(AD) +(CD) IS 13 em 
(13) =(AD) +(5)' 
169 =(AD) +25 x D Sem 
or — 
(AD) =169-25 
(AD) =144 
(AD) =144 
AD =12 
In right angle AABD. 
—* | —)2 =? 
(AB) =(AD) +(BD) 
(sy = (12) + (xy 
x =(15)-(12/ 
x =225—144 
x? =81=> Vx? =/81 => x=9em 
7. Aplaneis ata height of 300 m and is 500 m_— Plane 
away from the airport as shown in the is 
figure. How much distance will it travel to 
land at the airport? 
Solution: By Pythagoras theorem, we have 300 m 
(™By' -(xC/' + (BC 
= (300)? + (500) Airport an Ef 
= = 90000 + 250000 = 340000 
| AB =¥34x10000 = 100V34m 
8. A ladder 17 m long rests against a vertical wall. The foot of the ladder is 8 m 


away from the base of the wall. How high up the wail will the ladder reach? 
Solution: By Pythagoras theorem, we have 
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(AB) =(AC)' + (BC) | 
(17)' =(h)’ +(8)° 
289 =h’? +64 17 
h? = 289-64 = 225 
h = 225 
h=15m Q t 


9. A student travels to his school by the route as Sepoot 
shown in the figure. Find mAD, the direct distance 
from his house to school. _ 


Solution: 
In right angle AAED 
(AD) =(AE)' +(DE) 
=(6) +(3+2) 
=(6) +(5) =36+25=61 
AD =¥61 km 


We 
— | 


Sr Vey | Py Viey Exe ( 


1, Which of the following are true and which are false? 

(i) Ina right angled triangle greater angle is of 90°. 

(ii) Ina right angled triangle right angle is of 60°. 

(iii) In a right triangle hypotenuse is a side opposite to right angle. 

(iv) If a, b, c are sides of right angled triangle with c as longer side then 
c=atb 

(v) If3 cm and 4 cm are two sides of a right angled triangle, then hypotenuse is 
Sem. 

(vi) If hypotenuse of an isosceles right triangle is V2 em, then each of other side is 
of length 2 cm. 

Solution: (i) T (ii) F (iii) T (ivy) T (vy) T~ (vi) F 


2. ‘Find the unknown value In each of the following figures. 


(i) Solution: By Pythagoras theorem, we have A 
(Ac) =(A8)' +(Bc) 
x? =(4)'+(3)’ 4am x 
x’ =16+9 =25 
Vx? =V25 
x =Sem ad Tom c 
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(ii) Solution: 
By Pythagoras theorem, we have 


(AC) =(AB)' +(BC) 
(10)' =(6)' +(x) 


100 =36+x" 
x? =100-—36 = 64 
Vx? = 64 
x = 8cem 
(iii) Solution: 

By Pythagoras theorem, we have 

(xC)' = (AB) +(6C} 

| (13) =(x)' +(5)’ | 13 cm 

169, =x? +25 

x =169-—25=144 

vx =W/i44 pll_,—_\c¢ 
x = 12cm 

(iv) Solution: 

By Pythagoras theorem, we have 

ie” pment ippetetl 
(Ac) -(Kay +(ac) 1 \ee 
(V2) =(x)'+(y 

2 = x? +1 B Tem 235 
x? =2-1=1 

ve =i 

x =lem 


SUMMARY 


In this unit we learned to state and prove Pythagoras’ Theorem and its converse 
with corollaries. 
° In a nght angled triangle, the square of the length of hypotenuse is equal to the 
sum of the squares of the lengths of the other two sides. 
If the square of one side of a triangle is equal to the sum of the squares of the 
other two sides then the triangle is a right angled triangle. 
Moreover, these theorems were applied to solve some questions of practical 


use. ete 


* 
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UNIT HIG} 


| * Theorems related with area gas menos oe — 


@ STUDENTS LEARNING OUTCOMES 


After studying this unit the students will be able to: 
# Prove that parallelograms on the same base and lying between the- same 
parallel lines (or of the same altitude) are equal in area. 


% = Prove that parallelograms on equal bases and having the same altitude are 
equal in area. 
# = Prove that triangles on the same base and of the same altitude are equal in 
area. 
% ~~ Prove that triangles on equal bases and of the same altitude are equal in area. 
Introduction: 


In this unit we will state and prove some important theorems related with area 
of parallclograms and triangles along with corollaries. We shall apply them to solve 
appropriate problems and to prove some useful results. 

Some Preliminaries: 
Area of a Figure: 

The region enclosed by the bounding lines of a closed figure is called the area 
of the figure. 

The area ofa closed region is expressed in square units (say, sq. m or m*) i.e., 
a positive real number, 


Thangular Region: : 


The interior of a triangle is the part of the plane 
enclosed by the triangle. ] 
\ 


A triangular region is the union of a triangle 
and its interior i.e., the three line segments forming i) 
the triangle and its interior. 
By area of a triangle, we mean the area of its 
triangular region. 
nt Area Axiom: 
If AABC = APQR, then area of (region AABC) = area of (region APQR.) 


: 


Dm 
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Rectangular Region: i) My Wi My i} TF Wi Hy) o Hh 
The interior of a rectangle is the part of the a Mi 
plane enclosed by the rectangle. vA i Wi) 
A rectangular region is the union of a i Hy i) My i ) Hi) i ih 
rectangle and its interior. . 


A rectangular region can be divided into two or nn than two triangular 
regions in many ways. 
Area of a Rectangle: 
If the length and width of a rectangle are ‘a’ units and ‘b’ units respectively, 
then the area of the rectangle is equal to “a x b” square units. 
Remember: 
If ‘a’ is the side of a square, its area = a’, square units. 
Between the same Parallels: Ap —e ou 
Two parallelograms are said to be between the 
same parallels, when their bases are in the same straight 
line and their sides opposite to these bases are also. in a 
straight line; as the parallelograms ABCD, EFGH in the [a a) aa 
given figure. 

Two triangles are said to be between the same 
parallels, when their bases are in the same straight line and 
the line joining their vertices is parallel to their bases; as 
the As ABC, DEF in the given figure. 

A triangle and a parallelogram are said to be between 
the same parallels, when their bases are in the same straight S 
line, and the side of the parallelogram opposite the base, 
produced if necessary, passes through the vertex of the 
triangle as are the AABC and the parallelogram DEFG in 
the given figure. ° ce 
Altitude or Height of the parallelogram: 

If one side of a parallelogram is taken as its base, the perpendicular distance 
between that side and the side parallel to it, is called the Altitude or Height of the 
parallelogram. 

Altitude or Height of the triangle: 

If one side of a triangle is taken as its base the perpendicular to that side, from 
the opposite vertex is called the Altitude or Height of the triangle. | 
Useful Result: A D 

"Triangles or parallelograms having the same or 
equal altitudes can be placed between the same parallels, 
and conversely". 

Place the triangles ABC, DEF so that their bases 


8 u ceé mF 
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BC, EF are in the same straight line and the vertices on the same side of it, and 
suppose AL, DM are the equal altitudes. We have to show that AD is parallel to 
BCEF. 
Proof: _ ee __ 
__ AL and DM are parallel, for they are both perpendicular to BF. Also 
mAL =mDM. (given) __ 
”. AD is parallel to LM. 
Useful Result: 
A diagonal of a parallelogram divides it into two congruent triangles (S.S.S.) 
and hence of equal area. 
Theorem 16.1.1: Parallelograms on the same base and between the same parallel 
lines (or of the same altitude) are equal in area. 
Solution: Given: F 
Two parallelograms ABCD and ABEF having the 
same base AB and between the same parallel lines AB 


and DE. 
To Prove: Area of parallelogram ABCD = Area of 
parallelogram ABEF 
Proof: 
Area of (parallelogram ABCD) 
=Area of (quad. ABED) + area of (ACBE)...(1) [Area addition axiom] 
Area of (parallelogram ABEF) 
=Area of (quad. ABED) + area of (ADAF).....(2) [Area addition axiom] 
InAsCBEand DAF __ 
mCB=mDA [Opposite sides of a 
ae parallelogram] 
mBE =mAF [Opposite sides of a 
parallelogram] 
ZCBE = ZDAF [.. BC || AD, BE || AF] 
ACBE = ADAF [S.A.S. cong. Axiom] 
Area of (ACBE) = Area of (ADAF) (3) [cong. area axiom] 
Hence area of (parallelogram ABCD) 
= Area of (parallelogram ABEF 2) and (3 
Corollary: 
(i) The area of a parallelogram is equal to that of a rectangle on the same base and 
having the same altitude, 
(ii) Hence area of parallelogram = base x altitude 
Proof: 


Let ABCD be a parallelogram. AL is an altitude corresponding to side AB. 
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(i) Since parallelogram ABCD and rectangle ALMB are on the some base a and 
1. c 


between the same parallels, 
‘. By above theorem it follows that 
Area of (parallelogram ABCD)=Area of (rect. ALMB) 
(ii) But area of (rect. ALMB) = AB x AL 
Hence area of (parallelogram ABCD) = AB x AL 
Theorem 16.1.2: Parallelograms on equal bases and en the same (or equal 
altitude are equal In area. 
Solution: Given: 
Parallelograms ABCD, EFGH are on the equal 
bases BC , FG, having equal altitudes. 
To Prove: Area of (parallelogram ABCD) = Area of 
(parallelogram EFGH) 
Construction: Place the parallelograms ABCD and EFGH so That their equal ame 
BC, FG are in the straight line BCFG. Join BE and CH. 
Proof: 
The given ||""* ABCD and EFGH are between the 
same parallels 
Hence ADEH is a straight line, which is || to BC. 
mBC = =mFG 
__=mEH 
Now mBC ~mEH and they are || 
“.™BE and CH are both equal and || 
Hence EBCH is a parallelogram 


Their altitudes are equal (given) 


Given 
EFGH is a parallelogram 


A quadrilateral with two 
opposite sides congruent and 
parallel isa parallelogram __ 
Being on the same base BC 
and between the same parallels 
Being on the same base EH 
and between the same parallels 
From (i) and (ii 


Solved Exercise 16.1 


1. Show that the line segment joining the mid-points of opposite sides of a 
parallelogram, divides it into two equal parallelograms. : 2 ‘ 


Solution: Given: 
_.. ABCD is a parallelogram. E is the mid point of side 
AB and F is the mid point of side DC. 


To Prove: A E 8 
Area of parallelogram AEFD = Area of parallelogram BEFC 


Now area of |" ABCD = area of |®" EBCH....(i) 


But area of |/®" EBCH = aree of | EFGH ...(ii) 
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Proof: AB||DC (Opposite sides of parallelogram ABCD) 

As E is the mid point of the side AB. So 

AE = EB ——" 

The parallelogram AEFD and BEFC are on equal bases (AE=EB) and 
between the same parallel lines AB and DC. 

.. They have equal areas. 

Hence Area of parallelogram AEFD = Area of parallelogram BEFC 
2. Ina parallelogram ABCD, m AB = 10 cm, The altitudes corresponding to sides 

AB and AD are respectively 7 cmand 8 cm. Find AD. 


Solution: Given: D 
ABCD is a parallelogram. 
mAB = 10cm, DL AND BM are altitudes “ 
mDL = =7.cm,mBM = =bem 8 


To Find: mAD =? ; 
Construction: Place the parallelograms so that the bases BC, FG are in the straight 
line BCFO. Join BE and CH. 
Proof: Area of parallelogram = base x altitude, 
So Area of parallelogram ABCD = Area of parallelogram ADCB 

mAB xmDL =mAD xmBM 

10x7 =mAD x8 

7" 35 


“— 


mAD =(10x 7/8 = 
3. If two parallelograms of equal areas — the same or equal bases, their 


altitudes are equal. 
Solution: Given: —_ 
In parallelogram ABCD, CQ _ is the 


altitude and in parallelogram LMNP, NP the A 
altitude. Area of parallelogram ABCD = Area of i io ‘een wis 
mAB=mLM. 
ToProve: __ —_ 
mCQ =m NP 


Proof: 
Area of parallelogram ABCD = Area of parallelogram LMNP (Given) 
We know that 


Area of parallelogram = base x altitude 
Area of parallelogram ABCD = Area of parallelogram LMNP 
mAB xmCQ =mLM x mNP 
But m AB = mLM (Given) 


mCQ = m NP 
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Theorem 16.1.3: Triangles on the same base and of the same (i.e., equal) altitudes are 
equal in area. 

Solution: Given: 

____—- As ABC, DBC on the same base, 

BC, and having equal altitudes. 


To Prove 
Area of (AABC) = Area of (ADBC) 
Construction; — __ a _. c 
Draw BM |} to CA, CN || to BD meeting AD produced in M, N. 
Proof: 


Statements ’ 
AABC and ADBC are between the same |!* Their altitudes are equal 
Hence MADN is parallel to BC 
Area (|/P" BCAM) = Area (|[°" BCND) ...(i)_| These jJ®* are on the same base 
BC and between the same If 


But area of AABC = — (arca of |i BCAM)...(ii) | Each diagonal of a |[® bisects it 
2 into two congruent triangles 


and area of ADBC *5 (area of |” BCND) ...(iii) 


Hence Area (A ABC) = Area( ADB From (i), (ii) and (iii) 
Theorem 16.1.4: Triangles on equal bases and of equal altitudes are i in area. 
Given: As ABC, DEF on equal bases BC, EF X A Y 
and having altitudes equal. 


To Prove: Area (A ABC) = Area ( A DEF) , i 
Construction: % ; 
Place the As ABC and DEF so that their B CE F 


equal bases BC and EF : are in the same straight line BCEF and their vertices on the 
same side of it. Draw BX || to CA and FY || to ED mecting AD produced in X, Y 
respectively. 
Proof: 
AABC, ADEF are between the same parallels Their altitudes are equal (given) 
. XADY is || to BCEF 
-. area (||"" BCAX) = area (|®" EFYD) (i) | These ||®" are on equal bases and 


1 :-. | between the same parallels 
But f AABC = = fl" BC wal 
ut area © 5 (area of ||P" BCAX) ...(ii) Di of a IP bi * 


and area of ADEF = 5 (area of |" EFYD) ....(iii) 


From (i), (i:) and (iii) 
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Corollaries: 
1. Triangles on equal bases and between the same parallels are equal in area. 
2. Triangles having a common vertex and equal bases in the same straight line, 


* are equal in area. 
Solved Exercise 16.2 


1. Show that a median of a triangle divides it into two triangles of equal area. 
Solution: 


Let ABC be a triangle and D is the mid point of the A 
side BC where BC = 2b 
In AACD, 
Area = 4 x base x altitude 
=n ome + 
zg bx k= > bh B D C 


In ABCD, 
Area = + base * altitude 


=1yxn=1 
5 bxh= bh 


Since we have two triangle having equal areas, therefore median of a triangle divides 
it into two triangles of equal areas. 
2. Prove that a parallelogram is divided by its diagonals into four triangles of 
equal area. 
Solution; Given: 
In parallelogram ABCD, AC and BD are its diagonal, 
which meet at L, 
To Prove: Triangles ABL, BCL, CDL, and ADL have equal area. 
Proof; Triangles ABC and ABD have the same base AB and are between the 
same premier lines ABand DC. 
.. They have same area. 


Or Area of AABC = Area of AABD 
ie of AABL + Area of ABCL. = Area of AABL + Area of AADL 
Area of ABCL=AreaofAADL _........ (i) 


Similarly Area of AABC = Arca of AABD 

Area of ABCL + Area of AABL = Area of ABCL + Area of ACDL 
Area of AABL = AreaofACDL ......... (ii) 

As diagonals of a parallelogram bisect each other. 

But L is the mid point of AC. 

Se BL is a median of BC. 
Area of AABL = AreaofABCL ......... (iii) 


YU 
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From (i), (ii), (iii), we get 
Area of AABL = Area of ABCL = Area of ACDL = Area of AADL 
Hence Proved 


3. Divide a triangle into six equal triangular parts. 

Solution: Given: AABC 

Required: To divide AABC into six equal triangular 

parts. 

Construction: _ 

(i) Drawtheray BT making an acute ZCBT. 

(ii) On BT mark six points d, e, f, g, h and c. Such 
that 
mBd = mde =mef =mfg =mgh =mhc. 

(iii) JoincwithC. — __ — 

(iv) DrawHh, Gg, Ff, Ee and Od each parallel 
to cC. T 

(v) Join A to O, E, F, G and H. So BAO, OAE, EAF, FAG, GAH and HAC are 
required six equal triangular parts. 


Solved Review Exercise 16 


1. Which of the following are true and which are false? 

(i) Area of a figure means region enclosed by bounding lines of closed figure. 

(ii) Similar figures have same area. 

(iii) Congruent figures have same area. 

(iv) A diagonal of a parallelogram divides it into two non-congruent triangles. 

(v) Altitude of a triangle means perpendicular from vertex to the opposite side (base). 
(vi) Area ofa parallelogram is equal to the product of base and height. 

Solution: (i) T (fii) F (iii) T (iv) F (VY) T (vi) T 

2. Find the area of the following. 

(i) (ii) 


3jcm 
6cm 
, dem 
Solution: Area = 6 x 3 = 18 cm? Solution: Area = 4x 4=16 cm? 
16cm 
Solution: Area =8 x 4 = 32 cm’ Solution: Area=+ x16x10-80 cm? 
2 
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3. Define the following 


(i) Area ofa figure (li) Triangular Region 

(ili) RectangularRegion (iv) Altitude or Height of a triangle 
Solution: (i) Area of a figure: 

The region enclosed by the bounding lines of a closed figure is called the Area 
of the figure. 

The area of a closed region is expressed in square units (say, sq. m or m’) i.e. a 
positive real number. A 


(ii) Triangular Region: ' 
The interior of a triangle is the part of the 
plane enclosed by the triangle. 
A triangular region is the union of a triangle f é Hf 
be i 


j Hi 
and its interior i.e., the three line segments forming Mh ii i) ™ 


2 » 
MH 
the triangle and its interior. B c 
Congruent Area Axiom: 5 
’ [ff AABC = APQR, then area of (region AABC) = 
area of (region APQR.) 
(iii) Rectangular Region: 
The interior of a rectangle is the part of the plane 
enclosed by the rectangle. A 
A rectangular region is the union of a rectangle and its interior. 
(iv) Altitude or Height of the triangle: If one side of a triangle is taken as its base, the 
perpendicular distance between that side and the side parallel to it, is called the 


Altitude or Height of the parallelogram. 
SUMMARY 


In this unit we mentioned some necessary preliminaries, stated and proved the 
following theorems along with corollaries, if any. 

Area of a figure means region enclosed by the boundary lines of a closed figure. 

A triangular region means the union of triangle and its interior. 

By area of triangle means the area of its triangular region. 

Altitude or height of a triangle means perpendicular distance to base from its 
opposite vertex. 

Parallelograms on the same base and between the same parallel lines (or of the 
same altitude) are cqual in area. 

Parallelograms on equal bases and having the same (or equal) altitude are 
equal in area. 

Triangles on the same base and of the same (i.e., equal) altitudes are equal in area, 
Triangles on equal bases and of equal altitudes are equal in area. 


re TOE ea 


et + + FESS 
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SSSsSsSseSseSsSeSSsSSsSsSSeSSsSSSSSSSeSsSSSsSeSSeSSseSeesxsSeeseeseoocscecseeoeoococooose 


Unit Outlines 
# Construction of Triangles 
#* Figures with equal areas 


@ STUDENTS LEARNING OUTCOMES 


After studying this unit the students will be able to: 
% Construct a triangle having given: two sides and the included angle, one side 
and two of the angles, two of its sides and the angle opposite to one of them 
(with all the three possibilities) 
Draw: angle bisectors, attitudes, perpendicular bisectors, medians, of a given 
triangle and verify their concurrency. 
Construct a triangle equal in area to a given quadrilateral. Construct a 
rectangle equal in area to a given triangle. Construct a square equal in area to 
a given rectangle. Construct a triangle of equivalent area on a base of given 
length. 
Construction of Triangle: 
(a) Toconstruct a triangle, having given two sides and the included angle: 
Given: Two sides, say — 
mAB = 4.6 cm and mAC = 4 cm 
and the included angle, mZA = 60°. 
Required: 
To construct the A ABC using given 
information of sides and the included 
angle = 260° 
Construction: 
(i) Draw a line segment m AB = 4.6 cm. 
(ji) At the end A of AB make 
mZBAC=260°, . en 5s 
(iii) Cut off mAC = 4 cm from the terminal side of 260°. 
{iv) Join B with C, 
(v) Then ABC is the required A. 
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(b) To construct a triangle, having given one side and two of the angles: 
Given: The side m AB = 5 cm, say and two of the 
angles, say mZA = 60° and 


c 


mZB = 60°. A x 
Required: To construct a AABC using given data. 
Construction: —_ 
(i) Draw the line segment mAB = Scm_ 
(ii) At the end point A of AB _ make it 
mZBAC=260°. x ale “ 


(iii) Atthe end point B of BA make mZABC = 260°. 
(iv) The terminal sides of these two angles mect at C. 
(v) Then ABC is the required A. 
(c) Ambiguous Case: 
To construct a triangle having given two of its sides and the angle opposite to 
one of them: 


a a 
Given: Two sides a,¢ and ZA = « opposite to one of them, say a. 
Required: To construct a triangle having the given parts, 
Construction: 
(i) Draw astraight line AD of any length. 
(ii) ~=AtAmake ZDAB= ZA= « 
(iii) Cut off AB =c, og 
(iv) With centre B and radius equal to a, drawn an arc. 
(v) Three cases arise, 
Case I; When the arc with radius a cuts AD in two © 
distinct points C and C' as in Figure (a). c 
Joint BC and BC *. Then both the triangles ABC and 
ABC ' have the given parts and are the required triangles. 
Case II: When the arc with radius a only touches AD at ry 
C, as in Figure (b). ———— 
Join BC, Then AABC is the required triangle right 
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angled at C. = 
Case I]: When the arc with radius a neither cuts nor touches AD as in Figure (c). 
There will be no triangle in this case. 
Note: 
Recall that in a AABC the length of the side opposite to ZA is denoted by a, 
opposite to 7B is denoted by b and opposite to <C is denoted by c. 


Solved Exercise 17.1 


1. Construct a AABC, in which peas 
(i) mAB =3,2cm,mBC =4.2cm,mCA =5.2 cm, 
Solution: Given: 

m AB=3.2cm, mBC = 4.2 cm, mCA =5.2 em, 
Required: To construct the AABC using given 
information of sides. 

Construction: 

(i) Drawa line segment mAC =5.2cm 

(ii) With center at A, draw an arc of radius 3.2 cm. 

(iii) With center at C, draw an arc of radius 4.2 cm which cuts the previous are at 
point B. : 

(iv) Join B with A and C. 

(v) Thus ABC is the required triangle. 

(ii) mAB =4.2cm,mBC =3.9cm,mCA =3.6cm, 

Solution: Given: . —_ 

mAB =4.2cm, mBC =3.9cem,mCA =3.6cm, 
Required: To construct the AABC using given information 


of sides. 

Construction: 

(i) Draw a line segment m AB = 4.2 cm 

(ii) With center at A, draw an arc of radius 3.6 cm. A 4.2m 

(iii) With center at B, draw an arc of radius 3.9 cm which cuts the previous arc at 
point C. 


(iv) Join C with A and B. 
(v) Thus ABC is the required triangle. 
(ili) mAB =4.8cm, mBC =3.7 cm, mZB = 60° 
Solution: Given: —_ 
mAB =4.8cm, mBC =3.7 cm, m2ZB=60° 
Required; To construct the AABC by using given 
information. 


A 4.8cm B 
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Construction: 

(i) Draw aline segment m AB = 4.8 cm 

(ii) At the end B of AB make mZB = 60°. 

(iii) Cut off mBC =3.7 cm from the terminal side of ZABC = 60°. 

(iv) Join A with C. 

(v) Thus ABC is the required triangle. 
(iv) mAB =3cm,mAC =3.2cm,mZA=45° 
Solution: Given: 

mAB = 3cm, mAC =3.2 cm, angle, mZA = 45°. 
Required: To construct the AABC by using given 
information. 
Construction: 
(i) Drawaline segment m AB =3 cm A dem B 
(i) Atthe end A of AB make mZA= 45°. 
(ii) Cut off mAC =3.2 cm from the terminal side of ZBAC = 45°. 
(iii) Join B with C. 
(iv) Thus ABC is the required triangle. 
{v) mBC =4.2cm,mCA =3.5cm,mZC=75° 
Solution: Given: 
mBC =4.2cm,mCA = 3.5 cm, mZC = 75°. 

Required: To construct the AABC by using given 
information. 
Construction: 
(i) Draw a line segment mBC =42cm B 
(ii) At the end C of BC make mZC = 75”. 
(ili) Cutoff_mCA = 3.5 cm from the terminal side of ZBCA = 75°. 
(iv) Join B with C, 
(v) Thus ABC is the required triangle. 


(vi) mAB =2.5cm, mZA = 30°, mzB = 105° Cc 
Solution: Given: : P} 

m AB = 2.5 cm, mZA = 30° and mZB = 105°. << 
Required: To construct the AABC by using given SK hos) 
information. A 25cm B 
Construction: 


(i) Draw a line segment m AB = 2.5 cm 
(ii) At the end point A of AB make mZBAC = 30”. 
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(iii) Atthe end point B of BA make mZABC = 105°. 

(iv) The terminal sides of these two angles meet at C. 

(v) Thus ABC is the required triangle. 

(vil) mAB =3.6cm,mZA= 75°, mzB = 45° 

Solution: Given: 

mAB = 3.6cm, mZA = 75° and m ZB = 45°. 

Required: To construct the AABC by using given 

information. 

Construction: 

(i) Drawa line segment m AB =3.6cm 

(ii) At the end point A of AB make mZBAC = 75°, 

(iii) At the end point B of BA make mZABC = 45°. — 

(iv) The terminal sides of these two angles meet at C. 

(v) Thus ABC is the required triangle. 

2. Construct a AXYZ, in which 
(i) mYZ =7.6cm,mXY =6.1cmand mZX =90° 
Solution: Given: 

m YZ = 7.6cm,mXY = 6.1 cm, mZX=90° 
Required: To construct the AXYZ by using given 
information. 

Construction: ol 

(i) Draw a line segment mXY = 6.1 cm. 

(ii) At the end point X of XY make 
mZYXZ=90°. 

(iii) With center at Y draw an are of length 7.6cm 

which.cuts XA at point Z. 

(iv) Join Z with Y. 

(v) Thus XYZ is the required triangle. 

il) mZX =6.4cm,mYZ =2.4cmand mzY = 90° x 
lution; Given: 

mZX =6.4cm, mYZ =2.4em,mZY = 90° 
Required: To construct the A XYZ by using given information, 

Construction: $ 
(i) Drawa line segment m YZ = 2.4cm 2 
(ii) At the end point Y of YZ make mZZYX = 90°. 

(iii) With center at Z draw an arc of 6.4cm which meets YA at 

point X. 

(iv) Join X with Z. ¢ a 
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(v) Thus XYZ is the required triangle. 
(iii) mXY =5.5cm, mZX =4,5 cmand mZZ= 90° 
Sol: Given: __ 
mXY=5,.5cm,mZX =4.5 cmand mZZ=90° 
Required: To construct the AXYZ by using given 
information. 
Construction: sis ae 
(i) Draw a line segment m ZX = 4.5cm 
{ii) At the end point Z of ZX make m/ZXZL = 90°. 
(iii) With center at_X, draw an arc of radius 5.Scm 
which meets ZL at point Y, 
(iv) Join X with Y. 
(v) Thus, XYZ is the required triangle. 
3. Construct a right-angled A measure of whose hypotenuse is 5 cm and one side 
is 3.2 cm. (Hint: Angle in a semi-circle is a right angle). 


Solution: Given: 
Hypotenuse = 5 cm, one side = 3.2 cm S 
Required: To construct right angled triangle using 
given data. 
Construction: 
(i) Draw line segments m AB = Scm A Sem 8 


(ii) Draw a semicircle from O having radius OA or OB. 
(iii) With center at B, draw an arc of radius 3.2 cm which cut the semicircle at point 
Cc 
(iv) Join C with A and B. 
(v) Thus ABC is the required right angled triangle. 
4. Construct a right-angled isosceles triangle whose hypotenuse Is 
(i)  5.2¢miong (i) 48cm (iii) 6.2cm (iv) 5.4cm 
{Hint: A point on the right bisector of a line segment is equidistant from its end 
points.] s 
Solution (i): Given: c 
Hypotenuse = 5.2 cm, 
Required: 
To construct right angled triangle using given data. 
Construction: A 52cm B 
(i) Draw line segments m AB = 5.2 cm 
(ii) Draw a bisector of line AB at a point O on line AB, 
such that T 
mOA =mOB. 


76 
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(iii) Draw a semicircle from O having radius OA or OB. 
(iv) Semicircle cut the ST line at point C. 
(v) Join C with A and B. 
(vi) Thus ABC is the required right angled triangle. 
Solution (ii): 
Given: Hypotenuse = 4.8 cm, 
Required: To construct right angled triangle using given 
data. 
Construction: 
(i) Draw line segments m AB = 4.8 cm 
(ii) Draw a bisector of line AB at a point O on line AB, 4 oe 
suchthat — ment 
mOA =mOB. 
(iii) Draw a semicircle from O having radius OA or OB. 


(iv) Semicircle cut the ST line at point C. ® 

(v) Join C with A and B. 

(vi) Thus ABC is the required right angled triangle. 

Solution (iii): " 

Given: Hypotenuse = 6.2 cm, c 

Required: To construct right angled triangle using given 

data, 

Construction: 

(i) Draw line segments m AB = 6.2 cm 

(ii) Draw a bisector of line AB at a point O on line 6.2 em 
AB, such that 


mOA =mOB. M 
(iii) Draw a semicircle from O having radius OA or OB. | 
(iv) Semicircle cut the SM line at point C. 
(v) Join C with A and B. 
(vi) Thus ABC is the required right angled triangle. 
Solution (iv): 
Given: Hypotenuse = 5.4 cm, 
Required: To construct right angled triangle using given data. 
Construction: — 
(i) Draw line segments mAB = 5.4cm __ 
(ii) Draw a bisector of line AB at a point O on line AB, such 
that 


mOA =mOB. —— 
(iii) Draw a semicircle from O having radius OA or OB. 
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(iv) Semicircle cut the ST line at point C. 
(v) Join C with A and B. 
(vi) Thus ABC is the required right angled triangle. 
5. (Ambiguous Case) Construct a AABC in which 
() mAC =42cm, m AB = 5.2cm, mZB=45° (twoAs) 
Solution: Given: D 
mAC = 4.2 cm, mAB = 5.2 cm, mZB = 45° 
Required: 
To construct right angled triangle using given data. 
Construction: 
{i) Draw a straight line m AB = 5.2 cm 
(ii) At the end point B of AB, make m ZABD = 45°, 
(iii) With center_at A, draw an are of radius 4.2 cm, 4 
which cuts BD at C and C’. 
(iv) Join A with C and C’. 
(v) Thus AABC and AABC’ are formed. 
(ii) mBC=2.5 cm, mAB =5.0 cm, mZA=30° (one A) 
Solution: Given: 
mBC = 2.5 cm, mAB = 5.0 cm, and 
mZA = 30° (one A). 
Required: To construct the AABC using given 
information. 
Construction: 


(i) Draw a line segment mAB =5.0cm A 5.0 cm 8 
(li) At the end point A of AB, make m ZBAD = 30°. 
(iii) With centre at B, draw an arc of radius 2.5em which cuts the AD at point C. 
(iv) Join B withC. 

Thus ABC is the required triangle. 
(ili) mBC =5cm,mAC =3.5cm,m2ZB=60° 
Solution: Given: 

mBC =5 cm, mAC =3.5 cm, mZB = 60°. 


To construct nght angled triangle usi 

R Required: ght angl gle using A 
Construction: —_ zs 
(i) Draw a straight line m BC = 5 cm em 
(ii) At the end point B of AB, make m 

ZABD=60". B 5cm Cc 
(iii) With center at C, draw an arc of radius 3.5 cm, which does not cuts BD at any 

point. 


(iv) Thus there will be no triangle in this case. 


Visit www. .downloadclassnotes.com for Notes, Old Papers, Home Tutors, Jobs, IT Courses & more. 
(Page 398 of 419) 


For more notes & academic material visit our Website or nstall our Mobile App 


Websi 


te: www.downloadclassnotes.com Mobile App: bit.ly/DCNApp 
MATHEMATICS (EM) NOTES FOR 9* CLASS (PUNJAB) 


Point of concurrency: 

Three or more than three lines are said to be concurrent, if they all om 
through the same point. The common point is called the point of concurrency of the 
lines. 
importance int of urrency: 

The point of concurrency has its own importance in geometry. They are given 
special names. 

(i) The internal bisectors of the angles of a triangle meet at a point called the 


(ii) 


(ili) 
(iv) 


incentre of the triangle. 

The point of concurrency of the three perpendicular bisectors of the sides of a 
A is called the cireumcentre of the A. 

The point of concurrency of the three altitudes of a A is called its orthocenter. 
The point where the three medians of a A meet is called the centroid of the 


triangle. 


Drawing angle bisectors, altitudes: 


(a) 


Draw angle bisectors of a given triangle and verify their concurrency. 


Example 


(i) 
cm. 
(li) 


Solution: Given: 


Construct a AABC having given mAB = 4.6 cm, mBC = 5 cm and mCA = 5.1 


Draw its angle bisectors and verify that they are concurrent. 
A 


The side mAB = 4.6 cm, mBC = 5 cm and 


mCA = 5.1 cm ofa AABC. 


Required: ‘bats : 
(i) To construct AABC. ae 
(ii) To draw its angle bisectors and verify their 
concurrency. 
Construction: 
(i) TakemBC =5cm. — s ss ¥ 
(ii) With B as centre and radius m BA = 4.6 cm draw an arc. 
(iii) With C as centre and radius mCA = 5.1 cm draw another arc which intersects 
the first arc at A. 
(iv) Join BA and CA to complete the AABC. 
(v) Draw bisectors of 2B and ZC meeting each other in the point I. 
(vi) Now draw bisector of the third ZA. 


(vii) We observe that the third angle bisector also passes through the point I. 
(viii) Hence the angle bisectors of the AABC are concurrent at I. 


{b) 


Draw altitudes of a given triangle and verify their concurrency: 


Example: 


{i) 
(ii) 


Construct a triangle ABC in which MBC =5.9cm,m2ZB=56° andmzC=44° . 
Draw the altitudes of the triangle and verify that they are concurrent. 
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Solution: Given: 
The side m BC = 5.9 cm and mZB = 56°mZC = 44°. 
Required: 
(i) Toconstruct the AABC, ‘ 
(ii) To draw its altitudes and verify their 
concurrency. 
Construction: _ 
(i) TakemBC =5.9 cm. 
(ii) Draw mZCBA = 56° and mZBCA = 
44° to complete the AABC, 
(iii) From the vertex A drop AP 1 1 BC. 
(iv) From the vertex B drop BQ 1 CA. 
These two altitudes meet in the point 
O inside the AABC. : 
(v) Now from the third vertex C, drop 4 
CR 1 AB. - 
(vi) We observe that this third altitude also v 
passes through the point of intersection O of the first two altitudes. 
(vii) Hence the three altitudes of AABC are concurrent at O. 
(c) Draw perpendicular bisectors of the sides of a given triangle and verify their 
concurrency. 
Example: a -_ — 
(i) Construct a AABC having given m AB = 4cm, mBC =4.8 cmand mAC =3,6cm. 
(ii) Draw perpendicular bisectors of its sides and verify that they are concurrent. 


Solution: Given: % i 


Three sides m AB =4 cm, 

m BC = 4.8 cm and m AC = 3.6 cm of a AABC. 

Required: (i) To construct the AABC. 

(ii) To draw perpendicular bisectors of its sides and 
to verify that they are concurrent. 

Construction: 

(i) Take m BC = 4.8 cm. 

(ii) With B as centre and radius m BA = 4 cm draw an arc. 

(iii) With C as centre and radius mCA = 3.6 cm draw another arc that intersects the 
first arc at A. 

(iv) Join BA and CA to complete the AABC, _ 

(v) Draw perpendicular bisectors of BC and CA meeting each other at the point O. 

(vi) Now draw the perpendicular bisector of third side AB. 

(vii) We observe that it also passes through O, the point of intersection of first two 

perpendicular bisectors, 
(viii) Hence the three perpendicular bisectors of AABC are concurrent at O. 
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Draw medians of a given triangle and verify their concurrency 


Example: 


(i) 
(ti) 


Solution: Given: 


and 


Required: (i) Construct the AABC. 


Construct a AABC in which m AB = 4.8 cmmBC =3.5cmandmAC =4¢cm, 

Draw medians of AABC and verify that they are concurrent at a point within the 
triangle. By measurement show that the medians divide each other in the ratio 
2:1. 


Three sides m AB =4.8 cm, m BC=3.5 cm 
mAC =4 cm of a AABC. 


(ii) Draw its medians and verify their 
concurrency. 

Construction: _ 

(i) TakemAB=48cm, __ 

(ii) With A as centre and mAC = 4 cm as 
radius draw an arc. 

(iii) With B as centre and radius m BC = 3.5 cm draw another arc which intersects 
the first arc at C. 

(iv) Join AC and BC to get the AABC. — __ 

(v) Draw perpendicular bisectors of the sides AB, BC and AC of the AABC and 


(vi) 


mark their mid-points P,Q and R respectively. 
Join A to the mid-point Q to get the median AQ. 


(vii) Join B to the mid-point R to have the median BR. 
(viii) The medians AQ and BR mect in the point G. 


(ix) 
(x) 


(xi) 


(i) 
Solution: Given: 


mCA = 5.2 cm ofa AABC. 
Required: (i) To construct AABC. 


(ii) 


Construction: _ 


o 


Now draw the third median CP . 

We observe that the third median also passes through the point of intersection 
G of the first two medians. 

Hence the three medians of the AABC pass through the same point G. That is, 
they are concurrent at G. 


Solved Exercise 17.2 


Construct the following A’s ABC. Draw the bisectors of their angles and verify 
their concurrency. _ 
mAB =4.5cm, mBC =3.1cmandmCA =5.2cm 


The sides mAB = 4.5 cm, mBC = 3.1 cm and 


To draw its angle bisectors and verify heir 
concurrency. 


Take mAB = 4.5 cm, 
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(ii) With B as centre and radius m BC = 3,1 draw an arc. 
(iii) With A as centre and radius mCA = 5.2 cm draw another are which intersects 
the first arc at C. 
(iv) Join BC and AC to complete the AABC. 
(v) Draw bisectors of ZA and ZB meeting each other in the point I. 
(vi) Now draw bisector of the third ZC. 
(vii) We observe that the third angle bisector also passes through the point I. 
(viii) Hence the angle bisectors of the AABC are concurrent at |. 
(i) mAB=4.2cm, mBC =6cm andmCA =5.2cm 
Solution: Given: _ _ —_ 
The sides m AB = 4.2 cm, mBC =6cm andmCA = 5.2 cm ofa AABC. 
Required: 
(i) Toconstruct AABC. 
(ii) To draw its angle bisectors and verify their 


concurrency. 
Construction: _ P 
(i) TakemAB =4.2 cm. oo 5 % 
(ii) With B as centre and radius mBC =6cmdrawanarc. @ 
(iii) With A as centre and radius mAC = 5.2 cm draw 
another arc which intersects the first are at C. 
(iv) Join BC and AC to complete the AABC. : iH . 


(v) Draw bisectors of ZA and ZB mecting each other in 
the point I. 
(vi) Now draw bisector of the third ZC. 
(vii) We observe that the third angle bisector also passes through the point I. 
(viii) Hence the angle bisectors of the AABC are concurrent at I. 
(iii) mAB =3.6cm, mBC =4.2cmandmzB=75° 
Solution: Given: : 
The sides mAB = 3.6 cm, mBC = 4.2 cm and 
m2B=75°of a AABC. 
Required: (i) — To construct AABC. 
(ii) To draw its angle bisectors and verify their concurrency. 
Construction: — 
(i) Take mAB =3.6cm. 
(ii) With B as centre draw mZB = _75°. i" Sie B 
(iii) With B as centre and radius mBC = 4.2 cm draw an are. 
(iv) Join A withC to complete the AABC, 
(v) Draw bisectors of ZA and ZB meeting each other in the point I. 
(vi) Now draw bisector of the third ZC. 
(vii) We observe that the third angle bisector also passes through the point I. 
(viii) Hence the angle bisectors of the AABC arc concurrent at |. 
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2. Construct the following A's PQR. Draw their altitudes and show that they are 
concurrent, 

() mPQ=6cm,mOR = 4.5cm and mPR = =5.5cm 

Solution: Given: The sides mPQ =6cm,mQR =4.5em and mPR =5.5 cm 

Required: (i) | Toconstruct the APQR. 

(ii) To draw its altitudes and verify their concurrency. 

Construction: 

(i) Take mPQ =6cm. 

(ii) With P as centre and radius 
mPR=5.5 draw an arc. With Q as 
centre and radius mQR = 4.5 cm 
draw another arc which intersects 
the first arc at R. Join PR and QR 
to complete the APQR. 

(iii) From the vertex P drop PL ae QR. 

(iv) From the vertex Q drop QM LPR. § écu 
These two altitudes meet in the point 
O inside the APQR. 

(v) Now from the third verex E, drop 
RN 1 PQ. 

(vi) We observe that the third altitude 
also passes through the point of 
intersection 

O of the first two altitudes. 

(vii) Hence the three altitudes of APQR are concurrent at O. 

(ii) mPQ =4.5cm,mQR = 3.9 cmand mZR=45° 

Solution: Given: 

The sides mPQ=4.5 cm, 

m QR =3.9em and mZR = 45° 

Required: 

i Toconstruct the APQR. 

(ii) To draw its altitudes and verify their 
concurrency. 

Construction: _ 

(i) TakemQR =3.9cm. 

(ii) At point R make mZQRS = 45°. 
With Q as centre draw an arc of 
radius 4.5 cm which intersects RS at 
the point P, Join P to Q to complete 
the APQR. 

(iii) From the vertex P drop PLL QR. 


> 
2 


as. anemia 
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(iv) From the vertex Q drop QM 1 PR. These two altitudes meet in the point O 
inside the APQR. a 
(v) Now from the third vertex E, drop RN L PQ. 
(vi) We observe that this third altitude also passes through the point of intersection 
O of the first two altitudes. 
(vii) Hence the three altitudes of APQR are concurrent at O. 
(iti) ~mRP =3.6cm,mZQ=30° andmzP=105° 
Solution: 
mZQ = 30°, mZP = 105° 
But mZP+mZQ+m2ZR = 180° 
mZR = 180° —(mZP + mZQ) 
mZR = 180° — (105° + 30°) 
mZR = 180° — 135° 
m2ZR = 45° 
Given: The side mRP = 3.6 cm, 
mZQ = 30° and mZP = 105° 
Required: :; 
(i) Toconstruct the APQR. 
(ii) To draw its altitudes and verify 
their concurrency. 
Construction: 
(i) TakemRP =3.6cm. 
(ii) Draw mZPRQ = 45° and mZRPQ = 105°. Join Q to R and P to complete the 
APQR. 
(iii) From the vertex P drop PL _t QR. 
(iv) From the vertex Q drop QM 1 PR. These two altitudes meet in the point O 
outside the APQR. 
(v) Now from the third vertex R, drop RN 1 PO. 
(vi) We observe that this third altitude also passes through the point of intersection 
O of the first two altitudes. 
(vii) Hence the three altitudes of APQR are concurrent at O. 
3. Construct the following triangles ABC. Draw the perpendicular bisectors of 
their sides and verify their concurrency. Do they meet inside the triangle? 
fi) mAB =5.3 cm, mZA=45°, mZB =30° 
Solution: Given: m AB = 5.3 cm, 
mZA = 45°, mZB = 30° 
Required: (i) | To construct the AABC. 
(ii) To draw perpendicular bisectors of its sides and to verify that they are 


concurrent. 
Construction: 


(i) TakemAB =5.3 cm. 


Visit www.downloadclassnotes.com for Notes, Old Papers, Home Tutors, Jobs, IT Courses & more. 
(Page 404 of 419) 


For more notes & academic material visit our Website or nstall our Mobile App 
Website: www.downloadclassnotes.com Mobile App: bit.ly/DCNApp 


MATHEMATICS (EM) NOTES FOR 9* CLASS (PUNJAB) 


(ii) Draw mZBAC = 45° at point A. 

(iii) Draw mZABC = 30° at point B. 

(iv) The terminal sides of these angles meet 

at C to complete the AABC. 

(v) Draw perpendicular bisectors of BC 
and CA mecting cach other at the point 
O. ; 

(vi) Now draw the perpendicular bisector of 
third side AB. 

(vii) We observe that it also passes through 
O, the point of intersection of first two 
perpendicular bisectors, 

(viii) Hence the three perpendicular bisectors of AABC are concurrent at O. 

(ii) mBC =2.9cm,mZA=30° ,mZB=60° 

Solution: mA = 30°, mZB = 60° 

But mZA+mZB+mZC = 180° 

mZC = 180° - (mZA + mZB) 
mZC = 180° — (30° + 60°) 
mZC = 180° — 90° 
_ mZC=9% 
Given: mBC =2.9 cm, 
mZA = 30°, m.ZB = 60° and 
mZC = 90° 

Required: (i) To construct the AABC. 

(ii) To draw perpendicular bisectors of its sides 
and to verify that they are concurrent. 

Construction: 

(i) Take mBC =2.9cm. 

(ii) Draw mZABC = 60° at point B. 

(iii) Draw mZACB = 90° at point C. 

(iv) The terminal sides of these angles meet at A to complete the AABC. 

(v) Draw perpendicular bisectors of BC and CA meeting each other at the point O, 

‘(vi) Now draw the perpendicular bisector of third side AB. 

(vii) We observe that it also passes through O, the point of intersection of first two 
perpendicular bisectors, 

(viii) Hence the three perpendicular bisectors of AABC are concurrent at O. 

(ji) MAB=24cm, MAC =3.2cm, mZA=120° 

Solution: Given: m AB = 2.4 cm, 

mAC = 3.2,mZA = 120° 
Required: (i) To construct the AABC, 
(ii) To draw perpendicular bisectors of its sides and to verify that they are 
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concurrent. 
Construction: 
(i) Take mAB = 2.4 cm. 
(ii) Draw mZBAC = 120° at point A. 
(iii) With centre at the point A and radius 
m AC =3.2cm, draw an are which intersects AD at 
point C. 
(iv) Join B to C to complete the AABC. 
{v) Draw perpendicular bisectors of BC and CA 
meeting each other at the point O. 
(vi) Now draw the perpendicular bisector of third side AB. 
(vii) We observe that it also passes through O, the point 
of intersection of first two perpendicular bisectors, 
(viii) Hence the three perpendicular bisectors of AABC are concurrent at tO. 
4. Construct the following As XYZ. Draw their three medians and show that they are 
concurrent. 
(i) =mY¥Z =4.1cm, mZY = 60° and mZX = 75° 
Solution: m2ZX = 75°, mZY = 60° 
But mZX+mZY+mZZ=180° 
mZZ = 180°-(mZX + mZY) 
mZZ = 180° — (75° + 60°) 
mZZ = 180° — 135° 
mZZ = 45° 
Given: m YZ =4.lom, mZY=60° and mZX=75° 
Required: (i) | Construct the AX YZ. 
(ii) Draw its medians and verify their 
concurrency. 
Construction: 
(i) Take m¥Z=4.1 cm. 
(ii) Draw mZXYZ = 60° at point Y. 
(iii) Draw mZXZY = 45° at point Z. 
(iv) The terminal sides of the two angles meet at X to complete the AX YZ. 
{y) Join X to the mid-point L to get the median XL. 
(vi) Join Y to the mid-point M to have the median YM. 
(vii) The medians XL and YM meet in the point G. 
(viii) Now draw the third median ZN . 
(ix) We observe that the third median also passes through the point of intersection 
G of the first two medians. 
(x) Hence the three medians of the AX YZ pass through the same point G, That is, 
they are concurrent at G. 
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(ii) ~mXY =4.5cm,mYZ =3.4cmandmZX =5.6cm 

Solution: Given: 

Three sides mXY = 4.5 cm, mYZ = 3.4 cm and mZX = 5.6 of a AX YZ. 

Required: (i) Construct the AXYZ. 

(ii) Draw its medians and verify their 

concufrency. 

Construction: _ 

(i) Take mZX =5.6 cm. -_ 

(ii) With Z as centre and radius mZY = 3.4cm 
draw an arc, _ 

(iii) With X as centre and radius m XY =4.5cm 
draw another are which intersects the first 
arcatY. 

{iv) Join ZY and XY to complete the AX YZ. 

(v) Join X to the mid-point L to get the median 
XL. 

(vi) Join Y to the mid-point M to have the median YM . 

(vii) The medians XL and YM meet in the point G. 

(viii) Now draw the third median ZN . 

(ix) We observe that the third median also passes through the point of intersection 
G of the first two medians. 

(x) Hence the three medians of the AX YZ pass through the same point G. That is, 
they are concurrent at G. 

(iii) mZX =4,3cm,mZX=75%, and mZY = 45° 

Solution: mZX = 75°, mZY = 45° 

But mZX+mZY +mZZ = 180° 

m2ZZ = 180°—(mZX + mZY) 
mZZ = 180° — (75° + 45°) 
mZZ = 180° — 120° 
- m2ZZ = 60° 

Given: mZX = 4.3 cm, mZX = 75° and 

mZY = 60° 

Required: 

(i) Construct the AXYZ. 

(ii) Draw its medians and verify their 
concurrency. 

Construction: _ 

() TakemZX = 4.3 cm. 

(ii) Draw mZXZY = 60° at point Z. 

(iii) Draw mZYXZ = 75° at point X. 

(iv) The terminal sides of the two angles meet at X to complete the AX YZ. 
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(v) Join X to the mid-point L to get the median XL. _ 

(vi) Join Y to the mid-point M to have the median YM, 

(vii) The medians XL and YM mect in the point G. 

(viii) Now draw the third median ZN . 

(ix) We observe that the third median also passes through the point of intersection 

G of the first two medians, 

(x) Hence the three medians of the AXYZ pass through the same point G. That is, 

they are concurrent at G. 


Fi 
(} Construct a triangle equal in area to a given quadrilateral: 
Given: A quadrilateral ABCD c 


Required: To construct a A equal in area 
to quadrilateral ABCD. 
Construction: 


(i) Join AC. Le AS 
(ii) Through D draw DP || CA, 
meeting BA produced at P. LS 


(in) Join PC. 
(iv) Then PBC is the required triangle. . & ° 
Observe that: _ 
__ As APC, ADC stand on the same, base AC and between the same parallels 
AC and PD. 

Hence AAPC = AADC 


AAPC + AABC = AADC + AABC 
Or  APBC= quadrilateral ABCD. 


Solved Exercise 17.3 


1. (i) ~~ Construct a quadrilateral ABCD, having mAB =mAC =5.3 cm, 
mBC=mCD =3.8cmand mAD =2.8 cm. 

{ii} On the side BC construct a A equal in area to the quardilateral ABCD. 
Solution: Given: 

mAB =mAC =5.3 cm,mBC = CD =3.8cmand mAD =2.8 cm 
Required: (i) | Toconsruct A quadrilateral ABCD. 

(ii) On the side BC toconstruct a A equal in area to the quadrilateral ABCD. 
Construction: % 
(i) Drawa line segment m AB = 5.3 cm. 
(ii) With centre at A and radius 5.3 cm draw an arc. 
(iii) With centre at B and radius 3.8 cm draw another are to cut the first arc at C. 


(iv) Join BC and AC. 
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(v) With centre at C and radius 3.8 
cm draw an arc 

(vi) With centre at A and radius 2.8 
cm draw another are jo cut the 
first arc at D. 

(vii) Join AD and DC to complete the 
quadrillateral ABCD. 

(viii) Through D draw DP || CA P A ain B 
meeting BA produced at P. 

(ix) Join PC. 

(x) The APBC is the required triangle. 

2. Construct a A equal in area to the quadrilateral PQRS, having mOR =7 cm, 
mRS =6cm, mSP =2.75 cm,mZQRS=60°, and mZRSP=90°. [Hint: 2.75=%2 x 5.5] 

Solution: Given: 
mQR =7cm,mRS =6cm, mSP = 2.75 cm, mZQRS = 60° and mRSP = 90° 

Required: (i) To construct A 

quadrilateral PQRS. _ 

(ii) On the side RS to construct a A 
— in area to the quadrilateral 


(i) Draw a line segment m QR =7em. 

(ii) With centre at R and radius 
mZQRS = 60° 

(iii) With centre at R cut off RS =6 cm. 

(iv) At the end point S make ZRSA = 90° 

(v) From SA SA cutoff mSP =2.75 cm 

(vi) Join PQ to complete the quadrilateral PQRS. 

(vii) Join QS, 

(viii) Through P draw PL || QS meet RQ produced at L. 

(ix) Join SL. 

(x) Then LRS is the required triangle. 

3. Construct a A equal in area to the quadrilateral ABCD, having mAB = 6 cm, 

mBC=4cm, mAC =7,2 cm, mZBAD = 105° , and mBD =8 cm, 


Solution: Given: — 
mAB = 6cm, mBC = 4cm, mAC = 7.2 cm, mZBAD = 105° and mBD=8 cm 
of quadrilateral ABCD. 


Required: (i) |Toconstruct A quadrilateral with given data. 
(ii) Toconstruct a A equal in area to the quadrilateral ABCD | 
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Construction: 

(i) Take mAB =6cm, 

(ii) With centre at the end point 
A and radius 7.2 cm draw 
an arc. 

(iii) With B as centre and radius 
4 cm draw another arc to 
cut the first are at C. 

(iv) Join AC and BC. 

(v) Atthe end point A make mZBAL = 105°. 

(vi) With B as centre and radius 8 cm draw an arc to cut AL. at the point D. 

(vii) Join DC_to complete the quadrilateral ABCD. 

(viii) Draw DP || CA to meet BA produced at P. 

(ix) Join P to C. e 

(x) Then PBC is the required triangle. . c 

4. Construct a right-angled triangle equal in area to a 
given square. 

Solution: Given 
A square ABCD. F 

Required: To construct a right angled triangle equal in area to ais ABCD. 

Construction: fC c 

(i) | Draw perpendicular bisector of BC. 

(ii) Mark point E the mid point of BC. 

(iii) Draw the straight line DEF to meet AB 
produced at the point F, 

{iv) Then DAF is the required right angled 
triangle. 

Observe that R F 
Right angled triangles DCE and FBE are sienna 
because mCE = mBE and mZCED = mZBEF. 

So area ADAF 

= area quadrilateral ABED + area AFBE. 
= area quadrilateral ABED + area AECD' 
= area square ABCD 
6060066000 
(i Sa 2 Sects equal In area to a Fi_ 2 


hee 


Required: To construct a rectangle equal in area to 
AABC B c 
Construction: 
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(i) Take a AABC. 

(ii) Draw DP, the perpendicular bisector of BC. 

(iii) Through, the vertex A of AABC draw PAQ || BC intersecting PD at P. 

(iv) TakemPQ =mDC. 

(v) Join QandC. 

(vi) Then CDPQ is the required rectangle. 

Example: Construct a parallelogram equal in area to a given — — one 


angle equal to a, given angle. 
Given: AABC and 2 a 
Required: To construct a parallelogram 4 
equal in area to AABC and having one 
angle = Za A, 
Construction; — 


1. Bisect BC at D. 
2. Draw DE DE making <CDE = Za Y 
3. Draw AEF \||BC IC cutting DE at FE. ’ 
4. Cutoff EF = DC. JoinC and F. 

Then CDEF is the required parallelogram, 


1. Construct a A with sides 4cm, 5 cm and 6 cm and construct a rectangle having 
its area equal to that of the A. Measure its diagonals. Are they equal? _ 

Given: Measures of 3 sides of a triangle as m BC =6cm, mCA =4cm, in mAB= 4cm. 

Required 

(i) To construct AABC. 

(ii) To construct a rectangle equal in 
area to AABC. 

(iii) To measure a diagonals of rectangle. 

Construction 

(i) Draw a, line segment mBC= 6 cm. 

(ii) With centre at the point B and radius 
as 4 cm draw an arc. 

(iii) With centre at the point C with radius 5 cm draw another are to cut the first arc 
at the point A. 

(iv) Join AB and AC to complete the AABC. 

(v) Bisect BC at D. 

(vi) Draw AL || BC. 

(vii) Draw perpendicular DP to meet AL at P. 

(viii) Cut off PO=DC. 
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Then Join Q to C. 
ope is the required rectangle. Measure the diagonals DQ = 4.5 cm and 
ite the diagonals DQ and CP are equal. 
2. Transform an isosceles A into a rectangle. 
Given: An isosceles AABC such that 
mAB =mAC. 
Required: To construct a rectangle 
equal in area to AABC. 
Construction _ 
(i) Draw AD 41 Be BC. 
(ii) Draw AE || DC. 
(iii) Cut offmAE = mDC. 8 - c 
(iv) Join EC. 
Then ADCE is the required rectangle. 
3. Construct a AABC such that mAB =3cm, mBC =3,8cm, mAC=4.8cm. 
Construct a rectangle equal in area to the AABC, and measure its sides. 
Given: Sides m AB = 3 cm, mBC = 3.8 cm, mAC =4.8 cm of AABC. 


Required: (i) To construct AABC 
(ii) To construct a rectangle equal in area to 
the AABC. 


To measure its sides. 
eT 
Draw a line segment. mAC =4.8 cm. 
help oauere at A and radius 3 cm .draw 


a With centre at C and radius 3.8 cm draw 
anotherarc to cut the first arc at B. 

{iv) Join AB_and BC to complete the AABC. 

(v) Draw BL || AC. 

(vi) Draw DP the perpendicular bisector of 
AC to meet BL at P. 

(vii) Cut off ff mPQ = mDC. 

(viii) Join QC. 

(ix) Then PQCD is the required rectangle. _ 

(x) Measure the sides of the rectangle mDC= 2.4 cm and mDP= 2. o cm. 

(ili) Construct a square equal m area to a given . 

rectangle. 

Given: A rectangle ABCD. 

Required: To construct a square equal in area to 

rectangle ABCD. 

Construction 

(i) Produce e AD to E making mDE =mCD. 

(ii) Bisect AE at O. 
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(iii) With centre O and radius OA describe a semi-circle. 
(iv) Produce CD to meet the semi-circle in M. 
(v) On DM asa side, construct a square DFLM. 

This shal] be the required square. 
Example: Construct a square equal in area to a given triangle. 
Solution A 


- 


E 5} 
’ 
Given: AABC. 
Required: To construct a square equal in area to AABC. 
Construction _ 


(i) Draw PAQ || BC. 
(ii) Draw perpendicular bisector of BC, bisecting it at D and meeting PAQ at P. 
(iii) Draw CQ 1 PQ meeting it in Q. 

(iv) Take a line EFG and cut off EF = DP and FG = DC. 

(v) Bisect EG at O. 

(vi) With O as centre and radius = OE draw a semi-circle. 

(vii) At F draw FM | EG meeting the serai-circle at M. 

(vill) With MF as aside, complete the required square FMNR. 

(iv) Construct a triangle of equivalent area on a base of given length. 
Given: AABC A M D 
Required: To construct a triangle with “¥ = ee 
base x and having area equivalent to area 

AABC. 


(i) Construct the given AABC. - is 
(ii) Draw AD|| BC. 
(iii) With B as centre and radius = x, draw an are cutting AD in M. 
(iv) Join BM and CM. ao 
(v¥) Then BCM is the required triangle with base BM = x and area equivalent to 
area ABC. 
Sooocescoosse 
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Solved Exercise 17.5 


1. Construct a rectangle whose adjacent sides are 2.5 cm and 5 cm respectively. 
Construct a square having area equal to the given rectangle, 

Given: mBC = 5 cm and 

mCD= 2.5 cm of a rectangle 

ABCD. 

Required 

(i) To construct rectangle 
ABCD. 

(ii) To construct a square 
having area equal to that 


of rectangle ABCD. 
Construction 
(i) Draw the line segment 
m BC = 5 cm. 


(ii) Draw BP 1 BC. 

(iii) CutoffmBA =2.5cm LL =_ — _ 

(iv) Complete the rectangle ABCD with mDC = mAB and mAD =mBC. 

(v) Produce ADtoQ _ 

(vi) Cut offm DE =mDC 

(vii) Bisect AE atthe pointO. — _ 

(vili) With O as the centre and mOA as radius draw semicircle. 

(ix) Produce CD to meet the semi circle at M. 

(x) WithmDM asa side complete the square DFLM. 

(xi) Then DFLM is the required square. 

2. Construct a square equal in area to a rectangle whose adjacent sides are 4.5 cm 
and 2.2 cm respectively. Measure the sides of the square and find its area and 
compare with the area of the 
rectangle, 

Given: Sides mBC = 4.5 cm and 

m DC = 2.2 cm of rectangle ABCD. 

Required: 

(i) To construct rectangle ABCD. 
(ii) To construct a square equal in 
area to that of rectangle. 

(iii) To measure sides of square 
and compare areas of rectangle 
and square. 

Construction _ 

(i) TakemBC =4.5cm 
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(ii) At the end point B draw BP 1 BC 

(iii) Cut off mBA =2.2cm 

(iv) Complete the rectangle ABCD _ 

(v) Produce AD to E making mDE =mDC. 

(vi) Bisect AE at O. __ 

(vii) With centre O and radius mOA describe a semi circle. 

(viii) Produce CD to meet the semi-circle in M. 

(ix) On DM as aside construct a square DFLM. This shall be the required square. 

(x) Measure the side of the square mDF =3.2 cm. Area of square = 32 x 3.2 
=10.24 cm = 10 cm (approx). Area of rectangle =4.5 x 22 =9.90 cm’? = 10 cm 
{approx.) 

3. In Q.2 above verify by measurement that the perimeter of the square is less 
than that of the rectangle. 

Ans: Perimeter of square = 4 « 3.2 =12.8 cm. 

Perimeter of rectangle = 2(4.5 + 2.2) = 2(6.7) = 13.4cm 
So perimeter of square is less than that of rectangle. 

4. Construct a square equal in area to the sum of two squares having sides 3 cm 
and4cmrespectively, 

Given: Sides of two squares, m AB =3 cm, mAN =4cm. 

Required: To construct a square 

with area equal to the sum of the 

areas of the given two squares. 

Construction 

(i) Through a point A, draw two 
lines XY and 6ST 
perpendicular to each other. 

(ii) Cutoff mAB = 3 cm and 
mAL =4cm 

(iii) AB as a side of square 
complete the square ABCD. 

(iv) AL as a side of square 
complete the square ALMN. 

(vy) Join BN. 

(vi) With BN asa side, complete 
the square BQPN. ‘ 
BQPN is the required square: 

5. Construct a A having base 3.5 cm and other two sides equal to 3.4 cm and 
3.8cm respectively. Transform It into a square of equal area. 

Given: Sides m BC = 3.5 cm, mAB = 3.8 cm, mAC =3.4cm. 

Required: (i) To construct AABC. 
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(ii) To construct a square equal in area to the AABC. 


Construction 

(i) Take mBC =3.5 cm. 

(ii) With B as centre draw ail arc of radius 3.8 cm and with C as centre and radius 
3.4 cm draw an other arc to meet the first are at A. 

(iii) Join A to B and A to C to complete the AABC. 

(iv) Draw PAQ || BC. 

(v) Draw perpendicular bisector of BC, bisecting it at D and meeting PAQ at P. 

(vi) Draw CQ 1 PQ meeting it in Q. 

(vii) Take a line EFG and cut off EF = DP and FG = DC. 

(viii) Bisect EG at O, 

(ix) With O as centre and radius mOE draw a semi-circle. 

(x) AtF draw FM | EG meeting the semi circle at M. 

(xi) With MF asa side complete the square FMNR. 

6. Construct a A having base 5 cm and other sides equal to 5 cm and 6 cm, 
Construct a square equal in area to given A. _ 

Given: m BC =5cm,mAB =6cm andmAC = 5cm. 

Required: (i) to construct AABC. 

(ii) To construct a square equal in area to given A. 

Construction 

(i) Take mBC =5 cm. 

(ii) With B as centre and radius. 6 cm, draw an arc, With centre at C and radius 5 
cm draw an other arc to cut the first arc at A. 

(iii) Join AB and AC to get the AABC. 
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(iv) 
(v) 


(vi) 
(vii) 


Draw PAO || BC. 


bisector of BC, 
bisecting it at D and 
meeting PA PAQ at P Ps. 
Draw CQ 1 PO 
meeting it in Q. 

Take a line EFG and 


and FG = DC. 


(viii) Bisect EG at O. 


(ix) 


(x) 
(xi) 


With O as centre and 
radius mOE draw a 
semi-circle, 


P A Q 


At F draw FM 1 EG meeting the semi-circle at M. 
With MF as a side complete required square FMNR. 
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Review Exercise 17 


1. _ Fillin the following blanks to make the statement true: 

(i) The side of a right angled triangle opposite to 90° is called...... 

(ii) The line segment joining a vertex of a triangle to the mid-point of its opposite 
side is called a ...... 

(iii) A line drawn from a vertex of a triangle which is ...... to its opposite side is 
called an altitude of the triangle. 

(iv) The bisectors of the three angles of a triangle are....... 

(v) The point of concurrency of the right bisectors of the three sides of the triangle 
 — from its vertices. . 

(vi) Two or more triangles are said to be similar if they are equiangular and 
measures of their corresponding sides are....... 

(vii) The altitudes of a right triangle are concurrent at the ...... of the right angle. 

Solution: 


(i) hypotenuse {ii) median (iii) perpendicular 
(iv) concurrent (v) equidistant (vi) proportional 
(vii) vertex 


2. Multiple Choice Questions. Choose the correct answer. 
(i) A triangle having two sides congruent is called...... 


(a) scalene (b) right angled 
(c) equilateral (d) isosceles 
(ii) A quadrilateral having each angle equal to 90° is called ......... 
(a) parallelogram (b) rectangle 
(c) trapezium (d) rhombus 
(iii) The right bisectors of the three sides of a triangle are ...... 
(a) congruent (b) collinear 
(c) concurrent (d) parallel 
(iv) The...... altitudes of an isosceles triangle are congruent. 
(a) two (b) three 
(c) four (d) none 
(v) A point equidistant from the end points of a line-segment is on its ....... 
(a) bisector (b) right-bisector 
(c) perpendicular (d) median 
ve ue congruent triangles can be made by joining the mid-points of the sides 
of a triangle. 
(a) three (b) four 
(c) five (d) two 
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(vii) The diagonals of a parallelogram ...... each other. 
(a) bisect (b)  trisect 
(c) bisect at right angle (d) none of these 
(viii) The medians of a triangle cut each other in the ratio...... 
(a) 4:1 (b) 3:1 
i) 2:3 (d) 1:1 
(ix) One angle on the base of an isosceles triangle is 30°. What is the measure 
of its vertical angle? 
(a) 30° (b) 60° 
(c) 90° (d) 120° 
(x) Ifthe three altitudes of a triangle are congruent, then the triangle is ...... 
(a) equilateral (b) right angled 
(c) isosceles {d) acute angled 
(xi) If two medians of a triangle are congruent then the triangle will be ...... 
(a) isosceles (b) equilateral 
(c) right angled (d) acute angled 
Solution: 


(i) d (ij) b (itt) c (iv) a (v) b (vi) b 
(vii)a (viii) c (ix) d (x) a (xi) a 

3. Define the following 

(i)  Incentre (li) Circumcentre 

(li) Ortho centre (iv) Centroid 

(v) Point of concurrency 
Solution: (i) Incentre 

The internal bisectors of the angles of a triangle meet at a point called the 
incentre of the triangle. 
(ii) Circumcentre 

The point of concurrency of the three perpendicular bisectors of the sides of a 
A is called the circumcentre of the A. 
(iii) Ortho-centre 

The point of concurrency of the three altitudes of a A is called its orthocentre. 
(iv) Centroid 

The point where the three medians of a A meet is called the centroid of the 
triangle. 
(v) Point of concurrency 

Three or more than three lines are said to be concurrent, if they all pass 
a the same point. The common point is called the point of concurrency of the 

nes. 
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